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We review the development of random-matrix theory (RMT) during the last decade. We em- 
phasize both the theoretical aspects, and the application of the theory to a number of fields. These 
comprise chaotic and disordered systems, the localization problem, many-body quantum systems, 
the Calogero-Sutherland model, chiral symmetry breaking in QCD, and quantum gravity in two 
dimensions. The review is preceded by a brief historical survey of the developments of RMT and of lo- 
calization theory since their inception. We emphasize the concepts common to the above-mentioned 
fields as well as the great diversity of RMT. In view of the universality of RMT, we suggest that 
the current development signals the emergence of a new "statistical mechanics": Stochasticity and 
general symmetry requirements lead to universal laws not based on dynamical principles. 
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FIG. 1. Nearest neighbor spacing distribution for the "Nuclear Data Ensemble" comprising 1726 spacings (histogram) 
versus s — S/D with D the mean level spacing and S the actual spacing. For comparison, the RMT prediction labelled GOE 
and the result for a Poisson distribution are also shown as solid lines. Taken from Rcf. 0. 

I. INTRODUCTION 

During the last ten years, Random Matrix Theory (RMT) underwent an unexpected and rapid development: RMT 
has been successfully applied to an ever increasing variety of physical problems. 

Originally, RMT was designed by Wigner to deal with the statistics of eigenvalues and eigenfunctions of complex 
many-body quantum systems. In this domain, RMT has been successfully applied to the description of spectral 
fluctuation properties of atomic nuclei, of complex atoms, and of complex molecules. The statistical fluctuations of 
scattering processes on such systems were also investigated. We demonstrate these statements in Figs. ^ |2| and ||, 
using examples taken from nuclear physics. The histogram in Fig. |ipi shows the distribution of spacings of nuclear 
levels versus the variable s, the actual spacing in units of the mean level spacing D. The data set comprises 1726 
spacings of levels of the same spin and parity from a number of different nuclei. These data were obtained from 
neutron time-of-flight spectroscopy and from high-resolution proton scattering. Thus, they refer to spacings far from 
the ground-state region. The solid curve shows the random-matrix prediction for this "nearest neighbor spacing 
(NNS) distribution". This prediction is parameter-free and the agreement is, therefore, impressive. Typical data 
used in this analysis are shown in Fig. The data shown are only part of the total data set measured for the 
target nucleus ^^*U. In the energy range between neutron threshold and about 2000 eV, the total neutron scattering 
cross section on ^ssy displays a number of well-separated ("isolated") resonances. Each resonance is interpreted as 
a quasibound state of the nucleus ^■^^U. The energies of these quasibound states provide the input for the statistical 
analysis leading to Fig. |l|. We note the scale: At neutron threshold, i.e. about 8 MeV above the ground state, 
the average spacing of the s-wave resonances shown in Fig. || is typically 10 eV! What happens as the energy E 
increases? As is the case for any many-body system, the average compound nuclear level spacing D decreases nearly 
exponentially with energy. For the same reason, the number of states in the residual nuclei (which are available for 
decay of the compound nucleus) grows strongly with E. The net result is that the average width F of the compound- 
nucleus resonances (which is very small compared to D at neutron threshold) grows nearly exponentially with E. 
In heavy nuclei, T > D already a few MeV above neutron threshold, and the compound-nucleus resonances begin 
to overlap. A few MeV above this domain, we have T ^ D, and the resonances overlap very strongly. At each 
bombarding energy, the scattering amplitude is a linear superposition of contributions from many (roughly T/D) 
resonances. But the low-energy scattering data show that these resonances behave stochastically. This must also 
apply at higher energies. Figure y3 confirms this expectation. It shows an example for the statistical fluctuations 
("Ericson fluctuations"^) seen in nuclear cross sections a few MeV above neutron threshold. These fluctuations are 
stochastic but reproducible. The width of the fluctuations grows with energy, since ever more decay channels of the 
compound nucleus open up. Deriving the characteristic features of these fluctuations as measured in terms of their 
variances and correlation functions from RMT posed a challenge for the nuclear physics community. 

These applications of RMT were all in the spirit of Wigner's original proposal. More recently, RMT has found 
a somewhat unexpected extension of its domain of application. RMT has become an important tool in the study 
of systems which are seemingly quite different from complex many-body systems. Examples are: Equilibrium and 
transport properties of disordered quantum systems and of classically chaotic quantum systems with few degrees of 
freedom, two-dimensional gravity, conformal field theory, and the chiral phase transition in quantum chromodynamics. 
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FIG. 2. Total cross section versus neutron energy for scattering of neutrons on ^''^U. The resonances all have the same spin 
1/2 and positive parity. Taken from Ref. |^ 
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FIG. 3. Differential cross section at several lab angles versus proton cm. energy (in MeV) for the reaction ^^Mg{p,p)^^Mg 
leaving ^®Mg in its second excited state. Taken from Ref. ^. 
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FIG. 4. The nearest neighbor spacing distribution versus s (defined as in Fig. ^ for the Sinai billiard. The histogram 
comprises about 1000 consecutive eigenvalues. Taken from Ref. |^. 
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FIG. 5. Nearest neighbor spacing distribution versus s (as in Fig. |l|) for the hydrogen atom in a strong magnetic field. The 
levels are taken from a vicinity of the scaled binding energy E. Solid and dashed lines are fits, except for the bottom figure 
which represents the GOE. The transition Poisson — > GOE is clearly visible. Taken from Ref. 0. 
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FIG. 6. Nearest neighbour spacing distribution for elastomechanical modes in an irregularly shaped quartz crystal. Taken 
from Ref. || 
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FIG. 7. The difference AG of the conductance and its mean value, in units of /h, of a 310 nm wire at a temperature of 
0.01 K versus magnetic field strength H in Tesla. Taken from Ref. H. 



7 



Figures 4 to 7 show several cases of interest. The Sinai biUiard is the prime example of a fully chaotic classical system. 
Within statistics, the NNS distribution for the quantum version shownO as the histogram in Fig. ^ agrees perfectly 
with the RMT prediction (solid line) . The successful application of RMT is not confined to toy models JLike the Sinai 
billiard. Rydberg levels of the hydrogen atom in a^jStrong magnetic field have a spacing distributionEI which once 
agam agrees with RMT (Fig. |). The same is trucQ of the clastomechanical eigenfrequencies of irregularly shaped 
quartz blocks (Fig. And the transmission of|-(classical or quantum) waves through a disordered medium shows 
patterns similar to Ericson fluctuations. Figure shows the fluctuations of the conductance of a wire of micrometer 
size caused by applying an external magnetic field. Such observations and independent theoretical progress paved the 
way for the rapid development of RMT. 

Some of these developments were triggered or at least significantly advanced by the introduction of a new tool into 
RMT: Efetov's supersymmetry technique and the ensuing mapping of the random-matrix problem onto a non-linear 
supersymmetric a model. This advance has, in turn, spurred developments in mathematical physics relating, among 
other items, to interacting Fermion systems in one dimension (the Calogero-Sutherland model), to supersymmetric 
Lie algebras, to Fourier transformation on graded manifolds, and to extensions of the Itzykson-Zuber integral. 

As the title suggests, we use the term "Random Matrix Theory" in its broadest sense. It stands not only for the 
classical ensembles (the three Gaussian ensembles introduced by Wigner and the three circular ensembles introduced 
by Dyson) but for any stochastic modelling of a Hamiltonian using a matrix representation. This comprises the 
embedded ensembles of French et al. as well as the random band matrices used for extended systems and several 
other cases. We attempt to exhibit the common concepts underlying these Random Matrix Theories and their 
application to physical problems. 

To set the tone, and to introduce basic concepts, we begin with a historical survey (Sec. H). Until the year 1983, 
RMT and localization theory (i.e., the theory of disordered solids) developed quite independently. For this reason, 
we devote separate subsections to the two fields. In the years 1983 and 1984, two developments took place which 
widened the scope of RMT enormously. First, Efetov's supersymmetric functional integrals, originally developed for 
disordered solids, proved also applicable to and useful for problems in RMT. This was a technical breakthrough. At 
the same time, it led to a coalescence of RMT and of localization theory. Second, the "Bohigas conjecture" established 
a generic link between RMT and the spectral fluctuation properties of classically chaotic quantum systems with few 
degrees of freedom. It was these two developments which in our view largely triggered the explosive growth of RMT 
during the last decade. 

Subsequent sections of the review are devoted to a description of this growth. In Sec. II] we focus attention on formal 
developments in RMT. We recall classic results, define essential spectral observables, give a short introduction into 
scattering theory and supersymmetry, and discuss wavefunction statistics, transitions and parametric correlations. It 
is our aim to emphasize that RMT, in spite of all its applications, has always been an independent field of research 
in its own right. In Sec. IV we summarize the role played by RMT in describing statistical aspects of systems 
with many degrees of freedom. Examples of such systems were mentioned above (atoms, molecules, and nuclei) but 
also include interacting electrons in ballistic mesoscopic devices. Section ^ deals with the application of RMT to 
"quantum chaology" , i.e. to the quantum manifestations of classical chaos. Here, we restrict ourselves to systems 
with few degrees of freedom. Important examples are mesoscopic systems wherein the electrons move independently 
and ballistically (i.e., without impurity scattering). Section VI deals with the application of RMT to disordered 
systems, and to localization theory. This application has had major repercussions in the theory of mesoscopic systems 
with diffusive electron transport. Moreover, it has focussed theoretical attention on novel issues like the spectral 
fluctuation properties at the mobility edge. Treating the Coulomb interaction between electrons in such systems 
forms a challenge which has been addressed only recently. The need to handle the crossover from ballistic to diffusive 
electron transport in mesoscopic systems has led to a common view of both regimes, and to the discovery of new and 
universal laws for parametric correlation functions in such systems. However, we neither cover the integer nor the 
fractional quantum Hall effect. Section VII deals with the numerous applications of RMT in one-dimensional systems 
of interacting Fermions, in QCD, and in field theory and quantum gravity. Section VIII is devoted to a discussion of 
the universality of RMT. This concerns the question whether or not certain statistical properties are independent of 
the specified probability distribution function in matrix space. 

In our view, the enormous development of RMT during the last decade signals the birth of a "new kind of statistical 
mechanics" (Dyson). The present review can be seen as a survey of this emergent field. The evidence is growing 
that not only disordered but also strongly interacting quantum systems behave stochastically. The combination of 
stochasticity and general symmetry principles leads to the emergence of general laws. Although not derived from first 
dynamical principles, these laws lay claim to universal validity for (almost) all quantum systems. RMT is the main 
tool to discover these universal laws. In Sec. IX, we end with general considerations and speculations on the origins 
and possible implications of this "new statistical mechanics" . 

The breadth of the field is such that a detailed account would be completely beyond the scope of a review paper. 
As indicated in the title, we focus attention on the concepts, both physical and mathematical, which are either basic 
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to the field, or are common to many (if not all) of its branches. While we cannot aim at completeness, we attempt 
to provide for the last decade a bibliography which comprises at least the most important contributions. For earlier 
works, and for more comprehensive surveys of individual subfields, we refer the reader to review articles or reprint 
collections at appropriate places in the text. 

We are painfully aware of the difficulty to give a balanced view of the field. Although we tried hard, we probably 
could not avoid misinterpretations, imbalances, and outright oversights and mistakes. We do apologize to all those who 
feel that their work did not receive enough attention, was misinterpreted, or was unjustifyably omitted alltogether. 

In each of the nine sections, we have adopted a notation which has maximum overlap with the usage of the literature 
covered in that section, often at the expense of consistency between different sections. We felt that this approach 
would best serve our readers. We could not always avoid using the same symbol for different quantities. This is 
the case, for instance, for the symbol P. Most often, P denotes a probability density. Context and argument of the 
symbol should identify the quantity unambiguously. 

We could not have written this review without the continuous advice and help of many people. Special thanks are 
due to David Campbell, editor of Physics Letters, for having triggered the writing of this paper. We are particularly 
grateful to J. Ambj0rn, C. Beenakker, L. Benet, R. Berkovits, G. Casati, Y. Gefen, R. Hofferbert, H. Koppel, I. 
Lerner, K. Lindemann, E. Louis, C. Marcus, A. D. Mirlin, R. Nazmitdinov, J. Nygard, A. Richter, T. Seligman, 
M. Simbel, H. J. Stockmann, G. Tanner, J.J.M. Verbaarschot, and T. Wettig for reading parts or all of this review, 
and/or for many helpful comments and suggestions. Part of this work was done while the authors were visiting GIG, 
UNAM, Cuernavaca, Mexico. 



II. HISTORICAL SURVEY: THE PERIOD BETWEEN 1951 AND 1983 



As mentioned above, in this period RMT and localization theory developed virtually independently, and we therefore 
treat their histories separately. 

After a period of rapid growth during the 1950's, RMT was almost dormant until it virtually exploded about ten 
years ago. Our history of RMT therefore consists of three parts. These parts describe (i) the early per iod (1951 till 
1963) in which the basic ideas and concepts were formulated, and the classical results were obtained (Sec. II A ); (ii) the 
period 1963 till 1983 in which the t heory was consolidated, relevant data were gathered, and some fundamental open 
problems came to the surface (Sec. 11 B); (iii) the almost simultaneous introduction of the supersymmetry method 
(Sec. II D) and of the Bohigas conjecture (Sec. II E) around 1983. 

For a long time, applications of RMT have essentially been confined to nuclear physics. The reason is historical: 
This was the first area in physics where the available energy resolution was fine enough, i.e. of the order of D, and 
the data set large enough, to display spectral fluctuation propert ies r eleva nt fo r tests of RMT. This is why — aside 
from a description of the technical development of RMT — Sees. [I A and II B deal almost entirely with problems in 
nuclear theory. We will not mention again that here and in other systems, spectroscopic tests of the theory always 
involve levels of the same spin and parity or, more generally, of the same symmetry class. 

After its inception by Anderson in 1958, localization theory received a m ajor boost by the work of Mott and, later, 
by the apphcation of scaling concepts. This is the history described in Sec. IIC. For pedagogical reasons, this section 
precedes the ones on supersymmetry and chaos. 

In this historical review, we refer to review papers wherever possible. We do so at the expense of giving explicit 
references to individual papers. 



A. RMT: the early period 

Most references can be found in Porter's bookE and are not given explicitly. Our account is not entirely historical: 
History serves as an introduction to the relevant concepts. 

In 1951, Wigner proposed the use of RMT to describe certain properties of excited states of atomic nuclei. This 
was the first time RMT was used to model physical reality. To understand Wigner's motivation for taking such a 
daring step, it is well to recall the conceptual development of nuclear theory preceding it. 

In the scattering of slow neutrons by medium-weight and heavy nuclei, narrow resonances had been observed. 
Each of these resonances corresponds to a kmg-lived "compound state" of the system formed by target nucleus and 
neutron. In his famous 1936 paper, N. Bohrtj had described the compound nucleus as a system of strongly interacting 
neutrons and protons. In a neutron-induced nuclear reaction, the strong interaction was thought to lead to an almost 
equal sharing of the available energy between all constituents, i.e. to the attainment of quasi-equilibrium. As a 
consequence of equilibration, formation and decay of the compound nucleus should be almost independent processes. 



9 



FIG. 8. Photograph of Niels Bohr's wooden toy model for compound-nucleus scattering. Taken from Ref. 



In his appeal to such statistical concepts, Bohr prepared the ground for Wigner's work. In fact, RMT may be seen 
as a formal implementation of Bohr's compound nucleus hypothesis. At the same time, it is remarkable that the 
concepts and ideas formulated by Bohr have a strong kinship to ideas of classical chaotic motion which in turn are 
now known to be strongly linked to RMT. This is most clearly seen in Fig. gHl which is a photograph of a wooden 
model used by Bohr to illustrate his idea. The trough stands for the nuclear potential of the target nucleus. This 
potential binds the individual nucleons, the constituents of the target, represented as small spheres. An incoming 
nucleon with some kinetic energy (symbolized by the billard queue) hits the target. The collision is viewed as a 
sequence of nucleon-nucleon collisions which have nearly the character of hard-sphere scattering. 

In the absence of a dynamical nuclear theory (the nuclear shell model had only just been discovered, and had not 
yet found universal acceptance), Wigner focussed emphasis on the statistical aspects of nuclear spectra as revealed 
in neutron scattering data. At first sight, such a statistical approach to nuclear spectroscopy may seem bewildering. 
Indeed, the spectrum of any nucleus (and, for that matter, of any conservative dynamical system) is determined 
unambiguously by the underlying Hamiltonian, leaving seemingly no room for statistical concepts. Nonetheless, such 
concepts may be a useful and perhaps even the only tool available to deal with spectral properties of systems for which 
the spectrum is sufficiently complex. An analogous situation occurs in number theory. The sequence of prime numbers 
is perfectly well defined in terms of a deterministic set of rules. Nevertheless, the pattern of occurrence of primes 
among the integers is so complex that statistical concepts provide a very successful means of gaining information 
on the distribution of primes. This applies, for instance, to the average density of primes (the average number of 
primes per unit interval), to the root-mean-square deviation from this average, to the distribution of spacings between 
consecutive primes, and to other relevant information which can be couched in statistical terms. 

The approach introduced by Wigner differs in a fundamental way from the standard application of statistical 
concepts in physics, and from the example from number theory just described. In standard statistical mechanics, 
one considers an ensemble of identical physical systems, all governed by the same Hamiltonian but differing in initial 
conditions, and calculates thermodynamic functions by averaging over this ensemble. In number theory, one considers 
a single specimen — the sequence of primes — and introduces statistical concepts by performing a running average 
over this sequence. Wigner proceeded differently: He considered ensembles of dynamical systems governed by different 
Hamiltonians with some common symmetry property. This novel statistical approach focusses attention on the generic 
properties which are common to (almost) all members of the ensemble and which are determined by the underlying 
fundamental symmetries. The application of the results obtained within this approach to individual physical systems 
is justified provided there exists a suitable ergodic theorem. We return to this point later. 

Actually, the approach taken by Wigner was not quite as general as suggested in the previous paragraph. The 
ensembles of Hamiltonian matrices considered by Wigner are defined in terms of invariance requirements: With every 
Hamiltonian matrix belonging to the ensemble, all matrices generated by suitable unitary transformations of Hilbert 
space are likewise members of the ensemble. This postulate guarantees that there is no preferred basis in Hilbert 
space. Many recent applications of RMT use extensions of Wigner's original approach and violate this invariance 
principle. Such extensions will be discussed later in this paper. 

It is always assumed in the sequel that all conserved quantum numbers like spin or parity are utilized in such 
a way that the Hamiltonian matrix becomes block-diagonal, each block being characterized by a fixed set of such 
quantum numbers. We deal with only one such block in many cases. This block has dimension N . The basis states 
in Hilbert space relating to this block are labelled by greek indices like fjL and v which run from 1 to A^. Since Hilbert 
space is infinite-dimensional, the limit A ^ oo is taken at some later stage. Taking this limit signals that we do 
not address quantum systems having a complete set of commuting observables. Taking this limit also emphasises the 
generic aspects of the random-matrix approach. Inasmuch as RMT as a "new kind of statistical mechanics" bears 
some analogy to standard statistical mechanics, the limit N ^ oo is kin to the thermodynamic limit. 
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Using early group-theoretical results by Wignerlli, Dyson showed that in the framework of standard Schrodinger 
theory, there are three generic ensembles of random matrices, defined in terms of the symmetry properties of the 
Hamiltonian. 

(i) Time-reversal invariant systems with rotational symmetry. For such systems, the Hamiltonian matrix can be 
chosen real and symmetric. 

Time-reversal invariant systems with integer spin and broken rotational symmetry also belong to this ensemble. 

(ii) Systems in which time-reversal invariance is violated. This is not an esoteric case but occurs frequently in 
applications. An example is the Hamiltonian of an electron in a fixed external magnetic field. For such systems, the 
Hamiltonian matrices are Hermitean, 

(iii) Time-reversal invariant systems with half-integer spin and broken rotational symmetry. The Hamiltonian 
matrix can be written in terms of quaternions, or of the Pauli spin matrices cr^ with 7 = 1,2,3. The Hamiltonian has 
the form 

3 

Hith-^Y.^nll<^'>' (2.3) 
7=1 

where all four matrices H'^'^^ with 7 = 0, . . . , 3 are real and where i?'"-' is symmetric while H'^'^^ with 7 = 1, 2, 3 are 
antisymmetric. 

In all three cases the probability of finding a particular matrix is given by a weight function P^giH) tim es the 



product of the differentials of all independent matrix elements. Both the symmetry properties (2.1), (2.2), and 



(2.3), and the weight functions Pmp^H) for (3 = 1,2,4 are invariant under orthogonal, unitary, and symplectic 



transformations of the Hamiltonian, respectively. The index (3 is often used to specify the ensemble altogether. In 
a sense specified by Dyson, the three ensembles areJutidamentally irreducible and form the basis of all that follows. 
Novel ensembles not contained in this list may arisecJLa when additional syrrimetries or constraints are ipaposed. Such 
ensembles have recently been discussed in the context of Andreev scatteringlEl, and of chiral symmetrjO. 

The choice P^p^H) = 1 would be consistent with the symmetry requirements but would lead to divergent integrals. 
For the Gaussian ensembles considered by Wigner, the weight functions Pnp are chosen to have Gaussian form, 

Pn(3{H) a exp (-^irnA . (2.4) 



We have suppressed a normalization factor, see Sec. [II A 2. The constant A is independent of N. The factor N 



ascertains that the spectrum of the ensemble remains bounded in the limit — > 00. The independent elements of 
the Hamiltonian are independent random variables; the distributions factorize. For a more formal discussion of the 



three Gaussion ensembles we refer to Sec. [II A 



The choice (2.4) defines the three canonical ensembles: The Gaussian orthogonal ensemble (GOE) with [3=1. the 
Gaussian unitary ensemble (GUE) with (3 = 2, and the Gaussian symplectic ensemble (GSE) with (3 = A. These 
ensembles have similar weight functions Pnp but different symmetries, and consequently different volume elements in 
matrix space. As mentioned before, this review covers a variety of Random Matrix Theories. For clarity, we refer to 
the ensembles introduced above jointly as to Gaussian Random Matrix Theory (GRMT). 

The introduction of RMT as a theory of physical systems poses two questions, (a) How are predictions on observables 
obtained from RMT? (b) How are such predictions compared with physical reality? A third question arises when we 
note that the requirements (i) to (iii) defining the three classical ensembles are based on genera l sy mmetry principles 
and their quantum-mechanical implementation, while the choice of the Gaussian functions ( |2.4| ) was dictated by 
convenience. We must therefore ask: (c) Are the conclusions derived from the Gaussian ansatz generally valid, i.e. 
independent of the Gaussian form (which would then indeed serve only as a convenient vehicle)? 

Basic for most applications of GRMT is the distinction between average quantities and their fluctuations. Because 
of the cutoff due to the Gaussian weight factors, all three Gaussian ensembles defined above have a spectrum which in 
the limit ^ 00 is bounded and has length 4A. In the interval — 2A < E < 2A, the average level density has the shape 



of a semicircle (cf. Eq. (2.7) below). For most physical systems, a bounded spectrum with semicircle shape is totally 
unrealistic. Therefore, GRMT is generically useless for modelling average properties like the mean level density. The 
situation is different for the statistical fluctuations around mean values of observables. Since there are A'^ levels in the 
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spectrum, D ^ N ^ tends to zero as A'' ^ cxd. In this limit, fluctuation properties may become independent of the 
form of the global spectrum and of the choice of the Gaussian weight facto rs, and may attain universal validity. This 



is the expectation held upon employing GRMT, see in particular Sec. VIII. The wide range of successful, applications 
of RMT in its Gaussian form has for a long time suggested that this expectation is justified. BalianO derived the 
three Gaussian ensembles from a maximum entropy principle, postulating the existence of a second moment of the 
Hamiltonian. His derivation shows that in the absence of any further constraints, the Gaussian weight factors are 
the must natural ones to use. This result and numerical studies gave further credence to the belief that fluctuation 
properties should not depend on the Gaussian form of the weight factors. There is now also direct evidence for this 



assertion. It is presented in Sec. VIII. 



GRMT can thus be used to predict fluctuations of certain observables. The general scheme is this: The average of 
the observable over the ensemble serves as input, and the fluctuation properties are derived from GRMT. Examples 
are local level correlation functions (with the average level density as input to define the physical value of N/X), 
distribution laws and local correlation functions for eigenvectors (which are usually measured by coupling to some 
external field, the average of the square of the coupling matrix element serving as input), etc. We will encounter 
numerous examples of this type as we proceed. In some select cases, it is possible to work out the fluctuation 
properties of the observable completely, and to calculate the entire distribution function over the ensemble. In most 
cases, however, this goal is too ambitious, and one has to settle for the first few moments of the distribution. 

In comparing such predictions with experiment, we must relate the average over the (fictitious) ensemble given by 
GRMT with information on a given system. Here, an ergodic hypothesis is used. It says that the ensemble average 
is equal to the running average, taken over a sufficiently large sectiaa of the spectrum, of almost any member of the 
ensemble. In specific cases, this ergodic hypothesis has been provedEa. 

It is clear that RMT cannot ever reproduce a given data set in its full detail. It can only yield the distribution 
function of, and the correlations between, the data points. An example is the nuclear level spectrum at neutron 
threshold, the first case ever studied in a statistically significant fashion. The actual sequence of levels observed 
experimentally remains inaccessible to RMT predictions, while the distribution of spacings and the correlations 
between levels can be predicted. The same holds for the stochastic fluctuations of nuclear cross sections, for universal 
conductance fluctuations of mesoscopic probes, and for all other applications of RMT. 

GRMT is essentially a parameter-free theory. Indeed, the only parameter (A) is fixed in terms of the local mean 
level spacing of the system under study. The successful application of GRMT to data shows that these data fluctuate 
stochastically in a manner consistent with GRMT. Since GRMT can be derived from a maximum entropy principlellJ, 
this statement is tantamount to saying that the data under study carry no information content. It is an amazing fact 
that out of this sheer stochasticity, which is only confined by the general symmetry principles embodied in GRMT, 
the universal laws alluded to above do emerge. 

The distribution of the eigenvalues and eigenvectors is obviously a central issue in applications of GRMT. To 
derive this distribution, it is useful to introduce the eigenvalues -E^ and the eigenvectors of the matrices as-pew 
independent variables. The group-theoretical aspects of this procedure were probably first investigated by Huall3, cf. 
also Ref. |2^. After this transformation, the probability measures for the three Gaussian ensembles factorize. One 
term in the product depends only on the eigenvalues, the other, only on the eigenvectors (angles). Moreover, because 
of the assumed invariance properties, the functions Pnp depend on the eigenvalues only. Therefore, eigenvectors and 
eigenvalues are uncorrelated random variables. The form of the invariant measure for the eigenvectors implies that in 
the limit N —^ oo, these quantities are Gaussian- distributed random variables. 

Following earlier work by Scott, Porter and Thomas suggested this Gaussian distribution for the eigenvectors 
in 1956. Their paper became important because it triggered many comparisons between GRMT predictions and 
empirical data. In nuclear reaction theory, the quantities which determine the strength of the coupling of a resonance 
to a particular channel are the "reduced partial width amplitudes" , essentially given by the projection of the resonance 
eigenfunction onto the channel surface. Identification of the resonance eigenf unctions with the eigenfunctions of the 
GOE implies that the reduced partial width amplitudes have a Gaussian probability distribution centered at zero, 
and that the reduced partial widths (the squares of the partial width amplitudes) have a distribution with one 
degree of freedom (the "Porter-Thomas distribution"). This distribution obtains directly from the volume element in 
matrix space and holds irrespective of the choice of the weight function Pni(H). It is given in terms of the average 
partial width which serves as input parameter. 

For the eigenvalues, the invariant measure takes the form (/3 = 1, 2, 4) 

N 

PNf3{Ei,...,EN) n \E„,-EnfY[dEi. (2.5) 

m>n l—l 

This expression displays the famous repulsion of eigenvalues which becomes stronger with increa^Hg (3. (Eigenvalue 
repulsion as a generic feature of quantum systems was first discussed by von Neumann and WigneiH. The arguments 
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used in this paper explain the /3-dependence of the form (2.5)). We note that this level repulsion is due entirely to 



the volume element in matrix space, and independent of the weight function: It influences local rather than global 
properties. It turned out to be very difficult to deduce information relevant for a comparison with experimental 



data from Eq. (2.5). Such a comparison typically involves the correlation function between pairs of levels, or the 
distribution of spacings between nearest neighbors. The integrations over all but a few eigenvalues needed to derive 
such information were found to be very hard. 

Lacking exact results, and guided by the case N = 2, Wigner proposed in 1957 a form for the distribution p{s) of 
spacings of neighboring eigenvalues, i.e. for the nearest neighbor spacing distribution mentioned in the Introduction. 
Here, s is the level spacing in units of the local mean level spacing D. This "Wigner surmise", originally stated for 
P = 1, has the form 

pp{s) = apsf^ exp(-6;3S^). (2.6) 



The constants ap and hp are given in Eq. ( |3^ ) of Sec. |III B 2|. The Wi gner surmise shows a strong, /3-dependent level 



repulsion at small spacings (this is a reflection of the form ( |2.5| )), and a Gaussian falloff at large spacings. This falloff 
has nothing to do with the assumed Gausian distribution of the ensembles and stems directly from the assumed form 
of the volume element in matrix space. The solid line in Fig. |l| shows the s-dependence of p{s) for the orthogonal 
case. 

In the same paper, Wigner also derived the semicircle law mentioned above. As a function of energy E, the average 
level density p = is given by 

N 



p{E) = — v/l-(i?/(2A))2. (2.7) 



Later, Pasturil derived a quadratic equation for the averaged retarded or advanced Green function. This equati 



ion 



coincides in form with th e sc alar version of the saddle point equation (3.89) of the non-linear cr-model and yields for 
p{E) the semicircle law (^TtI). 

The difficulties encountered in calculating spectral properties of GRMT wer«-pvercome in 1960 when M. L. Mehta 
introduced the method of orthogonal polynomials, summarized in his bookc2l. Mathematically, his methods are 
related to Selberg's integral. Mehta's work provided the long-missing tool needed to calculate the spectral fluctuation 
properties of the three canonical ensembles, and therefore had an enormous impact on the field. Mehta could not 
only prove earlier assertions but also obtained many new results. For instance, Gaudin and Mehta derived the exact 
form of the nearest neighbour spacing distribution. The Wigner surmise turns out to be an excellent approximation 
to this distribution. The method of orthogonal polynomials has continued to find applications beyond the canonical 
ensembles. 

GRMT is conceived as a generic theory and should apply beyond the domain of nuclear physics. Early evidence 
in favor of this assertion, and perhaps the earliest evidence ever in favor of the nearest neighbor spacing distribution, 
was provided in 1960 by Porter and Rosenzweig. These authors analyzed spectra in complex atoms. 

In a series of papers written between 1960 and 1962, Dyson developed RMT much beyond the original ideas of 
Wigner. Aside from showing that there are three fundamental ensembles (the unitary, orthogonal and symplectic one), 
he contributed several novel ideas. As an alternative to the Gaussian ensembles defined above, he introduced the three 
"circular ensembles", the circular unitary ensemble (CUE), the circular orthogonal ensemble (COE), and the circular 
symplectic ensemble (CSE). In each of these ensembles, the elements are unitary matrices of dimension N rather 
than the Hamiltonian matrices used in Wigner's ensembles. Since the spectra of all three ensembles are automatically 
confined to a compact manifold (the eigenvalues exp[i0p] with p = I,. . .,N of unitary matrices are located o n th e 
unit circle in the complex plane), there is no need to introduce the (arbitrary) Gaussian weight factors of Eq. ( ^.4| ). 
This removes an ambiguity of the Gaussian ensembles and simplifies the mathematical problems. Unfortunately, 
these advantages are partly compensated by the fact that the physical interpretation of the eigenvalues of the circular 
ensembles is not obvious. 

We briefly give the mathematical definitions of the three circular ensembles here because they will not be discussed 



in detail in Sec. Ill, Each circular ensemble is defined by the same invariance postulate as the corresponding Gaussian 
ensemble. 

(i) The COE consists of symmetric unitary matrices S of dimension N. Each such matrix S can be written as 
S = U'^U where U is unitary and T denotes the transpose. To define the measure, we consider an infinitesimal 
neighborhood of S given by S + dS = U'^{1n + idM)U where dM is infinitesimal, real and symmetric. Let dpij 
with I < i < j < N denote the differentials of the elements of the matrix M. Then the measure p{dS) is defined by 
p{dS) ~ ni<j "^Mii; cind the COE has the probability measure 



13 



The COE is invariant under every automorphism S U''^ SU' where U' is unitary. 

(ii) The CUE consists of unitary matrices S of dimension N. Each such matrix can be written as the product 
S = UV of two unitary matrices U and V so that S + dS = U{In + idH)V where dH is infinitesimal Hermitean. The 
measure ^{dS) is defined by ^j,{dS) — Y[i<j dRe^ij Y[i<j dlmfiij where dfiij denotes the differentials of the elements of 
the matrix H. With this changed definition of n{dS), the probability measure again has the form of Eq. ( |2.8| ). The 
CUE is invariant under every automorphism S — > U'SV where U', V are unitary. 

(iii) The CSE consists of unitary matrices S of dimension N which have the form S = U^U where U is unitary, and 
where R denotes the dual, defined by the combined operation of time-reversal (K) and transposition, = KU^K~^. 
We have S + dS ^ U^{liy + idM)U where dM is infinitesimal, quaternion-real and self-dual. The measure ^{dS) 
is defined in terms of the differentials dii]^, 7 = 0, . . . , 3 of the four matrices Tlf' of the quaternion decomposition of 

M as fi{dS) — Y\ - dn% 117=0 ni<j - With this changed definition of ^J,{dS), the probability measure again has the 
form of Eq. I p.8\) . The CSE is invariant under every automorphism S W^SW where W is unitary. 

The phase angles 6*^ of Dyson's ensembles are expected to have the same local fluctuation properties as the eigenval- 
ues of the corresponding Gaussian ensembles. This expectation is borne out by calculating the invariant measure. 
It carries the factor n/i>i/ I exp(i0^) — exp(i6'i,)|^, in full analogy to Eq. (p^). Using the Gaudin-Mehta method, 
Dyson was able to derive the A:-level correlation function (i.e. the probability density for k phase angles 6*^ with 

= 1, . . . , fc <C A^, irrespective of the position of all others). These functions coincide with the corresponding ex- 
pressions for the Gaussian ensembles found by Mehta, strengthening the belief that the Gaussian weight factor is 
immaterial for local fluctuation properties. The explicit formulas for the two-level correlation functions can be found 



in Sec. Ill A 5 



Aside from furnishing useful alternatives to the Gaussian ensembles, the circular ensembles have found direct 
application in stochastic scattering theory since the elements of the ensembles — the unitary matrices S — can be 
viewed as scattering matrices. 

Dyson also noticed an interesting connection between GRMT and a classical Coulomb gas. For the Gaussian 
ensembles, the factors appearing in Eq. (p]^) can be written in the form 



N 



exp -/3Ar^ 



En 



2 



K — E 
A 



(2.9) 



From a thermodynamic point of view, this expression is the free energy of a static Coulomb gas of N particles in one 
dimension with positions Ei, . . . , -Ejv and temperature The gas is confined by a harmonic oscillator potential, 

which is absent for the circular ensembles originally considered by Dyson. The parameter /3 plays the role of an 
inverse temperature. This analogy helps to understand the fluctuation properti es of the spectrum. Both the level 
repulsion at short distance and the long-range stiffness of the spectrum (see Eq. ( ^.lOj ) and the remarks following it) 
characteristic of GRMT become intuitively obvious. 

Another important idea in Dyson's work relates to cases of slightly broken symmetries or invariance properties. 
The ensembles considered so far all correspond to exactly obeyed symmetries and invariances. In many applications 
of RMT, it is necessary to consider cases of slight symmetry breaking. This is true, for instance, for isospin-mixing 
in nuclei, for parity violation in nuclei, or for time-reversal invariance breaking in solids. These effects are caused by 
the Coulomb interaction, the weak interaction, and an external magnetic field acting on the electrons, respectively. 
Such cases can be modeled by adding to the ensemble describing the conserved symmetry (or invariance) another one, 
which violates the symmetry (or invariance) and has relative strength t with respect to the first. More precisely, the 
variances of the matrix elements in the second ensemble differ by a factor from those in the first. By generalizing the 
static Coulomb gas model of the last paragraph to a dynamical one, where the N particles, in addition to their mutual 
repulsion, are also subject to dissipative forces, Dyson arrived at a Brownian motion model for the eigenvalues of a 
random matrix. Starting at time t = with the case of pure symmetry, and letting the Brownian motion proceed, the 
eigenvalues move under the influence of the symmetry-breaking ensemble. The Brownian-motion model has found 
important applications in recent years. 

We refer to the Gaussian and the circular ensembles jointly as to classical Random Matrix Theory (cRMT). 

In comparing cRMT results with experiment, it is useful to have available statistical measures tailored to the fact 
that the data set always comprises a finite sequence only. In 1963, Dyson and Mehta introduced several statistical 
measures (the "Dyson-Mehta statistics") to test a given sequence of levels for agreement with cRMT. These m easures 



have found wide application. One important example is the A3 statistic, which will be discussed in detail in Sec. [II B 2 . 
Let ri{E) be the number of energy levels in the interval [—oo,E], and let us assume that the spectrum has been 
"unfolded" so that the local average level density is constant (independent of E). On this unfolded, dimcnsionless 
energy scale ^, the number of levels in the interval [—00,^] is given by r]{(,)- The A3 statistic 
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A3(L) = ( min - j^^''''^ m) -M- Sf dA . (2.10) 



measures how well the staircase function ry(^) can be locahy approximated by a straight Une. The angular brackets in 



Eq. (2.10) indicate an average over S,s- If subsequent spacings of nearest neighbors were uncorrelated, A^i^L) would 



be linear in L, A3(L) = L/15. An essential property of RMT is the logarithmic dependence of A3(L) on L. It is often 



referred to as the 'stiffness' of the spectr um (cf . the remarks below Eq. (2.5)). Explicit expressions for A3(L) in all 



three symmetry classes are given in Sec. [II B 3 



As remarked above, the compound-nucleus resonances observed in slow neutron scattering are prime candidates 
for applications of GRMT. By implication, the neutron scattering cross section in this energy range is expected to 
be a random process. In the Introduction, it was pointed out that already a few MeV above neutron threshold, the 
resonances overlap strongly. Nonetheless, the cross section should still be stochastic. Using a simple statistical model 
for the nuclear scattering matrix, Ericson proposed in 1963 that in this domain, cross-section fluctuations with well- 
defined properties ("Ericson fluctuations") should exist. This proposal was made before the necessary experimental 
resolution and the data shown in Fig. ^ became available. The proposal gave a big boost to nuclear reaction studies, 
see the review in Ref. |4[ For quite some time, the connection between Ericson's model and cRMT remained an open 
question, however. 



B. From 1963 to 1982: consolidation and application 



In this period, nuclear reaction data became available which permitted the first statistically significant test of GRMT 
predictions on level fluctuations. Ericson's prediction of random cross-section fluctuations was confirmed, and many 
reaction data in the domain of strongly overlapping resonances were analyzed using his model. Theorists tackled the 
problem of connecting Ericson fluctuations with GRMT. Two-body random ensembles and embedded ensembles were 
defined as a meaningful extension of GRMT. Symmetry breaking became a theoretical issue in GRMT. The results 
were used to establish upper bounds on the breaking of time-reversal symmetry in nuclei. 

Much of this work is reviewed in Refs. [l^ , |25| . 

A significant test of GRMT predictions requires a sufficiently large data set. Collecting such a set for the sole 
purpose of testing stochasticity may seem a thankless task. The opposite is the case. It is important to establish 
whether stochasticity as formulated in GRMT does apply in a given system within some domain of excitation energy, 
and to what extent this is the case. Moreover, once the applicability of GRMT is established, there is no room left 
for spectroscopic |Siudies involving a level-by-level analysis. Indeed, Balian's derivation of GRMT from a maximum- 
entropy principleO shows that spectroscopic data taken in the domain of validity of GRMT carry no information 
content. 

In the 1970's, a determined experimental effort produced data on low-energy neutron scattering by a number of 
heavy nuclei, and on proton scattering near the Coulomb barrier by several nuclei with mass numbers around 50. 
The number of levels with the same spin and parity seen for any one of these target nuclei ranged typically from 
100 to 200. In 1982, the totality of these data was combined into the. pj'Nuclear Data Ensemble" comprising 1726 
level spacings. This ensemble was tested by Haq, Pandey and BohigaaH3^El for agreement with the GOE (the relevant 
ensemble for these cases). They used the nearest neighbor spacing distribution and the A3 statistic. This analysis 
produced the first statistically significant evidence for the agreement of GOE predictions and spectral properties of 
nuclei, see Fig. |l|. 

The advent of electrostatic accelerators of sufficiently high energy and of sufficiently good energy resolution (which 
must be better than the aiOjrage width F of the compound-nucleus resonances) made it possible at that time to 
detect Ericson fluctuationstj in nuclear cross sections, see Fig. ^. As a function of incident energy, the intensity 
of particles produced in a nuclear reaction at fixed scattering angle shows random fluctuations. An evaluation of 
the intensity autocorrelation versus incident energy yields the average lifetime h/T of the compound nucleus, and the 
autocorrelation versus scattering angle yields information on the angular momenta relevant for the reaction. ^From the 
variance one finds the ratio of "direct reactions" , i.e. of particles emitted without delay, to the typically long-delayed 
compound-nucleus reaction contribution. The "elastic enhancement factor" favors elastic over inelastic compound- 
nucleus ijeactions and is the forerunner of the "weak localization correction" in mesoscopic physics. The authors of 
referencecll were well aware of the fact that the phenomena discovered in nuclear reactions are generic. And indeed, 
most of the concepts developed within the theory of Ericson fluctuations have later resurfaced in different guise when 
the theory of wave propagation through disordered media was developed, and was applied to chaotic and disordered 
mesoscopic conductors, and to light propagation through media with a randomly varying index of refraction. 
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At the same time, intense theoretical efforts were undertaken to give a soUd foundation to Ericson's model, and to 
connect it with cRMTl£I. This was necessary in order to obtain a unified model for fluctuation properties of nuclear 
cross sections in the entire range of excitation energies extending from T D (i.e. neutron threshold where GRMT 
was known to work) till the Ericson domain T :s> D. The approaches started from two different hypotheses. 

(i) The random Hamiltonian approach. 

Formal theories of nuclear resonance reactions express the scattering matrix S in terms of the nuclear Hamiltonian 
H , so that S — S{H). Since RMT is supposed to model the stochastic properties of H, an ensemble of scattering 
matrices was obtained by replacing the nuleaiJlamiltonian by the GOE, i.e. by writing S = S'(GOE). For example, 
the shell-model approach to nuclear reactionsEZi yields for the elements Sab{E) of the scattering matrix 



Sab{E) = dab - 2i^^Y,Wa^.{D-\E))^,W.b■ (2.11) 



Here, E is the energy, and a, b refer to the physical channels. The indices /i and ly of the inverse propagator D^^^ refer 
to a complete set of orthonormal compound nucleus states, and D (not to be confused with the mean level spacing) 
has the form 



D^^iE) = E5^, - H^, + ^7^^ VK^eW^c (2.12) 

c 

We have omitted an irrelevant shift function. The symbol i/^^ stands for the projection of the nuclear Hamiltonian 
onto the set of compound nucleus states, and the matrix elements W^a{E) describe the coupling between these states 
and the channels a. Equations (2.11, pT^ ) are generically valid. By assuming that H is a. member of a random-matrix 



ensemble, S becomes an ensemble of scattering matrices, and the challenge consists in calculating ensemble-averaged 
cross sections and correlation functions. Work along these lines was carried out by Moldauer, by Agassi et al, by 
Feshbach et al, and by many others. Inter alia, this approach led to an asymptotic expansion kin to impurity 
perturbation theory in condensed matter physics. It is valid for F ^ _D and uses the assumption that the GRMT 
eigenvalue distribution can be replaced by a model with fixed nearest neighbor spacings ( "picket fence model" ) . In 
this framework, Ericson's results could be derived. However, all attempts failed to obtain a unified theoretical GRMT 
treatment valid in the entire regime from T D till F 3> £). The methods developed by Mehta which had proven so 
successful for level correlations did not seem to work for the more complex problem of cross-section fluctuations. 

Much theoretical attention was also paid to reactions at energies beyond the Ericson regime where an extension 
of RMT is needed to describe physical reality. Indeed, the application of RMT to transport processes (like cross 
sections) implies some sort of equilibrium assumption: By virtue of the orthogonal invariance of the GOE, all states 
of the compound system are equally accessible to an incident particle, and a preferred basis in Hilbert space does not 
exist. This assumption is justified whenever the "internal equilibration time" Teq needed to mix the states actually 
populated in the first encounter of projectile and target with the rest of the system is small compared with the time 
h/r for particle emission. But r^q changes little with energy while h/T decreases nearly exponentially over some 
energy interval. At energies above the Ericson regime there exists a domain where decay happens while the system 
equilibrates. This is the domain of "precompound" or "preequilibrium" reactions. It requires an extension of RMT 
using a preferred basis in Hilbert space, reflecting the ever increasing complexity of nuclear configurations reached 
from the incident channel in a series of two-body collisions. Formally, this extension of RMT is a forerunner of and 
bears a close relationship to the modelling of quasi one-dimensional conductors in terms of random band matrices. 
In both cases, we deal with non-ergodic systems where a novel energy (or time) scale — the equilibration time or, in 
disordered solids, the diffusion time — comes into play. 

(ii) The random S matrix approach. 

A maximum-entropy approach for the scattering matrix kin to Balian's derivation of GRMT was developed by 
Mello, Seligman and others. A closed expression for the probability distribution of the elements of the scattering 
matrix was derived for any set of input parameters (the average elements of S). Unfortunately, the result was too 
unwieldy to be evaluated except in the limiting cases of few or very many open channels. Moreover, parametric 
correlation functions, e.g. the correlation between two elements of the scattering matrix at different energies, seem 
not accessible to this approach. Under the name "random transfer matrix approach" , a similar approach has later 



found wide application in the theory of disordered quasi one-dimensional conductors, cf. Sec. VI C 2. Here again, the 
calculation of parametric correlation functions has been fraught with difficulties. 

The random S matrix approach has the virtue of dealing directly with the elements of the S matrix as stochastic 



variables. Thereby it avoids introducing a random Hamiltonian in the propagator as done in Eqs. (2.11,2.12) and the 
ensuing difficulties in calculating ensemble averages. This very appealing feature is partly offset by the difficulties in 
calculating parametric correlations. 
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A basic criticism leveled against GRMT relates to the fact that in most physical systems, the fundamental interaction 
is a two-body interaction. In a shell-model basis, this interaction has vanishing matrix elements between all states 
differing in the occupation numbers of more than two single-particle states. Therefore, the interaction matrix is 
sparse. In an arbitrary (non-shell model) basis, this implies that the number of independent matrix elements is 
much smaller than in GRMT, where the coupling matrix elements of any pair of states are uncorrelated random 
variables. This poses the question whether GRMT predictions apply to systems with two-body forces. It is also 
necessary to determine whether the two-body matrix elements are actually random. Another problem consists in 
understanding how a random two-body force acts in a many-Fermion Hilbert space. This problem leads to the 
question of how information propagates in spaces of increasing complexity. These problems were tackled mainly by 
French and coUaboratorsEfl and led to "statistical nuclear spectroscopy" as an approach to understand the workings 
of the two-body residual interaction of the nuclear shell model in large, but finite, shell-model spaces. Specifically, 
it was shown that in the shell model, the matrix elements of the two-body force are random and have a Gaussian 
distribution. The mathematical problem of handling such random two-body forces was formulated by introducing 
the "embedded ensembles" : A random TO-body interaction operates in a shell-model space with K Fermions where 
m < K. The propagation of the two-body force in complex spaces was investigated with the help of moments methods. 
It was shown numerically that for m = 2, the spectral fluctuation properties of such an ensemble with orthogonal 
symmetry are the same as for the GOE. The last result shows that GOE can meaningfully be used in predicting 
spectral fluctation properties of nuclei and other systems governed by two-body interactions (atoms and molecules). 
Nonetheless, embedded ensembles rather than GRTM would offer the proper way of formulating statistical nuclear 
spectroscopy. Unfortunately, an analytical-treatment of the embedded ensembles is still missing. 

In the early 80's, Mehta and Pandejcj'Ej made a significant advance in the theoretical treatment of GRMT. Their 
work established for the first time the connection between GRMT, field theory, and the Itzykson-Zuber integral. They 
succeeded in extending the orthogonal polynomial method to the problem of symmetry breaking. In this way, they 
showed that the nearest neighbor spacing distribution (NNS) could be used as a test of time-reversal invariance in 
nuclei. The basic idea is that for small spacings, the presence of an interaction breaking time-reversal symmet ry w ould 



change the linear slope of NNS characteristic of the GOE into a quadratic one typical for the GUE, cf. Eq. (2^). To 
work out this idea, it is necessary to define a random ensemble which allows for the GOE GUE crossover transition. 
The ensemble defined by Mehta and Pandey for this purpose has the form 



Hum - Hl::^^ + z^t/NH^^. (2.13) 
Here, H'^'~'^ is the GOE, and is the ensemble of real antisymmetric Gaussian distributed matrices having the 



same variance as the GOE. For i = 0, the ensemble (2.13) coincides with the GOE, while for t = iV, it coincides 
with the GUE. Writing the strength parameter in the form {t/NY^"^ is motivated by the following consideration. The 
perturbation {t/Ny^^H^ is expected to influence the local fluctuation properties of the spectrum (those on the scale 
D) for values of t such that the mean-square matrix element of the perturbation is of order D^. From Eq. ( [2.7| ), 
this implies {t/N){X'^ /N) ~ ~ [ttX/NY , or t ~ 1. This argument shows that the local fluctuation properties are 
extremely sensitive to a symmetry-breaking perturbation. The results obtained by Mehta and Pandey were used by 
French et al. to obtain an upper bound on time-reversal symmetry breaking in nuclei. 

A similar problem arises from the Coulomb interaction. This interaction is weak compared to the nuclear force and 
leads to a small breaking of the isospin quantum number. The random-matrix model needed for this case is different 
from Eq. ( ^.13 ), however. Indeed, without Coulomb interaction the Hamiltonian is block diagonal with respect to the 



isospin quantum number. In the simplest but realistic case of the mixing of states with two different isospins, it consists 
of two independent GOE blocks. The isospin-breaking interaction couples the two blocks. The strength parameter of 
this coupling again scales with N~^/'^. For spectral fluctuations, this crossover transition problem has not yet been 
solved analytically (except for the GUE case) whereas an analytical treatment has been possible for nuclear reactions 
involving isospin symmetry breaking. This case is, in fact, the simplest example for the precompound reaction referred 
to above. The results provided an ideal tool for the study oLavmmetry breaking in statistical nuclear reactions. The 
data gave strong support to the underlying statistical modelEj. 

We conclude this historical review with a synopsis. RMT may be viewed as a new kind of statistical mechanics, and 
there are several formal aspects which support such a view. First, RMT is based on universal symmetry arguments. 
In this respect it differs from ordinary statistical mechanics which is based on dynamical principles; this is the 
fundamental novel feature of RMT. It is linked to the fact that in RMT, the ensembles consist of physical systems 
with different Hamiltonians. Second, the Gaussian ensembles of RMT can be derived from a maximum entropy 
approach. The derivation is very similar to the way in which the three standard ensembles (microcanonical, canonical 
and grand canonical ensemble) can be obtained in statistical mechanics. Third, the limit iV — > oo is kin to the 
thermodynamic limit. Fourth, in relating results obtained in the framework of RMT to data, an ergodic theorem is 
used. It says that the ensemble average of an observable is — for almost all members of the ensemble — equal to the 
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running average of the same observable taken over the spectrum of a single member of the ensemble. In statistical 
mechanics, the ergodic theorem states the equality of the phase-space average of an observable and the average of 
the same observable taken along a single trajectory over sufficiently long time. Finally, the elements of the GRMT 
matrices generically connect all states with each other. This is a consequence of the underlying (orthogonal, unitary 
or symplectic) symmetry of GRMT and is reminiscent of the equal a priori occupation probability of accessible states 
in statistical mechanics. The assumption is valid if the time scale for internal equilibration is smaller than all other 
time scales. 

In the period from 1963 till 1982, the evidence grew strongly that both in nuclear spectrocopy and in nuclear 
reaction theory, concepts related to RMT are very successful. Two elements were missing, however: (i) A compelling 
physical argument was lacking why GRMT was such a successful model. Of course, GRMT is a generic theory. But 
why does it apply to nuclei? More precisely, and more generally: What are the dynamical properties needed to ensure 
the applicability of GRMT to a given physical system? (ii) Both in nuclear spectroscopy and in nuclear reaction 
theory, the mathematical tools available were insufficient to answer all the relevant questions analytically, and novel 
techniques were needed. 



It may be well to recall our motivation for including localization theory in this historical survey. Localization 
theory deals with the properties of electrons in disordered materials. Disorder is simulated by a random potential. 
The resulting random single-particle Hamiltonian shares many features with an ensemble of random matrices having 
the same symmetry properties. In fact, after 1983 the two fields - RMTT and localization theory - began to coalesce. 
A review of localization theory was given by Lee and RamakrishnanEll in 1985. Here, we focus on those elements of 
the development which are pertinent to our context, without any claim of completeness. 

The traditional quantum-mechanical description of the resistance of an electron in a metal starts from Bloch 
waves, the eigenfunctions of a particle moving freely through an ideal crystal. The resistance is due to corrections 
to this idealized picture. One such correction is caused by impurity scattering. The actual distribution of impurity 
scatterers in any given sample is never known. Theoretical models for impurity scattering therefore use statistical 
concepts which are quite similar to the ones used in RMT. The actual impurity potential is replaced by an ensemble 
of impurity potentials with some assumed probability distribution, and observables are calculated as averages over 
this ensemble. It is frequently assumed, for instance, that the impurity potential V{f) is a Gaussian random process 
with mean value zero and second moment 



Here, the ensemble average is indicated by a bar, ly — (VA)^^ is the density of single-particle states per 
volume T^and r is the elastic mean free time, i.e. measures the strength of the impurity potential. In 1958, 
Andersoncj realized that under certain conditions, the standard perturbative approach to impurity scattering fails. 
He introduced the concept of localization. Consider the eigenfunctions of the single-particle Hamiltonian H = T + V 
with T the kinetic energy operator and V the impurity potential defined above. For sufficiently strong disorder, 
these eigenfunctions, although oscillatory, may be confined to a finite domain of space. More precisely, their envelope 
X ~ exp(— r/^) falls off exponentially at the border of the domain. The scale is given by the localization length ^, 
and r is the distance from the center of the domain. For probes larger than the localization length, the contribution 
to the conductance from such localized eigenfunctions is exponentially small. This important discovery was followed 
by the proolo that in one dimension all states are localized no matter how small the disorder. In higher dimensions, 
localization occurs preferentially in the tails of the bands where the electrons are bound in deep pockets of the impurity 
potential. If there are extended states in the band center, they are energetically separated from the localized states 
in the tails by the mobility edges. These characteristic energies mark the location of the metal^nsulator transition. 

In the 1970's, Thouless and collaborators applied scaling ideas to the localization problerrO. Information about 
localization properties can be obtained by the following Gedankenexperiment. Consider two cubic blocks of length 
i in d dimensions of a conductor with impurity scattering. Connect the two blocks to each other to form a single 
bigger conductor, and ask how the eigenfunctions change. The answer will depend on the ratio ^/L. For L ^ ^, the 
localized eigenfunctions in either of the smaller blocks are affected very little, and the opposite is true for L <C 
Thouless realized that there is a single parameter which controls the behavior of the wave functions. It is given by 
the dimensionless conductance g, defined in terms of the actual conductance G as 



C. Localization theory 
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Thouless expressed g in terms of the ratio of two energies, g = g{Ec/A). Here, A is the mean single-particle level 
spacing in each of the smaller blocks, not to be confused with the mean level spacing of the many-body problem 
used in previous sections. The Thouless energy Ec is defined as the energy interval covered by the single-particle 
energies when the boundary conditions on opposite surfaces of the block are changed from periodic to antiperiodic. 
The Thouless energy is given by 

= (2.16) 

where V is the diffusion constant. We note that L^/T) is the classical diffusion time through the block. It is remarkable 
that the Thouless energy, defined in terms of a classical time scale, plays a central role in localization, manifestly a 
pure quantum phenomenon. For length scales L such that Ec ^ A, an electron is multiply scattered by the impurity 
potential and moves diffusively through the probe. (This is true provided L is larger than the elastic mean free path 
I. Otherwise, the motion of the electron is ballistic). In this diffusive regime, we have 

g = Ec/A = ilL. (2.17) 

The last equality applies in quasi one-dimensional systems only. For Ec ^ A, L is of the order of the localization 
length ^, and the conductance is of order unity. For even larger values of L, ^ <C L, the multiple scattering of the 
electron by the impurity potential leads to annihilation of the wave function by interference (localization), and the 
conductance falls off exponentially with L. This picture was developed further by Wegner who used the analogy to 
the scaling theory of critical phenomena. 

Quantitative scaling theory asks for the change of g with the length L of the probe in d dimensions and expresses 
the answer in terms of the (3 function /3(L) = dh\ g{L) / d\n.{L) . The calculation of (3{L) makes use of diagrammatic 
perturbation theory, or of field-theoretical methods (renormalization theory, loop expansion). The answer depends 
strongly on d. In one dimension, all states are localized, there is no diffusive regime, and g falls off exponentially 
over all length scales L ^ I. Abrahams et al. argued that /3(£) is a function of g{L) only ("one-parameter scaling"). 
This implied that not only in one but also in two dimensions all states should be localized. The view of these authors 



was largely supported later by perturbative and renormalization calculations, cf., however. Sec. VIE. For d > 2, 
the perturbative approach to localization made use of an expansion of the observable in powers of the impurity 
potential. The resulting series is simplified with the help of the small parameter {kpl)~^ <^ 1 where kp is the Fermi 
wave length and I is the elastic mean free path due to impurity scattering. This is the essence of "diagrammatic 
impurity perturbation theory" . In the presence of a magnetic field, some diagrams are not affected (those containing 
"diffusons" ) while others (containing "cooperons" ) become suppressed ever more strongly as the strength of the 
magnetic field increases. This discussion carries over, of course, to the field-theoretical approach. We do not discuss 
here the results of these approaches. 

Prior to the development of the supersymmetry method, the field-theoretical rapproach to the localization problem 
made use of the replica trick, introduced by Edwards and Anderson in 1975EJ. The replica trick was originally 
introduced to calculate the average of InZ where Z is the partition function of a disordered system, for instance, 
a spin glass. It was applied later also to the calculation of the ensemble average of a product of resolvents (or 
propagators). 

Observables like the density of states or the scattering matrix depend on the impurity Hamiltonian H typically 
through advanced or retarded propagators {E^ — H)^^ where the energy E^ carries an infinitesimally small positive or 
negative imaginary part. It is notoriously difficult to calculate the ensemble average of a product of such propagators 
directly. Instead, one writes the (trace or matrix element of) the propagator as the logarithmic derivative of a 
suitable generating function F. For instance, in case iJ is a simple Hermitean matrix of dimension N rather than a 
space-dependent operator. 



1 _ dlnFciJc) 
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(2.18) 

Jc=0 



E^ -H dJc 

where the generating function Fc has the form 

FciJc) = j d[S] exp {±iS\E^In -H + JcIn)S) . (2.19) 

We have introduced an N component vector S with complex entries. The integration is performed over real and 
imaginary part of each of the N complex variables Sn n = 1, . . . , N . This procedure, analogous to standard methods 
in statistical mechanics, has the advantage of bringing H into the exponent of Fq- Therefore, it is easy to average 
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Fc if H has a Gaussian distribution. Unfortunately, calculating the observable requires averaging the logarithm of 
Fc (or of a product of such logarithms). This cannot be done without some further trick. We write 



InFc = lim -{FJi. ~ 1). (2.20) 

n^O n 

The replica trick consists in calculating the average of F"^ for integer n only and in using the result to perform the 
limit in Eq. ( 2.201 ). Many of the s ubse quent steps used in the replica trick have later been applied analogously in the 



supersymmetry method, see Sec. |II D|. We refrain from giving further details here. Suffice it to say that the trick 
of confining the variable n in Eq. ( ^.20|) to integer values often limits the scope of the method: It yields asyn»totic 
expansions rather than exact results. A comparison between the replica trick and the supersymmetry methodE£l has 
shown why this is so. 

An important step in the development-of-the field-theoretical method was the introduction of the TV-orbital model 
by Wegner and its subsequent analysisEjEj. In this discrete lattice model, each site carries N orbitals, and an 
asymptotic expansion in inverse powers of N is possible for iV — > oo. In the replica formulation, this limit defines 
a saddle point of the functional integral. It was found that for observables involving a product of retarded and 
advanced propagators, the saddle point takes the form of a saddle-point manifold with hyperbolic symmetry. This 
fact reflects the occurrence of the mean level density which carries opposite signs in the retarded and the advanced 
sector, respectively, and breaks the symmetry between retarded and advanced fields. This implies the existence of a 
massless or Goldstone mode which causes singularities in the perturbation series. The resulting field theory is closely 
related to a non-linear a model. All of these features reappear in the supersymmetric formulation, except that the 
topology of the saddle-point manifold is modified because of the simultaneous presence of bosonic and fermionic 
degrees of freedom. l— , 

Prior to many of the developments described above, Gor'kov and Eliashber^J realized that the Wigner-Dyson 
approach (RMT) could be applied to the description of level spectra of small metallic particles, and to the response 
of such particles to external electromagnetic fields. The success of this description implied the question whether a 
derivation of RMT from first principles was possible. This question played an important role in Efetov's work on 
supersymmetry to which we turn next. 



D. The supersymmetry method 



At the end of Sec. II B 



it was mentioned that in order to apply RMT to a number of problems of practical interest, 
novel methods were needed. What was the difhculty? An observable relating to transport properties typically consists 
of the square of a quantum-mechanical amplitude, or of a product of such squares. For example, the cross section 
is a sum of squares of S matrix elements, and the correlation function of the cross section is a product of sums of 
squares. Each quantum-mechanical amplitude occurring in a transport observable contains a propagator, i.e. a factor 
{E — H ±i'y)~^. Here H stands for the random matrix, and 7 denotes a width matrix which describes the coupling to 
external channels. An example is given by Eqs. ( |2.11| , p. 121 ). The occurrence of 7 is typical for transport problems. 
No such matrix arises in spectral fluctuation problems (i.e., in the calculation of the n-level correlation functions). 
While Mehta's orthogonal polynomial method makes it possible to calculate the latter, his method apparently fails 
for the former problem. (At least we are not aware of a successful application of the method in the former case). The 
reason probably is that the matrix 7 massively breaks the symmetry which would otherwise exist between retarded 
and advanced propagators. Hence, a novel method is needed to calculate ensemble averages over observables relating 

to transport. 

The replica trick mentioned in Sec. II C seemed to offer such a novel method. It had been applied to technically 
very similar problems (scattering of electrons in a random impurity potential). It had led to an understanding of the 
singularities encountered in diagrammatic perturbation theory, and to the hope of overcoming these problems in terms 
of an exact integration over the Goldstone mode (the saddle-point manifold) . The first applications of this method 
to RMT scattering problems were disappointing, however. A calculation of the S'-matrix autocorrelation functioneJ 
gave results which were in agreement with but did not go beyond those obtained from an asymptotic expansion in 
powers of D/T mentioned in Sec. [IB under (i). This was later understood as a generic shortcoming of the replica 
trickEj. Remedy came from the supersymmetry method. 



The fundamental problem in using a generating functional of the form of Eq. (2.19) or its analogue in extended 
solids is a problem of normalization. Indeed, for Jc = 0, we have Fc{0) = det[±2z7r/ {E^ — H)]. The occurrence of the 



logarithm in Eq. (2.18) is due to the need to remove this normalization factor Fc(0) Jie replica trick accomplishes 
the same aim by taking the limit n ^ of det"[±2i7r/(i?^ — H)]. Several authorseSO noted that this factor can 
also be removed, and Fc{0) thereby normalized to unity, by integrating in Eq. ( ^.1^ ) over both normal (commuting 
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or bosonic) and anticommuting (Grassmann or fermionic) variables. This approach was developed in a series of 
papers by Efetov and coworkers and led to the supers ymmetry method, summarized in Refs. 0,^. A short technical 



introduction to supersymmetry is given in Sec. Ill C 



In developing the supersymmetry method, Efetov was mainly interested in the theory of disordered metals. It was 
soon_Dealizcd, however, that the method is eminently suitable also for all scattering and transport problems of RMT 
typeCJ. In the supersymmetry formulation, the width matrix 7 which generically appears in these problems does not 
lead to difficulties. The supersymmetry approach to scattering and transport problems applies likewise to problems 
of disorder in c? > 1 dimensions and has played an important role in making the supersymmetry method such an 
ubiquitous tool for stochastic quantum problems. With the help of this method it was possible, for instance, to 
calculate average nuclear cross sections and the S'-matrix autocorrelation function versus energy in the entire domain 
r <C -D till r ^ Dc3 . This provided the solution of a long-standing problem in statistical nuclear reaction theory 
described in Sec. II B and, for T ^ D, confirmed Bohr's picture of the compound nucleus. 

It was mentioned above that the supersymmetry method is not applicable to Hamiltonians containing explicitly 
interacting Bosons or Fermions in the language of second quantization. This is because the symmetry properties of 
the fermionic or bosonic creation and annihilation operators clash with the introduction of supersymmetry. There is a 
natural way to avoid this problem: Introduce a complete set of (properly symmetrized) many-body states, and write 
the Hamiltonian as a matrix in the associated Hilbert space. Nothing prevents us from applying the supersymmetry 
method to the resulting matrix problem. However, stochastic properties of one-body or two-body operators lead 
to stochastic properties of the resulting Hamiltonian matrix which are very difficult to handle. These difficulties 
are similar to the ones encountered in the treatment of the embedded ensembles, see Sec. II B. Thus it is not the 
supersymmetry method as such which fails in these cases but rather the complexity of the statistical properties of the 
Hamiltonian which renders the problem unmanageable. 

Aside from this shortcoming, the supersymmetry method suffers from two additional technical restrictions, (i) The 
dimension of the supermatrices in the non-linear a model grows linearly with the number k of propagators in the 
/c-point function. This makes the exact (rather than asymptotic) calculation for fc > 4 so cumbersome that until 
now very few calculations for fc = 4 and none for larger k, have been published, (ii) For a long time, calculations for 
disordered solids based on the non-linear a model were restricted to quasi one-dimensional probes. Only recently has 
it been possible to overcome this restriction. 



E. RMT and classical chaos 



As mentioned several times in previous sections, RMT received a significant boost by the discovery of its connection 



with classical chaos. A review may be found in Ref. 47 



In the late 1970's and early 1980's, several authors investigated the quantum spectra of conservative systems 
which behave chaotically in the classical limit (i.e., are K systems in this limit). The interest in this question arose 
naturally from the great attention paid at that time to classical chaotic motion. Sequences of levels pertaimag to 
the same symmetry class were generated numerically fac. the Bunimovich stadium by McDonald and KaufmancS and 
by Casati et alJtB, and for the Sinai billiard by BerrytEl. These data suggested agreement ofrthe NNS distribution 
with the Wigner surmise. Interest in this question was further kindled by a paper by ZaslavskyO which also contains 
references to earlier work. In 1984, Bohigas, Giannoni and SchmitQ produced a statistically significant set of data, 
consisting of more than 700 eigenenergies of the Sinai billiard, larger than what had been available before. Perhaps 
more importantly, these authors employed the methods of statistical analysis developed for nuclear and atomic spectra 
to this data set. The good agreement between both the NNS distribution and the A3 statistic calculated from the data 
and the corresponding GOE results (see Fig. ||) caused these authors to formulate the following conjecture: ''Spectra 
of time-reversal invariant systems whose classical analogues are K systems show the same fluctuation properties as 
predicted by the GOET The K systems mentioned in the conjecture are the most strongly mixing classical systems. 
The most unpredictable K systems form a sub-class, they are referred to as Bernouilli systems. An alternative, 
stronger version of the conjecture, also formulated in Ref. ||, replaces K systems by less chaotic systems provided 
they are ergodic. In both its forms, this conjecture is commonly referred to as the Bohigas conjecture. For systems 
without time-reversal invariance, the GOE is replaced by the GUE. replaced by the GUE. Originally, Bohigas et 
al. formulated the conjecture without referring to the semiclassical regime, i.e. to the limit ?i — > 0. However, all 
attempts to proof the conjecture are based on some kind of semiclassical approximation, see the discussion in Sec. 
Further evidence for this conjecture was soon forthcoming from the numerical study of other chaotic two-degrees of 
freedom systems, and from experimental and theoretical studies of the hydrogen atom in a strong magnetic field. 
The conjecture also suggested a (perhaps naive) physical explanation why RMT works in nuclei and other complex 
quantum systems. Such an explanation, which refers to chaotic classical motion, goes beyond the mere statement of 
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generic properties which were used to introduce RMT by Wigner. In fact, in the light of the Bohigas conjecture and 
later findings, systems with classically mixed phase space, where layers of chaotic and regular motion are intimately 
interwoven, would not be expected to display RMT properties in a clean fashion. 

There are two problems connected with the Bohigas conjecture. The analytical understanding of the connection 
between GOE and fully developed classical chaos is still incomplete, and the conjecture must be complemented by 
a number of caveats. As for the first point :|-^A^roof of the Bohigas cor uecty ire is still missing. Apart from very 
recen t atte mpt s to use a cr-model approachE3'E3 or structural invariancetilEj to substantiate this conjecture (see 
Sees. VI 2 and VI3 ), the only extant analyticaLiink between classical chaos and RMT is based on the semiclassical 
approximation. Using this approximation, BerryE3 showed that for classically chaotic systems, the A3 statistic defined 
in Eq. ( 2.10 ) above has the same logarithmic dependence on the interval length L as for RMT. His argument also 
showed a limitation of RMT: The correspondence between chaotic systems and RMT applies only up to a maximum L 
value defined by the shortest classical periodic orbit. Beyond this value, A3 becomes constant for dynamical systems. 
Unfortunately, Berry's arguments could so far not be extended to address other RMT predictions such as the NNS 
distribution. This is because short energy intervals relate to long periodic orbits. In chaotic systems these orbits 
increase exponen tially in density and thus are difficult to handle. Progress on this problem has recently been made. 



however, see Sec. VII. The caveat that GOE properties apply only up to a maximum L value is practically relevant 
only for systems with few degrees of freedom. Indeed, the semiclassical approximation is of order Ti while the mean 
level spacing is of order fi^ with d the number of degrees of freedom. For large values of d, the length of the level 
sequence needed to observe deviations from GOE is beyond experimental or numerical possibilities. Another caveat 
concerns the structure of classical phase space. Fully developed chaos implies that in the course of time, a single 
chaotic trajectory is ergodic (i.e., approaches every point in phase space arbitrarily closely). But this requirement is 
not sufficient to guarantee agreement with GOE ffuctuations. It is necessary that, in addition, all parts of phase space 
are equally accessible. A counterexample is provided by two chaotic billiards connected by a thin channel. Here, the 
conjecture would apply only in the semiclassical limit 7i ^ 0. More generally, when geometry and/or Cantori cause 
the syste m to have more than one intrinsic time scale, the connection with RMT becomes more complicated, see 
Sec. VH. Some of these issues are reviewed in Ref. WA 



III. THEORETICAL ASPECTS 



Although developed in the framework of Nuclear Physics and with the aim of providing a statistical approach 
to the analysis and description of spectra of complex many-body systems, RMT has become a branch sui generis 
of Theoretical Physics, with its own concepts and mathematical methods. RMT studies analytically the ffuctuation 
properties and correlation functions of levels and wave functions of ensembles of random matrices, quite independently 
of possible applications to physical systems. The present section is written with this fact in mind. Without going into 
details of the derivations, we give a self-contained presentation of the central concepts of RMT, and we summarize the 
most important formal results. We restrict ourselves to the Gaussian ensembles, because on the physically relevant 
unfolded scale, the circular ensembles give identical results. The enormous wealth of the published material forced 
us to restrict ourselves to those topics which are of particular importance either for the analysis of data or for the 
understanding of the relationship between RMT and fields such as chaos theory and condensed matter physics. Thus, 
some important contributions of mainly mathematical interest had to be left out. Th e most prominent example is 
the Pechukas gas, whose field-theoretical asp ects a re only briefly discussed in Sec. VII. 

The section is or ganize d as follows. In Sec. HI A , we begin with the "classical" analytical study of level ffuctuation 
properties. In Sec. [II B, we discuss the analysis of data and the spectral observ ables. The supersymmetry method 

Scattering systems and the 



IHC 



which is used in numerous modern applications of RMT is introduced in Sec. 
statistics of wave functions and widths are discussed in Sees. [II D| and [HE , respec tively . The study of crossover 
transitions in spectral correlations and other observables is presented in Sees. [HE and IIIG, respectively. Parametric 
level motion and the ensuing correlations are studied in Sec. [II H. 



A. Results of classical Random Matrix Theory 



Some of the results collected below were mentioned already in the Historical Survey. We do not reiterate the intuitive 
arguments given there andpfocus attention on the formal aspects. In our notation we follow as far as possible Mehta's 
book on Random MatricesE^. In Sec. IIIAl, we give the formal deffnition of correlation functions and discuss some 



general aspects. The choices for the probability density distributions and the statistical implications and consequences 
thereof are discussed in Sec. Ill A 2 . Analytical results for the rotation invariant Gaussian ensembles and the rotation 
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non-invariant ensembles are presen ted in Sees. [II A 3| and [II A 4. Results for the particularly important two-level 
correlations are summarized in Sec. HI A 5. 



1. Correlation functions 



We consider a spectrum of N energy levels a;„, 



1,. 



, A'' with values on the entire real axis. 



An ensemble 

of infinitely many such spectra is defined in terms of a normalized probability density P^' (xi, . . . , xn)- For the 
volume element, we use the flat measure 11^^=1 '^^n- K is assumed that the levels are equivalent. This implies that 
PjY ■ ■ ■ t^n) is invariant under permutations-p|^he arguments. The correlation functions describe the statistical 
properties of this ensemble. According to DysonEaE3, the fc-point correlation function is obtained by integrating the 
probability density over N — k arguments, 
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(3.1) 



The functions Rk in Eq. (3.1) measure the probability density of finding a level around each of the positions xi, . . . , Xk, 
the remaining levels not being observed. These quantities are independent of the labeling of the levels. Since 
the function Pf^ {xi, . . . , xn) is normalized to unity, the fc-level correlation functions Rk are normalized to the 
combinatorial factors N\/{N — k)l. 

Frequently, correlation functions are introduced in a different way. Let H denote a Hamiltonian defined in a Hilbert 
space with a cutoff so that H has finite dimension N with A^ ^ 1. The spectrum of H contains A^ levels and is given 
by the trace of the imaginary part of the Green function, i.e. of the matrix {x~ — H)~^ where the energy x~ = Xp — irj 
has a small imaginary increment. We consider an infinite ensemble of such Hamiltonians. The ensemble is defined by 
a probability density P/v(iJ) and a flat measure in matrix space. The fc-point correlation functions can be defined as 
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where the fiat measure d[H] is the Cartesian volume element of iJ, i.e. the product of the differentials of all independent 



elements of H. With a proper identification of Pm{H) and of , the two definitions (p. 11) and ( p.2| ) are basically 



equivalent. There is a minor difference, however. It is easily seen that the definition ( |3.2| ) yields terms containing 
factors S{xp — Xq), independent of the form of the probability density. This is due to identities of the type 
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(3.3) 



where the i„ are the eigenvalues of H . (We differ in this one instanc e fro m Mehta's notation. Usually, the eigenvalues 
are also denoted by Xn-) Inserting Eq. (3_^) into the definition (|3.2| ) for k = 2, one obtain s tw o terms. After 
integration over the eigenvalues xi and £2, th e second term has the structure of the definition (3.1). In the general 
case for arbitrary fc, identities of the form (|3.3| ) yield for Rk a sum of terms. All terms but one contain at least o ne S 
funct ion of the form 6{xp — Xq). The argument of this function does not depen d on the eigenvalues i„. Equations (3.2) 
and (3.1) are fully equivalent only when all these terms are omitted in Eq. ( |3.2| ). Unfortunately, the two definitions 
( |3.2D and (3.1) are sometimes not clearly distinguished in the literature. 

Some general results apply without any specific assumptions-on the form of the probability density. For systems 
described by the Schrodinger equation, it was shown by WignerEll that there are three symmetry classes. For systems 
which are invariant under time reversal and under space rotation, the Hamiltonian matrix H can be chosen real 
symmetric. For systems with broken time-reversal invariance, H is complex Hermitean, irrespective of whether 
rotation invariance holds or not. For time-reversal invariant systems with broken rotation invariance and half-odd- 
integer spin, H is quaternion real, i.e. self-dual Hermitean. Thus, H can be viewed as an A^ x A^ matrix with 2x2 
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entries or as an 2N x 2N matrix. According to KramersES, all eigenvalues of this last type of system are doubly 
degenerate. The label (3 = 1,2,4 indicates the number of real parameters i?nm, 7 = 0, . . . , /3 — 1 needed to specify a 
matrix element Hnm in each of the three classes. For (3 — 1,2,4, the volume element has the form 

/3-1 

d[H] = n dH^i n n ■ (3.4) 

n>m 7—1 n>m 

We emphasize two points. First, the limit iV — > oo of infinite dimension has to be taken. This compensates the 
effect of the technically motivated cutoff in Hilbert space. Second, in order to eliminate the dependence on the mean 
level density i?i(a;i), the dimcnsionless scaled variables 

Ri{x'p)dx'p , p= l,...,fc (3.5) 

-00 

are introduced. The correlation functions Rk with fc > 1 have to be rescaled accordingly. In analytical calculations, this 
"unfolding procedure" is usually combined with the limit — > oo. The unfolded correlation functions X^di, . . . , ^k) 
are then obtained by equating the differential probabilities on both energy scales 

Xk{^i,...,^k)d£,i---d^k^ Rkixi,...,Xk)dxi---dxk (iV -> oo). (3.6) 

In particular we have Xi{S,i) = 1 by construction. In a generic situation, it is sufficient to perform the unfolding in a 
small region of the spectrum, provided that in the limit N —^ oo this region contains infinitely many levels. Let the 
region be centered at zero. We then put £,p — Xp/D. The mean level spacing D is defined by D = l/i?i(0). Wc note 
that the mean level spacing D depends on N . The unfolded correlation functions can be written as 

^fe(a,---,efc) = lim D^RkiDCi,...,D^k) . (3.7) 
The new energy variables are held fixed while the limit is taken. 

2. Form of the probability density 

To specify the probability density, we confine ourselves to the two "classical" cases which were of paramount 
importance for the development of Random Matrix Theory. This will allow us to establish the relation between the 
functions Pj^ {xi, . . . ,xn) and Pn{H). We use the definition (3.2) which is based on the Hamiltonian. 

(i) Rotation invariant density. 

The probability density Pn{H) is taken to be invariant under arbitrary rotations of matrix space, Pj\j{H) — 
Pn{U~^HU) where U is in the global unitary group U{N\(3). Physically, this means that all states in matrix space 
interact with each other and that no preferred direction exists. With H = U~^XU , we introduce the elements of the 
diagonal matrix X = diag(a;i, . . . , XM)r^ the eigenvalues and the independent elements of U as new variables. Then 



the volume element (3^) has the formnJ 

d[H] = \/:^l^{x)fd[x]d^l{u) 

^n{X) = II (xn-x^) (3.8) 

n>rn 

where An{X) is the Vandermonde determinant. (To keep with the usual notation, the eigenvalues are denoted by 



Xn, in contrast to Eq. (3.3).) The integration over the group U with the invariant Haar measure diJ,{U) is trivial and 
we can identify 

Pj^^'^xi, . . . ,xn) ^ CNpPN{X)\AN{X)f . (3.9) 

The constant C^p ensures the normalization, 
(ii) Rotation non-invariant density. 

All states in matrix space are uncoupled, and the rotation invariance of the probability density is maximally broken. 
This situation is modeled by assigning the value zero to all off-diagonal matrix elements of H, and we can write 



24 



N 



13-1 



(3.10) 



7^0 n>ni 



with a normalized function p^^^[z). The matrices of this ensemble are diagonal by construction. The level positions 
Xn in definition (3.1) are given by the diagonal elements, Xn — Hml- The probability density is 



N 



(3.11) 



ri=l 



We refer to the two cases (i,ii) as to the pure cases. Various crossover transitions are discussed later. The rotation 



invariant case always contains the Vandermonde determinant and thus the famous Wigner repulsion 



I' 

between each pair of levels. The absence of the level-repulsion factor is typical for the rotation non-invariant case. 
The occurrence or absence of the Vandermonde determinant is independent of the functional form of Ppf{X) or of 
p^°^(2;) but strongly influences the character of the correlation functions. They are Wigner-Dyson-like (P oisso n-like) 



in the presence (absence) of this determinant. This connects to the issue of universality taken up in Sec. |VIII . 

For the Gaussian ensembles, the functional form of the rotation invariant density Pn{H) = Pn{X) is determined 
by the following condition. The matrix elements of H not connected by symmetry are assumed to be statistically 
independent. Together with rotation invariance, this implies that Ppf{H) is a normalized Gaussiano, 



-N+N(N-l}l3/2 



Pn0{H) 



exp 



tr ii 

2 



(3.12) 



This yields the Gaussian Orthogonal (GOE), Unitary (GUE) and Symplectic (GSE) Ensembles. The joint probability 
density of the eigenvalues has the form 



{xi,...,xn) = C7v/3exp i-^^xl 



\^NiX)\ 



(3.13) 



The normalization constant is given b; 



pN/2+l3N(N-l)/4 r^(l + /3/2) 



(27r)^/2 



(3.14) 



The variances of the Gaussians in Eqs. ( 3.12 ) and ( 3.13| ) are simply given by 1//3, and the energies Xn are measured on 
a dimensionless scale. Sometimes, another scaling is employed in the literature where energies En and variances 2u^//3 
are used. Here v has the dimension energy. Very often, the two cases can be mapped onto each other with the simple 
substitution Xn = En/V2v^. I n d ealing with crossover transitions in Sec. |III F , we use 2v'^/P as the variance of the 
Gaussian distribution. In Eq. (2^), we have used another form for P^piH). This form implies the value /N(3 for 
the variance of the Gaussian dis tribut ions. This TV-dependent choice is frequently made within the supersymmetry 
method to be discussed in Sec. Ill C| . It renders the radius of the Wigner semicircle (see the Historical Survey) 
independent of N . This has some technical advantages in the super symmetry method if the limit of infinitely many 
levels is taken through a saddle-point approximation, see Sec. [II C. This choice yields for the mean level spacing at 



the origin D cx 1/A'^. The TV-independent choice of the variance used throughout the present section makes the radius 
of the Wigner semicircle grow like \/N . This implies for the mean level spacing at the origin D oc 1/ \fN . 



3. Analytical results for the Gaussian ensembles 

The considerable mathematical difhculties involved in the complete analytical calculation of the fc-level correlation 
function for the three Gaussian ensembles were overcome by Mehta, Gaudin and DysoECj. The GUE is technically the 
simplest of the three Gaussian ensembles. The GOE and the GSE are much more difficult and, somewhat surprisingly 
at first sight, closely related. We use the definition (3.1) of the fc-level correlation functions. These functions have a 
determinant structure. For all three ensembles, they can be written as a quaternion determinant oi k x k quaternion 
matrices built on 2 x 2 matrix entries a^pixp, Xq), 



Rf3k{xi, ...,Xk) = qdet [(yNp{xp,Xq)\p^^^ 



(3.15) 
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The quaternion determinant qdet of a fc x fc self-dual quaternion matrix Q is defined as 



qdet g = v^det C{Q) . 



(3.16) 



Here, C is the 2k x 2k matrix constructed from Q by using the Pauli matrices as basis for the quaternion entries of 
Q. If Q is self-dual, detC((5) is a perfect square and the square root can be taken. The determinant on the right 
hand side of Eq. (3.15) has precisely this property. To further illustrate the remarkably compact result ( 3.15| ), we give 
explicit results for the 2x2 matrices <JN0{xp,Xq) which depend on only two energies Xp and Xq. All entries involve 
the oscillator wave functions 



: exp 



Hn{z) 



^2"n!v7r 

where Hn{z) are the standard Hermite polynomials. We define the kernel 



KN{Xp,Xq) = ^ (Pn{Xp)(pn{Xq) 



(3.17) 



(3.18) 



n=0 



and the functions 



1 N 

SNiXp,Xq) = KN{Xp,Xq) + - W ^fN-liXp) 



+ 00 



sgn(x5 - z)ipN{z)dz 



d 

DSN{Xp,Xq) = - — 



Sn{Xp, Xq) 

q 

+ 00 



1 f^°^ 

ISN{xp,Xq) = - I sgn {xp ~ z)SNiz,Xq)dz 

^ J -co 

JSN{Xp,Xq) = ISN{Xp,Xq) - -Sgn (Xp - Xq) 



where sgn (z) is the signum function. In the case of even N, the result for the GOE is 

aNl{Xp, Xq) 



Snixp^Xq) DSnixp^Xq) 

JSN{Xp,Xq) SN{Xq,Xp) 



The (slight) modification for odd N can be found in Mehta's booknJ. For the GUE one has for all N 

aN2 iXp,Xq) 



KNiXp,Xq) 

KN{Xq,Xp) 



The result for the GSE reads 



aMi{Xp,Xq) = — 

v2 



S2N+liV2Xp,V2Xq) DS2N+l{V2Xp,\/2Xq) 
IS2N+liV2Xp,V2Xq) S2N+l{V2Xq,V2Xp) 



(3.19) 



(3.20) 



(3.21) 



(3.22) 



The similarity of the structures for the GOE and the GSE is apparent. In the GUE case, the correlation functions 
can be written as ordinary k x k determinants 



R2,k{xi, ...,Xk)^ det [Kn{xp, Xq)]^^^^^ j^ 



(3.23) 



This is due to the simple structure of Eq. ( 3.2l| ) and implies that the quaternion structure of Eq. ( 3.15 ) is not essential 
for /3 = 2. 

For the unfolded correlation functions Xk{^i, ■ ■ ■ ,£,k) defined in Eqs. ( |3.6| ) and ( ^.7[ ), the beautiful determ inan t 
structure (3.15) survives and the problem is reduced to unfolding the 2x2 matriceajTAr/3(a;p, Xq) and their entries ( 3.1§| ) 
and (3.19). One finds on the unfolded scale in the limit of infinitely many levelso 



XfSki^i, . . . , Cfc) = qdet [(Tfsi^p - ^q)] 



(3.24) 



The unfolded correlation functions depend only on the differences — and are, thus, translation invariant. The 
entries of the unfolded matrices o'^(r) are 
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s{r) 
Ds{r) 



sm 7rr 



d 
dr 



s{r) 



and 



Is{r) 



s{r')dr' 



(3.25) 



The function s(^p — ^q) = liniAr^oo DKj\i{xp, Xq) is the unfolded kernel ( 3.1^ ). Explicitly, one has 

(7i(r) 



0-2 (r) = 
0-4 (r-) = 



s(r) Ds{r) 
I s{r) -1/2 s{r) 

sir) 
s(r) 

s(2r) Ds(2r) 
/.s(2r) s(2r) 



(3.26) 



The result for the GUE can be written in the simple form 

^2,fc(a,...,a)=clet [s(ep-e,)]p,,.i,...,fc • (3.27) 

The determinant structure of Eqs. ( t3.15|) and ( |3.23|) and, therefore, also of Eqs. ( 3.24 ) and ( 3.27 ) is entirely due to 
the Vandermonde determinant |AAr(X)p in Eg. ( |3.9| ). Therefore, this structure prevails for all probability densities 
Pn{X) which factorize in the arguments a;„, n — 1, . . . , N. Moreover, in many cases, the unfolding will yield exactly 
the same functional forms (3.25). Actually, it is shown in Sec. VIII on universality that the results given above apply 
to a wide class of probability densities Pn{X). 

It is apparent from the determinant structure that the correlation functions Rpk with fc > 1 contain terms which 
reflect the clustering of the k levels into subgroups of /c' = 1, . . . , fc — 1 levels. In analogy to the Green functions or 
propagators in field theory, it is possible to remove such terms by introducing a cumulant or cluster expansion. The 
fc-level cluster function T^fe(a;i, . . . , Xk) is accordingly defined as the true or connected part of Rpk(xi, . . . , x^)- This 
means that it cannot be written in terms of lower order correlation functions. The completely disconnected part of 
R/3kixi, . . . ,Xk) is always the product of the fc mean level densities. For fc = 2, we have, in particular, 



Rf32{xi,X2) = Rf3l{xi)Rf3i{x2) - Tp2ixi,X2) ■ 

In general, the fc-level cluster function can be written as 

1 

UJ p—1 



(3.28) 



(3.29) 



where the sum is over all (fc — 1)! distinct cyclic permutations uj of the indices 1, 2, . . . , fc. Every cycle is closed b y the 
definition w(fc + 1) = w(l). On the unfolded scale, the fc-level cluster functions are defined in analogy to Eqs. ( |3.6| ) 
and (E|), 



Ypki^u . . . ,4) = lim D'^T^kiD^,, . . . ,Z?4) 



In the case of the Gaussian ensembles, these functions can be written as 

k 

2-"' 



1 

>Cfe) = X! 9*'' n ^/3(^'^(p) " ^uj{p+i)) ■ 



Again, there are simplifications for the GUE. The completely disconnected part of Xf3k{^i, 
i.e. the product of all unfolded mean level densities. 



(3.30) 
(3.31) 

, ^fc) is simply unity. 



4- Analytical results for the rotation non-invariant case 



In this case, the probability densities have the forms (3.1C) and ( |3.11 ). The Vandermonde determinant is absent, 
and the ca lcula tion of the correlation functions is almost trivial. As in the case of the Gaussian ensembles, we use the 
definition (3.1). For the level density one finds 
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Ri{x) = Np^°\x) 



(3.32) 



The /c-level correlation functions are simply fc-fold products of mean level densities, 



l[fl-P-S\R,{xp) (3.33) 



The choice of the factor on the right hand side of Eq. ( 3.33| ) guarantees the normalization of the fc-level correlation 



function to iV!/(7V — A;)!. By definition, this normalization applies to arbitrary ensembles. For the Gaussian ensembles, 
the completely disconnected part in the cumulant or cluster expansion of the /c-level correlation function is simply the 
product of all k level densities. The prefactor in front of this term is unity. The functional form of the expression ( 3.33| ) 



coincides with this completely disconnected part. However, to ensure the overall normalization, its prefactor is different 



from unity. In the limit N oo, all factors (1 — (p — l)/N) in the last of Eqs. (3.33) yield unity. This leads to a 



normalization problem on the unfolded scale since the limit N ^ oo and the normalization do not commute. We will 



discuss this for the two-level cluster function in Sec. [II A 5. Thus, it is not very convenient to define fc-level cluster 
f mictions. 

If on the scale of the mean level spacing the function p'^*'^ (z) has no structure, one has 

^fc(ei,...,a)-l for all k (3.34) 

which coincides with the fully disconnected part in the case of the Gaussian ensembles. The absence of all correlations 
in the spectrum is referred to as Poisson regularity and is formally expressed in terms of the fc-level cluster functions 
as 

lfe(ei,...,6) =0 for fc>l. (3.35) 
The opposite case of a regular but maximally correlated spectrum is represented by the harmonic oscillator. There, 

+N/2 

P^°^i^) = J^ E Siz-nD). (3.36) 

The condition of smoothness of p'-'^-' {z) is strongly violated. Hence Eqs. ( ^.34| ) and ( |3.35| ) do not apply. Instead one 
finds 

Tl — — oo 

for the level density of an infinite spectrum and 

k 

^fe(Ci,---,a) = n^i(^f) (3.38) 

for the correlation functions. For A: > 1, these correlation fimctions contain terms proportional to 6(^p — S.q). This is 
due to the form ( ^.36| ) of the density p^^^z). 

5. Two-level correlation functions 

Two-level correlation functions are especially important for the analysis of data. We summarize results for these 
functions on the unfolded scale and for the pure ensembles. For translation invariant spectra, these functions depend 
only on the energy difference r = — ^2 and one has 

X2ir) = l-Y2ir) . (3.39) 
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FIG. 9. The two-level correlation functions X02{r) = 1 — Y02{r) on the unfolded energy scale. The solid line is the GOE 
result {P ~ 1), the dashed line is the GUE result (/3 = 2) and the dotted line is the GSE result {(3 = 4). We notice that 
1 — Y4^2{r) overshoots the value one due to strong oscillations. 



In the Poisson case the connected part vanishes, Y2{r) — 0. For the Gaussian ensembles, one has with s(r) = sin7rr/7rr 

dr 



Yia{r) = s^ir) + ^ / s{r')dr' 



Y2dr) = s'ir) 

Yi 2{r) = s2(2r) - / s{2r')dr' (3.40) 

dr Jo 

where the first index labels the GOE, GUE and GSE, respectively. In all three cases, the normaliza tion int egral of 



Yi32{r) over the real axis yields unity. This "sum rule" reflects the normalization mentioned in Sec. Ill A 4 . In the 
Poisson case, on the other hand, this sum rule yields zero since Y2{r) = 0. This "normalization problem" arises 
because the normalization for finite N and the limit iV ^ oo do not commute. In the Poisson case, the sum rule 



is only satisfied for finite N. This issue will be taken up in Sec. VI A 3. In Fig. ||, the two-level cluster function is 



shown for the three Gaussian ensembles. In various applications, one needs the Fourier transforms or "two-level form 
factors" 

/ + 00 
Y2ir)cxp{i2nrt)dr . (3.41) 
-OO 

In the Poisson case, one has b2{t) = 0. For the Gaussian ensembles, one finds 

/ l-2|t| + |i|ln(2|t| + l) if \t\<l 
^i-2W = j -l + |t|ln|g±i if |t|>l 

if |i|>l 

h / l-lN + 3l^|ln||i|-l| if \t\<2 , . 

k2(i)-| > 2 (3.42) 

The functions 1 — b/32 (t) are shown in Fig. |l^. The discontinuities of these functions or there derivatives reflect the 
different osciUatory structures of the two-level correlation functions. We notice the singularity at \t\ = 1 in fo4,2(i)- 
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FIG. 10. Relevant parts 1 — bi}2{t) of the Fourier transforms of the unfolded two-level correlation functions 
Xi32{r) = 1 — Yfj2{r). The functions b02{t) are referred to as the two-level form factors. The solid line is the GOE result 
{l3 = 1), the dashed line is the GUE result {j3 — 2) and the dotted line is the GSE result (/3 = 4). The different oscillatory 
structure of the two-level correlation functions is most strikingly reflected by the behavior of the Fourier transforms at \t\ = 1. 



B. Analysis of data and spectral observables 



In this section, we review some methods used in the statistical analysis of experimental data, a nd we summarize 
the relevant predictions of Random Matrix Theory. The unfolding procedure is descri bed in S ec. IIIB 1 . Then, we 
discuss several st atistica l observables: The nearest neighbor spa cing di stribution (Sec. IIIB 2), long-range spectral 
observables (Sec. [II B 3| ) , and F ourier transform methods (Sec. [II B 4 ). The superposition of several independent 



spectra is trea ted in Sec. [II B 5. Specific properties of Random Matrix Theory may yield additional tests of data. 
In Sec. [II B 6 , we present the GSE test of GOE data as an example. The predictions of Random Matrix Theory are 
based on ensemble averages while experimental results are obtained from a running average over the spectrum of a 
single sample. The justification for this procedure is non-trivial and raises the question of ergodicity. This question 
is briefly discussed in Sec. IIIB 7. 



1. Unfolding procedure 

A measurement or a calculation yields an ordered sequence of energies {Ei, E2, ■ ■ ■ , En} which form the stick 
spectrum or spectral function, 

S{E) = J2S{E-En) . (3.43) 

To analyze the fluctuation properties, this spectrum has to be unfolded, i.e. the system-speciflc mean level density 
i?i (E) must be removed from the data. We deflne the cumulative spectral function 

i^{E) = I S{E')dE' = ^ e(^ - S„) . (3.44) 

This function counts the number of levels with energy less than or equal to E and is also referred to as the staircase 
function. It is decomposed into a smooth part ^(i?) and a fluctuating part rifi{E), 
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FIG. 11. Example of an experimentally obtained staircase function. The top figure shows the cumulative spectral function 
ri{E) for a spectrum of 1428 elastomechanical eigenfrequencies of a resonating quartz block in the frequency range between 
600 kHz and 900 kHz. To keep with the notation in the text, the frequency is denoted by E. The inset shows a small section 
of the measured spectrum between 820 kHz and 825 kHz. Due to the high number of levels, the staircase function appears as 
a smooth line. The smooth part ^{E) is a polynomial whose coefficients were found by a fit. The bottom part shows a small 
section of the staircase function between 699 kHz and 705 kHz, containing about 25 levels. The corresponding section of ^{E), 
i.e. the polynomial fit, is drawn as a thin line. We notice that ^{E) is obtained by fitting to the entire cumulative spectral 
function, not only to this section. Adapted from Ref. 0. 
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(3.45) 



The smooth part is given by the cumulative mean level density, 

rE 



Ri{E')dE' 



(3.46) 



An example for an experimentally obtained staircase function and its smooth part is shown in Fig. |Tl|. To unfold the 
spectrum, the sequence {Ei, E2, . . . , Epf} is mapped onto the numbers {^1, ^2, ■ • ■ , £,n} with 



In these new variables the cumulative spectral function simply reads 



(3.47) 



(3.48) 



The mean level density of t he u nfolde d spe ctrum, i.e. the derivative of the smooth part with respect to ^, is unity, as 
required. Comparing Eqs. (^^) and (3.46) we see that the present unfolding procedure coincides with the analytical 
unfolding in Random Matrix Theory. Therefore, measurement and theoretical prediction can be directly compared 
with each other. In practice, the separation in Eq. ( [3.45 ) of a spectrum into a smooth and a fluctuating part can be 
non-trivial task. 



2. Nearest neighbor spacing distribution 

The nearest neighbor spacing distribution p{s) is the observable most commonly used to study the short-range 
fluctuations in the spectrum. This function is equal to the probability density for two neighboring levels ^„ and ^n+i 
having the spacing s. The function p{s) involves all correlation functions Rk with k > 2 and differs from the two-level 
correlation function X2{r). The latter gives the probability of flnding any two levels at a distance r from each other. 
Only for small arguments, p{s) is approximated by ^2(5). The function p{s) and its first moment are normalized to 
unity, 

p{s)ds = 1 and / sp{s)ds = 1 . (3.49) 
Jo 

For the uncorrelated or Poisson case, p{s) = exp(— s) while for the harmonic oscillator, p{s) — S( s — 1 ). For the 
Gaussian ensembles, tlie analytical calculation of p{s) from the correlation functions given in Sec. Ill A| is possible 



but highly non-triviaE3. It leads to expressions involving infinite products. An excellent, approximation is given by 
the Wigner surmises which are the exact "spacing distribution" for a 2 x 2 matrix modeS with Gaussian probability 
density function. In the most general form the Wigner surmises reads 

pp{s) ^ apsl" cxp {-bps^) (3.50) 

for all three symmetry classes with (3 = 1,2,4. The level repulsion factor reflects the Vandermonde determinant 



in the iV-level probability density (3.13). The constants 



, r^+H(/? + 2)/2) r^((/3 + 2)/2) 

are explicitly given by oi = 7r/2, 61 n/A (GOE), 02 = 32/7r2, 63 = 4/7r (GUE), and 04 = 262144/7297r3, 64 = 64/97r 
(GSE), respectively. These functions pp{s) are shown in Fig. |2|. The Gaussian fall-off of p{s) with large s is 
unrelated to the a ssumed Gaussian probability density of the three ensem bles. Because of universality, the spacing 



distribution ( 3.50 ) is valid for a wide class of probability densities, see Sec. VIII 



A statistical argument due to WignerEJ leads to an interesting heuristic formula for the spacing distribution. 



p{s) = /i(s) exp ^- fi{s')ds'^ 



(3.52) 



The repulsion function fj,(s) models the presence or absence of the Vandermonde determinant in the eigenvalue 
probability density. For a linear repulsion fj,{s) = tts/2 one obtains the Wigner surmise, for a coiistant value fi{s) = 1, 
the Poisson distribution. Choosing fi{s) ~ CqS^ with < g < 1 leads to the Brody distributionE3, 
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FIG. 12. The Wigner surmises Pf)[s) for the nearest neighbor spacing distribution. The solid line is the result for orthogonal 
symmetry (13 = 1), the dashed line is the result for unitary symmetry (/3 = 2) and the dotted line is the result for symplectic 
symmetry (/3 = 4). We notice the importance of the repulsion law for small spacings. 



Pq{s) = CqS'exp - 



with 



rg+i(i/(g + i)) 



(3.53) 



In the ca se of orthogonal symmetry (/3 — 1), this distribution interpolates between the Poisson case and the Wigner 
surmise (3.50). The free parameter a_seEves as a purely phenomenological measure for the degree of mixing between 
Poisson and GOE statistics. IzrailevESEZl proposed a different phenomenological interpolation formula, 



16 ' 



B 



'cff 



(3.54) 



The parameter /3off varies smoothly between zero, the Poisson repulsion factor, and four, which applies to symplectic 
symmetry. The normalization constants ^/j^f,- and i?/3;,ff have to be determined from Eqs. (3.49). Caurier et a/.tJ 
and Lenz and HaaketJ calculated yet another interpolation formula for the spacing distribution starting from two- 
dimensional matrix models. 

Whenever the agreement of one of the distributions p{s) with data or numerical calculations is tested, it is helpful 
to use the integral 



F{s) = / p{s')ds' 
Jo 

which is referred to as the cumulative spacing distribution. 



(3.55) 



3. Long-range spectral observables 

The nearest neighbor spacing distribution contains information about the spectrum which involves short scales (a 
few mean level spacings) . Long-range correlations are measured by quantities such as the level number variance (L) 
and the spectral rigidity A3(L). The level number variance is given by 

j:\L)^{^'{L,^s))-{v{L,is)r . (3.56) 
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Here , rjjL , £s) counts the number of levels in the interval [£,s,(,s + L] on the unfolded scale. The angular bracket in 



Eq. ( 3.56 ) denotes the average over starting points ^s- By construction, i.e. unfolding, one has (^(L,^^)) = L. Thus, 



in an interval of length L one expects on average L ± ^yS^L) levels. The spectral rigidity, introduced by Dyson and 
Mehta£2l, is closely related to S^(L). In an interval of length L. it is defined as the least square deviation of the 
staircase function rf{^) from the best fit to a straight line. 



A3(i) = ^ ^min^'^^^ m) ~ A^-BfdC^ . (3.57) 

The angular bracket is defined as in Eq. ( |3!5^) . The definition is very natural since by construction, the smooth 

part of the staircase function rj{^) is ^ itself. The bottom part of Fig. |l^ illustrates the meaning of the spectral rigidity 
A3(i). Since the few stairs below 702 kHz come quite regularly, there is only a small root-mean-square deviation 
from the thin line describing the smooth behavior. This implies a small contribution to A^lL). Some of the levels 
above 702 kHz are nearly degenerate which makes the succession of the stairs rather irregular. Thus, the deviation 
from the smooth part is larger, yielding a larger contribution to A3(i). We notice that the staircase function in 
Fig. ^ is shown on the original scale prior to unfolding. However, since the section in the bottom part is small, the 
smooth part is almost a straiglat|liHe and the statements just made apply qualitatively also to the unfolded case. For 
fixed , Bohigas and GiannoniOEll have given a very useful procedure to obtain A3 (L) from a measured or calculated 
spectrum. A proper error analysis for S^(i) and A3(L) is non-trivial because the results for diffecent values of L are 
strongly correlated. A consistent method of estimating errors was given by Shriner and MitchellO. 

In contrast to the spacing distribution, both the nupijDer variance and the spectral rigidity probe only two-level 
correlations. Indeed, S^(L) can be reduced to the formcZl 

T.^{L) = L-2[ {L - r)Y2{r)dr , (3.58) 
provided the spectrum is translation invariant. As a consequence the number variance is related to the two-level form 



factor 62 (i) defined in Eq. (3.41) 



lim ]-Y?{L) = 1 - 62(0) . (3.59) 

For the Poisson spectrum without correlations and for the harmonic oscillator one obtains S^(L) = L and S^(i) = 0, 
respectively. The results for the G|aiLSsian ensembles lie between these limiting cases. For large L and [3 = 1,2,4 one 
finds the following approximationaljo, valid to order 1/L, 

E?(L) = A (^ln(2^L)+^ + l_!^ 
E2(L) = i^(ln(27rL)+7 + l) 

Here 7 = 0.5772 ... is Euler's constant. These approximations display the famous logarithmic behavior and the 
increasing stiffness of the spectrum with increasing (3. Exact expressions can be found, for example in Sec. V C of 



Ref. ^ they are shown in Fig 13, There is a minor misprint in Eq. (5.13) of Ref. ^ for E|(L), the argument of 

the right hand side of this equation should read 2r instead of r. More over, we notice that there are visible oscillatory 

modulations in Yi\(^L) which are not borne out in the approximation ( |3.60| ). 

T he sp ectral rigidity can similarly, hp. expressed as an integral over the two-point function, and the minimization in 
Eq. (3.57) can be done analyticallylI30'E3. For a spectrum which is invariant under a continuous set of transformations. 



one arrives at 



A3(i) = — - {L - rf{2L' - 9Lr - 3r'')Y2ir)dr (3.61) 



which shows a close formal similarity to Eq. (3.58). Alternatively, one can writeEl 



2 '■^ 



A3(L) ^fij^ (-^^ - + r'')T.''{r)dr . (3.62) 
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This equation can be viewed as an integral transform of the level number variance. Remarkably, the parabola is in 
the kernel of this transform, i.e. inserting S^(r) = yields A3(L) = 0. For the limiting cases of the Poisson spectrum 
and the harmonic oscillator, one has A3(L) — i/15 and A3(i) = 1/12, respectively. The results for the Gaussian 
ensembles can be found by numerical integration. For large L and P ~ 1,2, 4, one has to order 1/L, 

A3,i(i) = ^(ln(2.L) + 7-^-^) 

A3,2(£) = ^(ln(2.L)+7-^) 

^3.4(L) = ^ (^ln(4^L) + 7 - ^ + . (3.63) 

These approximations show once more the close relation between A3^^(L) and the level number variance 

We do not address here observables which probe three-level, four-level or even higher-order correlations. We refer 
the reader to Refs. [70|j4^ . In real systems, non-generic and system-specific properties exist which are not described 
by Random Matrix Theory. These show up on large scales and are discussed in later sections. 



4- Fourier transforms 

Extracting the positions of the levels from a measured spectrum can be difficult for at least two reasons. Either the 
resolution is so poor that the extracted sequence is incomplete, or the data set is so large that the task of finding all 
levels is simply too tedious. In these cases it is desirable to introduce a statistical observable which is directly related 
to the measured spectrum and in some way separates the statistics of the level positions frpm the fluctuations due to 
the line shapes of the levels. The correlation-hole method introduced by Leviandier et a/JlJ is a first successful step 
in this direction. 

We consider a measured spectrum /(^) on the unfolded scale ^. The observable of interest is the decay function, 
i.e. the square modulus of the Fourier transform of the spectrum 
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+ CXD 



(3.64) 



The Fourier coordinate t defines an unfolded time. Expression (|3.64 ) can be rewritten as the Fourier transform 



+00 



|c(t)p = / A(r) exp(27rirt)dr 



(3.65) 



of the autocorrelation function 



+00 

A{r)= j I{R-r/2)I{R + r/2)dR 



(3.66) 



This autocorrelation function still contains non-generic information about the system. To obtain the generic statistical 
properties, A{r) or, equivalently, |c(i)p have to be smoothed properlyO. The resulting function {A{r)) is generically 
translation invariant and can be related to the two-level cluster function I2 ('") of Random Matrix Theory. The decay 
function |c(i)p is correspondi ngly related to the two-level form factor b2{t) and at short times reflects long-range 
spectral correlations, see Eq. (3.59). 

To be definite we discuss the model spectrum 



N 



(3.67) 



71=1 



studied in Ref. |7^ and investigated in a similar form in Refs. [7^j77| -|79|. Here, the levels n = 1, . . . , on the 
unfolded scale have a common line shape £(^) and rEmdopj-iiatensities N is assumed to be a very large number. 
For non-negative times the decay function is given byE3^E3iI3'E3 



|c(i)p = Ny^it) + Ny^ (1 - ab2{t)) \L{t)\' 



(3.68) 



with a ~ y'^/y'^ the ratio of the first two moments of the intensity distribution. The function L(t) is the Fourier 
transform of the line shape L{£_). For a Lorentzian line shape, |-£'(i)P reflects the exponential decay of the resonances. 
If L{^) — S{£,) and if all intensities y„ are unity, the decay function |c(t)p equals 1 — b2{t) for non-zero t. For an 
uncorrelated Poisson spectrum we have 62(0 = and the decay function is constant. In a correlated spectrum derived 
from one of the Gaussian ensembles the decay function approaches zero with vanishing t. This behavior is referred 
to as the correlation hole. If the intensities are random numbers, the correlation hole is described by the function 
1 — ab2{t ) and d oes not approach zero. In particular, if the intensity distribution is the Porter-Thomas distribution 
(see Sec. IIIEI), one has a = 1/3. The i5 function in Eq. ( 3.68| ) occurs since we assumed N to be very large. For a 
finite number of levels, this contribution will acquire a width, see Refs. [7^j79| . 

The correlation-hole method separates the statistics of the level positions from that of the intensities and line 
shapes. This is its main advantage. For realistic spectra, i.e. with inclusion of the line widths, the theory of the 
correlation hole was worked out in Ref. There, a scattering model was used. The application of the Fourier 

transform to statistical spectra is summarized and a qualitative discussion given in Ref. uH. A short version of the 
theory of the correlation hole is presented in Appendix A of Ref. 
classical analogue, the survival probability. 



9l In Ref. 81, the correlation hole is related to its 



5. Superposition of independent spectra 

We consider a system with a set of good quantum numbers such as spin and parity. In such a system, the Hamiltonian 
H assumes block-diagonal form, H = diag(iJi, iJ2, • ■ • , Hm)- So far we have always dealt with the spectrum generated 
by only one of the sub-blocks Hm, m = 1, . . . , M. Now we consider the superposition of M such spectra. The total 
level density Ri{E) is simply the sum of the M sub-block densities, Ri{E) = J2m=i^im{E). We assume that 
these AI densities have roughly the same energy dependence, and that the statistical measures for the M individual 
spectra are known. How can we calculate the corresponding statistical measures for the total spectjRim? For the 
spacing distribution, the answer is already contained in the seminal article by Rosenzweig and PorterE2l of 1960, see 
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also Mehta's bookc2l. The unfolded observables are expressed in units of the total mean level spacing D. Assuming 
that energy interval of interest is centered around the origin _E = 0, we have D = l/_Ri(0). We also introduce the 
fractional densities Qm — -Rim(0)/i?i(0) with X]m=i 5»» ^ ^- ^'^^ Pm{gms), m — \, . . . , M he the nearest neighbor 
spacing distribution of the m-th sub-spectrum. No assumption is made on the form of the distributions Pm{gms). 
The spacing distribution p{s) of the superposition of the M spectra is found to be 



" i:,/ N TP, \ l 2 Pm\9mS) 




where E{s) = Hm^i Em{gms) and 



Fmigrns)^ Pm{s')ds', E„,{g,,,s) = {1 - F„,{s'))ds' . (3.70) 

Jo Jgms 

Whenever the long-range spectral observables of interest are pure two-point measures, it is easy to relate those of the 
full spectrum and those of the M individual spectra. Let Y2migm'r) be the two-level cluster function, T,'^{g„iL) the 
level number variance, and A^rnigmL) the spectral rigidity of the m-th sub-spectrum, respectively. These observables 
are completely arbitrary. Just like the Pm{gms), they may coincide with but are not restricted to any of the specific 
forms presented in previous sections. From the definition of the two-point correlation function, one finds immediately 
for the total two-level cluster function 

M 

y2{r) = 9U2m{grar) . (3.71) 

m— 1 

It then follows directly from Eqs. ( |3.58D , ( |3.61| ) and ( ^^6^ ) that 



M M 



Y?{L) = ^l(9mL) and A3(L) = ^ A^migmL) . (3.72) 



m— 1 m— 1 

^2/ 



The first property (3.72) is not surprising because S (L) is a variance. All results given here apply only to M strictly 
non-interacting spectra. Crossover transitions due to the breaking of a quantum number are discussed later. 

Very important for the analysis of data is the superposition of a large number M of spectra. For all individual 
distributions Pm{gms) which play a role in realistic spectra the superposition p[s) tends rather quickly towards the 
Poisson limit. The superposition of only six or so spectra which individually follow the Wigner surmises yields a 
spacing distribution which is experimentally hard to distinguish from a Poisson distribution. This is illustrated in 



Fig. |lj for spectra with equal fractional densities gm = m = 1, . . . ,M. In this case, formula (3.69) implies 

p(0) = 1 — 1 /M, reflecting the increasing number of degeneracies. For the interval lengths L which are usually available 
for the analysis of data, a similar statement applies to S^(i) and A3(L) as superpositions of the relevant individual 
distributions ((/,„£) and A^rn{ginL) . There are of course exceptions such as, for example, the superposition of pure 
harmonic oscillat or sp ectra. 



The property (3.71) of the two-level cluster function can be used to estimate the number M of superimposed 
independent spectra, i.e. of symmetries in a measured spectrum. This is important in situations where an assignment 
of the set of quantum numbers to_e,very individual level in the spectrum is impossible or too te dious. In a molecular 



or the set or quantum numoers to_e.very mdividuai level m the spectrum is impossible or too te dious, in a molecular 
physics context, Leviandier et a/o argued that the decay function |c(i)p introduced in Sec. |lll B 4 is rescaledjby 



a factor 1/M so that the correlation hole becomes narrower by a factor M. In a more general discussionEZi, a 
superposition of M independent spectra was considered. Each spectrum has a line shape im(0 ^''^'^ ^ ^^t of intensities 
with first and second moments and yf-^. One finds 

M 

|c(i)|2 = foSit) + fiY 5^24 (1 - a,nb2{t/gm)) \L^{t)f (3.73) 

m— 1 

where /o and /i are system-specific constants, and where am = Un? /Vm- If ^ mean level densities Rim{E) are 
roughly equal, one has g,„ ~ 1/M, and the correlation hole is indeed narrowed by a factor M. 
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FIG. 14. Nearest neighbor spacing distribution p{s) as given in Eq. ( 3.6!: ) for the superposition of M spectra with equal 
fractional densities gm = 1/M, m — 1, . . . , A4. Each individual spectrum follows the Wigner surmise. One has p(0) = 1 — 1/M 
at s = 0. The cases M = 2, 4, 8 are shown as solid lines. The Wigner surmise and the Poisson distribution are drawn as dashed 
lines. 



Finally, we mention that Berry and Robnik proposed a spacing distribution supposed to desc ribe the transition 
from Poisson behavior to the Wigner surmise. This distribution is obtained from formula (B.69) by taking M = 2 
spectra, one satisfying the Poisson spacing distribution, the other one, the Wigner surmise. Strictly speaking this 
formula is only applicable to two non-interacting spectra. It is nonetheless often used as a phenomenological guess 
for mixed systems. 



6. GSE test of GOE data 



We consider a GOE spectrum {i^i, i52, i?3, ...} with _B„ < En+i- We divide the sequence {Ex, E2, E^, ...} into 
two sequences with odd and even indices, i.e. into {E^E^^E^, ...} and {E2, E^, Eq, ...} and consider each as a new 
spectrum. Then, a theorem due to Mehta and DysonE^ states that after proper unfoldins—each of the two spectra 
obeys GSE statistics. This theorem was recently used by Lombardi, Bohigas and SeligmarO for a GSE test of GOE 
data. In this test, the two-level form factor 62(0 and the correlation hole |c(t)p are particularly useful observables. 
In contrast to the GOE case, the GSE form factor has a singularity at i = 1 caused by the oscillatory structure 
of the two-level cluster function Y2{r). Thus, one expects a characteristic peak at \t\ — 1 which gives information 
on correlations on the scale of about two mean level spacings. As pointed out in Ref. [sj, the two-level observables 
calculated for the two subsequences contain information on higher level correlations (fc > 2) of the original spectrum. 



7. Ergodicity 

In Random Matrix Theory, observables are calculated by averaging over an ensemble of Hamiltonians. This average 
is indicated by a bar. Experimentally, the observables are calculated as running averages over part of the spectrum of 
a given system, containing Nj levels in the interval [E,I + E]. This average is indicated by an angular bracket. For 
any function F{E) of energy E, it is given by 

{FiE))i - - FiE')dE' = — FiE + Dr)dr - {F)m, (3.74) 
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where D denotes the mean level spacing. A comparison of the results of both procedures is meaningful only if they 
are equivalent, i.e. if 



F{E) - {F{E)) 



(3.75) 



In this case, one speaks of ergodicity. Mathematical discussions of ergodicity can be rather involved. Here, we only 
summarize a very instructive discussion by French, Mello and PandeyH. It is assumed that the spectrum is generic 
so that after proper unfolding averaging will give translation invariant results. As a test of ergodicity, French et al. 
consider the variance 



var(F)Ar, = 



(3.76) 



This quantity is the ensem ble av erage of the squared difference between running and ensemble average. It can be cast 
into a form similar to Eq. (3.58) for the level number variance, 



var(F)^, = J ^ {I - \e\)CF{e)de = ^ J^^ 



(Ni - \r\)CF{Dr)dr . 



(3.77) 



The auto-covariance function Cf{£) — {F*{E) — F ){F{E + e) — F) is, after proper unfolding, a tpjislatio n inv ariant 
two-point function independent of E. With the help of a result of the theory of random functiona£3, Eq. ( ^.77 ) leads 
to 



lim CpiDr) = 



lim Ya,T{F)Nj — 



(3.78) 



or equivalently 



lim CpiDr) = 



lim {F)n, = F 



(3.79) 



This is the desired ergodic behavior for almost all members of the ensemble, except for a set of meas ure z ero. We 
note that ergodicity is attained only for a large, preferably infinite, number Nj of levels. The result ( 3.7^ ) can be 
generalized fairly easily: The fc-point function is ergodic if in the limit of infinite energy differences, the ensemble- 
averaged 2fc-point function vanishes. We have made no specific assumptions concerning F{E). Thus, the argument 
just presented also applies to correlations of scattering matrix elements and all other level correlators of Random 
Matrix Theory. 



C. Introduction to supersymmetry 



The description of all technical aspects of supersymmetry would be far beyond the scope of this review. We 
attempt to give-the interested reader an idea of the main elements of the method. For further reading, we mention 



^8l Several pac 



Berezin's bookEll where mathematical aspects of superanalysis are described, see also Ref. 
review articles explain the use of the standard supersymmetry method in problems of chaos and disordeioc 
and Efetovc3 has recently devoted a bp«k to the subject. The term "supersymmetry" was first introduced by Wess 
and Zumino in relativistic field theorjH. In the present context, supersymmetry does involve a symmetry between 
bosonic and fermionic integration variables but lacks the invariance properties of a relativistic field theory. Perhaps 
more importantly, the fermionic variables lack any physical meaning and are introduced merely as bookkeeping devices. 
Wherever applicable, the supersymmetry method has been found to be more powerful than the replica trick: It yields 
exact results where the replica trick only yields asymptotic expansions. The price one has to pay consists in using 
analysis o n super manifolds. The replica trick, on the other hand, finds a much wider range of applications. 

In Sec. IIIICl we derive the supersymmetric representation of the generating function for level correlators. In 



Sec. [lie 2, the saddle-point approximation is used to derive the standard supersymmetric non-linear a model. An 
alternative techn ique w hich avoids the saddle-point approximation and is useful for purely spectral observablcs is 
discussed in Sec. IIIF2. 
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1. Supersymmetric representation of the generating function 



We develop the method for an observable given by the product of the retarded and advanced propagators tr(i?j^ — 



H)-^ and tT{E^ -H)- 



with H a member of the GUE, and — 



Ep ± irj with 77 positive infinitesimal and p = 1,2. 



It is highly non-trivial to av erage a product of propagators over an ensemble of matrices H since H appears in the 
denominators. In Sec. Ill A, we have shown that the Mehta-Dyson method accomplishes this goal very elegantly in 
the case of spectral correlations in the pure cases. If, however, an additional matrix 7 appears in the propagator, 
rotation invariance in Hilbert space is broken, and almost all of the convenient features of the Mehta-Dyson method 
disappe ar. Sc attering systems require such an addition to the Hamiltonian to describe the coupling to the channels, 
see Sec. Ill D| . Prior to the advent of supersymmetry, one was restricted to perturbative or asymptotic expansions in 
these situations, see Refs. Iisj^ 

To keep the presentation transparent, we do not discuss scattering systems and restrict ourselves to the spectral 
two-point correlation function, even though in this particular case, the supersymmetry method only reproduces the 
results obtained earlier by Dyson and Mehta. We emphasize again that the supersymmetry method develops its 
full power in those cases where the Mehta-Dyson method does not apply. Later, we indicate the modifications for 
other cases (more than two propagators, different symmetry of H, propagators in higher dimension). Our choice of 
observable is dictated by the fact that the occurrence of a pair of complex conjugate propagators is typical of many 
problem s. Our notation is that of Ref. We use the form \^ /N for the variance of the Gaussian distribution of iJ, 
see Sec. |lII A2l 



To perform the ensemble average exactly, i.e. non-perturbatively, one expresses the propagator as the derivative of 
a generating function Fp{ Jp) with respect to a source variable Jp such that 



tr- 



Ep — H 



_d_ 

dJr 



Fp(Jpi 



(3.80) 



J„=o 



It is easily seen that the choice 



Fpi.Jp) 



dei{E^ -H + Jp 



det(£'j 



H — J„ 



(3.81) 



represents such a generating function. We observe that the logarithms of the numerator and the denominator separately 
generate the propagator, too. In contrast to the latter, however, the function Fp{Jp) has the very useful property 
of being normalized to unity, i.e. to a constant independent of H: We have Fp{Q) = 1. Still, an exact average of 
Fp{ Jp) over the ensemble seems out of question. This is the point where supersymmetry enters. The inverse of an 
N X N determinant can be expressed as the Gaussian integral over an iV component vector Sp of complex commuting 
variables, while the determinant itself is given as the Gaussian integral over an N component vector Xp of complex 
anticommuting variables. Thus we have 



FpiJp) = J d[Sp] exp {iSliE^ -H- Jp)Sp) 

J d[xp] exp {ixliEp - H + Jp)xp) 



(3.82) 



Calculating the average over the Gaussian ensemble is now straightforward since H appears in the exponent. 

With these tools, we can derive the generating function of the two-point function. It is convenient to write 
E = [El + i?2)/2 and e ~ Ei — E2- To be consistent with most of the literature, we use the symbol e throughout this 
section and the symbol u in its stead in Sec. VI. We already know that the unfolded two-point function will only 



depend on e/D where D is the mean level spacing. We have to take into account that the imaginary increment irj lies 
on different sides of the real axis for p = I and p = 2. To ensure convergence of the integrals one proceeds as follows. 
We define a metric L = diag(+l, +1, —1, —1), reflecting the location of irj, and the direct product L = L (g) l^v- Here, 
In denotes the N x N unit matrix. Moreover we set J = diag(— Ji, + Ji, — J2, + J2) and introduce the supervector 
^ = (5*1, xi, 5*2, X2)'^ ■ The proper generating function is then given by 



Fi{Ji)F2{J2) = J d[^] exp(^i'f''L^/^ (^WE) (E - H) 



(3.83) 
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Some authors prefer a different form for expression (3.8S): The symmetric arrangement of the two factors L^/'^ is 
dropped in favor of a single factor L appearing right behind '^^ . 

For an observ able c ontaining k > 2 propagators (usually an equal number of advanced and of retarded propagators) , 
the form of Eq. ( 3.83 ) would be the same, but the dimension of the vectors and of the supermatrices would be 2kN 
rather than AN. The dimensions of the supermatrices and supervectors and their internal symmetries would change 
for real symmetric or quaternion (rather than Hcrmitean) matrices H. The "source term" J Ijv must be altered, 
if matrix elements (rather than traces) of the propagators are considered. For Hamiltonians in c? > dimensions, 
the four-component super vectors 5'}^ and with n = 1, ... ,7V are replaced by space-dependent vectors ^'(r)^ and 
\l/(r), respectively, and the bilinear forms in the matrix space of H are replaced by integrations over (i-dimensional 
space. The generating function becomes a ge nerati ng functional, and the theory turns into a field theory. 

Only the 7?-dependent term in expression ( 3.83| ) is affected by averaging over the GUE. It is easy to calculate 



d[H]PN2{H) cxp {-i^^L ® H)^) = exp (^trgA^ 



where 



N 



(3.84) 



(3.85) 



is a four by four supermatrix. The symbol trg denotes the supertrace. The term trgA^ in the exponent is of fourth 
order in the integration variables contained in 5'„, and a direct integration over these variables is, therefore, impossible. 
This difficulty is overcome with the help of the Hubbard-Stratonovich transformation. The fourth-order term in the 
exponent is reduced to second order at the expense of introducing a set of auxiliary integration variables. 



exp 



1 

2N 



trgA' 



d[<T] exp 



N 



trg(cr2) _ trg((TA) 



(3.86) 



The matrix a has essentially the same symmetries as the matrix lA. The differential d[a] denotes the product of 
the differentials of the independent matrix elements. The integration over the \E'„ can now be done. The procedure 
sketched in Eos. ( p4| ) and ( ^!86| ) can also be viewed as a double Fourier transform, the first in ordinary, the second 
in superspaceE'' 



Collecting everything, we find for the ensemble average Fi{Ji)F2{J2) of the generating function ( [3.8S ) 



Fi(Ji)F2(J2) = / d[f7]exp£(a) 



where the "Lagrangean" £ has the form 



£{a) = -y trg{a^) - N trgln (^EU - Xa + J + 



(3.87) 



(3.88) 



In the case of a disordered system which might, for instance, be described by a single-particle Hamiltonian H = T + V 
where T is the kinetic energy operator, and V is an impurity potential of the form (2.14), one obtains similarly a 
generating functional where tr is a function of r, and where the operator T appears as argument under the logarithm. 

Equations (3.87,3.88) embody the first important result of the supersymmetry technique: The ensemble average 
of Fi{Ji)F2{J2) has been calculated, and the resulting integral expressed in terms of a small number of integration 
variables, determined by the number of independent elements in the matrix a. The AN original complex integration 
variables ^ have disappeared. 

The matrix a possesses the same dimension and the same symmetries as the matrix iA. The matrix iA, in turn, 
comprises all the unitary invariants which can be constructed from the elements of each, equivalent, vector '^n- Only 
such invariants survive the ensemble average. Hence, both iA and a directly mirror the underlying unitary symmetry 
in superspace. Moreover, the dimension of a is as small as is consistent with both the form of the observable, and the 
symmetry of the problem. 

These statements apply equally to observables involving fc-point functions, see for example Ref. 



and to problems 

with orthogonaE3 or symplectic symmetry. For Hamiltonians in d > 1 dimensions, the matrix a attains a dependence 
on a spatial variable r. With proper modifications, the statements just made carry-over to this case, too, and the 
resulting expression for the generating functional constitutes a genuine field theoryCj. In a conceptually important 
work, ZirnbauerEJ recently extended the supersymmetry method to to the circular ensembles, i.e. to systems with 
unitary disorder. 
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2. Saddle-point approximation and non-linear a model 



The second important step of the supersymmetry technique consists in an approxima te evaluat ion of the remaining 



integrations in the ensemble-averaged supersymmetric generating function in Eqs. (3.87,3.88), or at least in the 
reduction of the problem to a non-linear a model. This is accomplished by using the saddle-point approximation, 
suggested by the occurrence of the factor N multiplying all terms in the exponent. We recall that in RMT, we always 
take the limit N oo. In some cases, it is advantageous to avoid the saddle-point approximation, and to use an 
alternative technique, see Se c. 



The generating function ( 3.87 3.8g ) possesses an important symmetry: Except for its dependence on J and e, it 
remains invariant under the group G of those global transformations T with a —> T~^aT which do not change the 
symmetry of a. The form of the supermatrices T which fulfill this requirement depends, of course, on the dimension 
of the matrix a and on the symmetry (orthogonal, unitary or s ymple ctic) of the underlying Hamiltonian ensemble 



The saddle point is found after neglecting in the expression (3.8S) for C both the term e and the source term J. 
This is justified since e scales with 1/iV. Indeed, the fluctuations depend on the unfolded energy difference e/D. Since 
D vanishes like 1/N, the same must be true for e. The source term J may be viewed as being infinitesimally small 
since the derivatives with respect to J are taken at J = 0. The saddle-point equation is 

AI4 ^ ^ 

(3.89) 



E- Xa 



This matrix equation is solved in two steps. First, a diagonal matrix Qq is found which obeys Eq (3.89). For \E\ < 2A, 
i.e. if E lies within Wigner's semicircle, the elements of Qq have the values — E/{2\) ± i^Jl — (Ej (2A))2. 
For a two-point function, i.e. a product of the trace of an advanced and of a retarded propagator, it is necessary to 
choose Qo = diag((3+, Q+, Q~, Q"). 

This choice breaks the symmetry under the group G defined above. This is most easily seen by writing Qq in the 
form 

Qo = |l4 + ^X (3.90) 



with p defined in Eq. (2.7). The matrix L does not commute with all elements T of G: The symmetry is broken by 
the mean level density p. We will see shortly that as a consequence of this broken symmetry, there occurs a Goldstone 
or zero mode. 

All matrices Q = T^^QqT obtained from Qq by application of a transformation T E G are also solutions of the 
saddle-point equation, and the totality of all these matrices defines the saddle-point manifold. Let Gfj with elements 
R be the maximum subgroup of G which obeys = for all R £ Gn. This subgroup leaves Qq invariant. Let 

G/Gr be the associated coset space with elements Tq. Every T G G can be written in the form T = RTq with R e Gr 
and To G G/Gr. The saddle-point manifold is then given by Q = T^^QqTq. This manifold has dimension d > 
precisely because the symmetry under G is broken by Qoi a-nd it therefore constitutes the Goldstone mode caused by 
the broken symmetry. i— . 

In a seminal paper, Schafer and WegnertJ investigated the structure of the saddle-point manifold for bosonic 
variables. In Refs. |4^,^, their work was extended to the supersymmetry formalism. It turns out that the saddle- 
point manifold possesses mixed (hyperbolic and compact) symmetry. This property of tlae. saddle-point manifold is 
not reproduced in the replica trick, and is the cause of its failure to produce exact resulta^j. 

The integration over the massive modes (i.e. in directions orthogonal to the saddle-point manifold) can be carried 
out. For Gaussian RMT, these modes have a mass proportional to N , and yield corrections to the saddle-point integral 
which vanish for N — > 00. The remaining integrations extend over the coset space G/Gr and yield a zero-dimensional 
non-linear a model (because the saddle-point solutions Q obey the non-linear Eq. ( |3.89 )). The generating function 
attains the form 

Fi{Ji)F2{J2) = J dp{t)i...) exp (z^ trg(gL)) . (3.91) 

The dots indicate the J-dependent terms. Notice that the mean level spacing is given by D — ttX/N a.t E ~ 0. The 
integration measure dp{t) is defined in terms of a suitable parameterization of the elements Tq of the coset space 

G/Gr. 

Mutatis mut andi s, these arguments carry over to the case of disordered solids in d > 1 dimensions. For the potential 
model of Eq. ( ^.14 ), the large parameter which formally corresponds to N is kpl where I — vpT is the elastic mean 



free path, t is the elastic mean free time, and kp (vp) is the Fermi wave number (the Fermi velocity, respectively). 
The need to use this parameter shows that the supersymmetry technique is confined to problems with weak disorder. 
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Minimization of the Lagrangean in d > 1 leads to a diagonal saddle-point solution Qq which has the same form as 
in RMT. The saddle-point manifold now comprises matrices Qir) — TQ^(r)QoTo{r) with a very slow f-dependence 
(long wave-length limit). The resulting generating functional F{Q) has the form 



FiQ)^ / dA^(t(f))(...)exp 



+2ie trg(QL) 



(3.92) 



Here, D = Vpr/d is the diffus ion constant. Except for the additional space dependence, all other symbols have the 

same meaning as in Eq. ( ^3.91 ) . 

It is instructive t o com pare the terms in the exponents of Eqs. (3.91,3.92). If we disregard the additional space 
dependence in Eq. (3.92), the "symmetry-breaking term" proportional to e is identical in both cases. Indeed, the 
space integration yields a factor V, so that i/V = A~^, a nd w e surely must identify A wi th th e Gaussian RMT 
mean level spacing D — ttX/N. The gradient term in Eq. ( 3.92 ) (obviously missing in Eq. ( 3.91 )) has roughly the 
magnitude fiD/L^ — Ec- For Ec < £, this term is more important than the symmetry-breaking term, and conversely, 
see Sec. VI. 

We distinguish a diffusive regime, defined by the condition .g 3> 1, or L ^ ^ with ^ the lo caliza tion length, and 
a localized regime, where L ^ ^. Since g = Ec / A = £,/L in the diffusive regime, see Eq. ( ^.17 ), the conditions 
i <C ^ and Ec 3> A are equivalent. In the diffusive regime, the symmetry-breaking term is the dominant zero mode. 
This implies that all correlation functions of the disordered solid are approximately of Gaussian RMT type in this 
regime! This statement holds for energy differences |e| < Ec and establishes the close link between Gaussian RMT 



and localization theory, see Sec. VI. In the localized re gime , on the other hand, the gradient term is the dominant zero 
mode. It may be surprising that in this regime, Eq. (3.92) retains its validity. The reason is that the characteristic 
length scale Lq over which Q{r) varies must obey the inequality I <^ Lq ^. This is why a non-linear a model does 
not apply for d = 1 where I = 

In concluding this introduction to supersymmetry, we notice that the supersymmetric representation of the gener- 
ating function for the RMT correlators provides an exact re-formulation of the RMT problem. Therefore, all results 
derived from this function arc fully equivalent to the results of classical RMT. Starting from a white-noise potential, 
on the other hand, one obtains a supersymmetric non-linear a model. In the zero-dimensional limit, this model 
is fully equivalent to th limit N oo oi the supersymmetric representation of RMT. However, the supersymmetry 
method continues yielding new results which, in many cases, could not be obtained with other techniques. 



D. Scattering systems 



Scattering systems play a very important role in the application of Random Matrix Theory, particularly in the 
context of transport phenomena in mesoscopic systems. The theory of these systems requires a generalization of the 
concepts introduced so far for bounded systems and the associated spectral fluctuations. We keep our presentation, 
brief since varioiis-well written papers and reviews are available. We mention the early reviews by Eckhardtl2il'L3 
and SmilanskyoO which contain disC|i,issions of chaotic scattering, especially from a semiclassical point of view. 
Likewise, Doron, Smilansky and FrenkcH mainly focus on semiclassical aspects, while Lewenkopf and WeidenmiillerLJ 
concentrate on aspects of Random Matrix Theory and on the comparison with semiclassical results. Very recently, a 
review of chaotic scattering was preseiited by Jung and_Scligmar£23, and one on scattering and transport in mesoscopic 
and disordered systems by BeenakkeJlHJ. In Sec. HID 1, we su mmarize general aspects of scattering theory, before 
we establish the link to Random Matrix Theories in Sec. HID 2. 



1. General aspects 

In the context of RMT, scattering processes are important in both, cavities and/or mesoscopic wires connected to 
the outside world by leads or antennae, and non-relativistic many-body systems as encountered in nuclear, atomic 
and molecular physics. In all these cases, the participants in the scattering process move freely at asymptotically large 
distances but encounter strong interactions in the interaction region. We idealize a scattering system as consisting of a 
compact interaction region, i.e. a region of finite volume, and of channels through which this region is accessible and in 
which the-^jropagation is free. A general scattering theory based on this idealization was constructed by Wigner and 
Eisenbuclt£3. These authors made the physically well justified further assumption that only two-body fragmentation 
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is allowed at low energies. They also postulated short-range interactions. However, the formalism can be extended 
to the Coulomb interaction, too. 

To illuminate the physical content of this approach, we first consider a bound-state problem defined by restricting 
the motion of all particles to the compact interaction region. Then, the spectrum is discrete. As we allow for the 
coupling to the channels, many of the bound eigenstates turn into resonances. These resonances may dominate the 
scattering process. Following Ref. we present here a variant of the general theory which focuses attention from 
the outset onto such resonances. We consider N orthonormal functions (ys^, fj, = 1, . . . , N localized on the interaction 
region, where eventually the limit N oo has to be taken. These functions represent a basis for the quasibound 
eigenstates. The A channels are represented by the channel wave functions Xc{E), c = 1, . . . , A where E is the total 
energy. These states obey the orthonormality condition {xaiE)\xb{E')) = SabS{E — E'). They do not vanish in the 
interaction region but are orthogonal to the bound-state wave functions, {xa{E)\ip^) — for all E, a, /i. In this basis, 
the total Hamiltonian has the form 

N 



JV A oo 

dE{\xc{E))W,^{^^\ + \^,,)W^,{xc{E)\) 

fi^O c^l '^^'^ 

J2 J dE\xc{E))E{xc{E)\ . (3.93) 



1 

N A 



Here £c is the threshold energy in channel c (f or E < Ec only evanescent waves exist, and for E > Sc the channel is 



said to be open). The first term in Eq. (3.93) involves the N x N matrix H which describes the mutual coupling 
of the bound states. The second term contains the x A coupling matrix W between channels and bound states. 
This term causes the bound states to acquire widths, and to become resonances. The third term is assumed to be 
diagonal in the channels. This assum ption can be lifted but provides a useful simplification and is realistic in later 



applications. In the framework of Eq. ( 3.93 ), transitions between different channels are possible only via intermediate 
population of the bound states. We assume that elastic background phase shifts in the channels can be neglected so 
that the functions Xa{E) are essentially plane waves. r— ■ 

The physical assumptions made in this model become even more transparent as one works outcZI the scattering 
matrix Sab{E), 

Sab{E) = Sab - i2TTWlD-\E)Wb (3.94) 
where the A^ component vector Wa is the a-th cohimn of the matrix W . The propagator D^^(E) is the inverse of 

D{E) ^ EIn ~ H + iiT WcW^ . (3.95) 

c open 

This notation should not be confused with that for the mean level spacing D between the eigenvalues of H. All 
threshold effects, including the dependence of W on E have been neglected. The scattering matrix element Sab{E) 
has A^ poles corresponding to A^ resonances. For A^ — 1, th e scat tering matrix has Breit-Wigner form, with Wd 
denoting the partial width amplitude. For A^ > 1, Eqs. ( ^.94 ) and ( 3.95| ) constitute A^-level unitary generalizations 



of the Breit-Wigner formula. In the limit X]^)=i I^mcP ^ E) for all fj,, the model describes A^ isolated resonances 
fi = 1, . . . , A^, with widths very small compared to the spacing between resonances. Here, D denotes the mean level 
spacmg. As the ratios Y^^^^ \W^c?/D increase, the resonances begin to overlap. Eventually, one arrives at the Ericson 
regime of strongly overlapping resonances where the fluctuations of the cross section are no longer related to individual 
resonances. Increasing the ratios Yl,t=i I^mcP/-^ even further, one returns to the regime of isolated resonances. 



2. Scattering and Random Matrix Theory 
Apart from the general constraints mentioned above, no specific assumptions on the bound-state Hamiltonian H 



have been made in the derivation of the formal result (B.94). We now connect this model to RMT by assuming that 



the Hamiltonian H in the interaction region can be represented by a random matrix drawn from one of the Gaussian 
ensembles. In particular, for a time-reversal invariant system, 7J is a member of the GOE. With this assumption, the 
fluctuation properties of S can be predicted, given the ensemble average of S which serves as an input parameter. 
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Anticipating the discussion in later sections, we argue that this choice for H is justified in three typical physical 
situations: Scattering at complex many-body systems, chaotic scattering in few-degrees-of-freedom systems, and 
scattering by a disordered quantum dot. Indeed, the spectral fluctuation properties of a wide class of complex many- 
body s ystem s such as nuclei, atoms and molecules are known to be well described by the spectral observables discussed 
in Sec. [II B, Therefore, it is very natural to choose H from the GOE. For chaotic systems with few degrees of freedom, 
such as billiards, the justification is based on the Bohigas conjecture. For a disordered quantum dot, the random 
Hamiltonian directly simulates the effect of the random potential. 

The autocorrelation function of the scattering matrix S is defined as an ensemble average. 



Cabcdie) = SabiE)S:^iE + e)- SabiE) S*^iE) 



(3.96) 



In a generic situation, this correlator is, after proper unfolding, independent of the energy E. The mathematical 
techniques developed by MehtapSiiid Dyson cannot be used to work out the correlator ( 3.96| ). Extending the super- 
symmetric methpd which EfetovE3 had developed in the framework of disordered systems, Verbaarschot, Weidenmiiller 
and ZirnbauerEj derived the exact result 



Cabcdis) 



dX- 



(l-A)A|Ai-A2| 



'^^^Jo "^^^Jo ■ V(l + Ai)Ai(l + A2)A2(A + Ai)2(A + Aa)^ 



A 

exp (-i7r-^(Ai + A2 + 2A)) JJ — = 



(1 - TeA) 



^ab^cd Saa Si/Ea Tc 



l\ V(l+7^eAl)(l+TeA2) 

Ai A2 2A 



1 + TaAi l + r„A2 i-r,A 
Ai A2 2A 



-{^achd + 5adSbc)TaTb 



1 + r,Ai 1 + r,A2 1 - TcA 

Ai(l + Ai) 



^(l+TaAl)(l+rfoAl) 

A2(l + A2) A(l-A) 



(l + T„A2)(l + Tf,A2) il + TaX)il + Tb\) 



(3.97) 



The coefficients Tc = 1 — \Scc{E)\'^ are called transmission coefficients and define the strength of the coupling between 
resonances and channels. Each Tc depends non-linearly on the quantity J2i_i^^c- If coefficients Tc are unity. 



the fluctuations attain nw,»imal size. An expans ion of Cgbcdis) to first order in the inverse of X]c=i -^c yields the 
Hauser-Feshbach formulall£j, see Eq. (4.1) of Sec. [VAl. 

In t he st ochast ic ap proach to scattering just described, the bound-state Hamiltonian H occurring in expres- 
sions (3.94) and ( |3.95 ) is replaced by an ensemble of random matrices. Alternatively, it is possible to consider 
the A X A scattering matrix 5 itself as a stochastic object, without the intermediate step of choosing a random Hamik 
tonian. In this case, one directly constructs an ensemble of scattering matrices S. This is the approach by DysonEj 
who defined the three circular ensembles: the Circular Orthogo nal Ensemble (COE), the Circular Unitary Ensemble 
(CUE), and the Circular Symplectic Ensemble (CSE), see Sec. [I A. These three ensembles correspond, respectively, 
to the GOE, the GUE, and the GSE. The invariance properties used by Dyson imply that the ensemble averages of 
the S matrices vanish for all three ensembles, S = 0. This is equivalent to saying that the transmission coefficients 
are unity, or that the coupling to the channels is maximal. In that sense, the three ensembles of Dyson are subsets 
of the more general ensembles introduced above via the random Hamiltonian approach. We do not go into further 
details here of the random scattering matrix approach. We return to this point in Sec. | — . | — . 

Using the random Hamiltonian approach and the supersymmetry method, Fyodorov and SommeralHjllHj recently 
worked out several other statistical measures. They studied the case of broken time-reversal invariance (GUE Hamil- 
tonian). In particular, they established a link to the random scattering matrix approach by showing that in both 
approaches the pair-correlation functions of phase shifts at fixed energy coincide. Moreover, t hey a lso calculated 
analytically the distribution of the poles of the scattering matrix. Because of the last term in Eq. ( 3.95| ) which repre- 
sents the coupling to the channels, these poles occur in the lower half of the energy plane. Their results apply to any 
breaking of Hermitecity while previous studies are only valid the case of strongly broken Hermitecity. We mention in 
passing that there is a relation_to Ginibre'sE£Zl ensemble of matrices with arbitrary complex eigenvalues. A discussion 
can be found in Haake's bookEZl. 
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E. Wave functions and widths 



For the understanding of the connection between classical and quantum chaos, the study of the stochastic properties 
of wave functions has become very important. For an investigation of wave packet dynamics, of scars and of the 
relationship with periodic orbits, systems with- few degrees of freedom are particularly well suited. A review can 



be found in chapter 15 of Gutzwiller's bookE23. Here, we focus on the statistical properties of wave functions in 



chaotic systems and on the way these propertie s are m odeled in Random Matrix Theory (Sec. HIE 1), and on recent 



developments in mesoscopic physics, see Sec. [II E 2. The limits of the RMT description have beea-, explored by 



various authors. As one example we mention a co nceptu ally important contribution due to Tomsovidi23. He showed 
the existence of parametric correlations (see Sec. HIH) between states and level velocities in a particular system. 
Random Matrix Theory cannot describe these correlations. 



1. Results derived in the framework of classical RMT 

To characterize the distribution of the eigenfunctions of an ensemble of random matrices, one considers a fixed basis 
and introduces the probability density P;v(a) of finding for the components a value between a and a + da, with N 
the dimension of the matrices. Rotation invariance of the ensemble implies that PNio) is determined by the Haar 
measure du{U) of the group of diagonalizing matrices, H = U~'^XU. For the orthogonal case, a quick and elementary 
derivations of Pat (a) proceeds as follows. We consider one component of one of the N eigenvectors of H. In polar 
coordinates, it can be represented by cosi^. The associated part of the measure is sin^~^ i?. For —1 < a < +1, we 
have 

Fat (a) = Cn f S{a - cosi?) sin^-^ _ (3 gg) 

Jq 

The constant Cn is determined by the normalization of Pjv (a) to unity. A straightforward calculation yields 

r(A^/2) 2n(^-3)/2 

'^^^°^^ 0Fr((iv-i)/2) ^^-^^^ 

which is symmetric in a. This expression is exact for every integer N. For the second moment of this distribution, 
one finds = 1/N. In the limit of large N, the distribution approaches the Gaussian 

PN{a) = yjexp ("Y"') (3.100) 

with variance 1/iV. 

In many cases, the distribution of the wave function components is not accessible to a direct measurement. However, 
for isolated resonances the reduced partial width amplitudes 7„c for level n and scattering channel c can be determined 
from a scattering experiment. Let J,„c be the overlap integral of the channel wave function in channel c and the m-th 
wave function of the basis set. Then, 

N 

7nc = ^ UnmJmc (3.101) 



with U as defined above. Consider L levels n = 1, . . . ,L where L < N. As observed by UUahElj, the joint probability 
distribution P(7ic, . . . ,7Lc) for the L partial width amplitudes can be written as 



[lis ( 7„c - J2 UnrnJmc] dfl{U) . (3.102) 
n=l \ m=l / 

With the help of a pro per o rthogonal transformationEl^l of the eigenvectors, this expression can be reduced to a form 
which generalizes Eq. (3.98|). One finds 



P{llc, ■ ■ ■,lLc) = 

(JV-L-2)/2 

r(iv/2) ' - > 



(nNj^y^\{{N~L)/2) 



(3.103) 
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FIG. 15. The distributions P/sivc) of the normahzed partial widths j/c = Tc/Fc for the Gaussian ensembles. The solid line is 
the GOE result {l3 — 1) , the dashed line is the GUE result (/3 = 2) and the dotted line is the GSE result (/3 = 4) . A singularity 
at 3/c = arises in the orthogonal case (/3 = 1) only. 



where N'f'^ — Nj^^ — ^^=1 ^nc- Again, this is exact for any N . The functional forms of Eqs. (3.99) and ( 3.103| ) 



agree for L = 1 as expected. In the sequel, we consider only the case L = 1 and drop the level index. 

Typically, the quantity measured in an experiment is the partial width Fc for the decay of a level into a channel 
c, rather than the partial width amplitude 7c. Apart from proportionality constants such as penetration factors etc.. 



we have Fc = 7c. For large iV, Eq. (3.103) then yields the famous Porter-Thomas law 



/fc/2Fc 2rc 

where Fc = 7c. These considerations can easily be generalized to unitary and symplectic symmetry. The value of 
the symmetry parameter (3 with [3 — 1,2,4 is equal to the dimension of the number space on which the random 
matrices are constructed. The reduced width amplitudes 7c accordingly possess (3 components 7cj, j = 1, . . . , /3. If all 
amplitudes ^cj are distributed with the same Gaussian probability distribution, the absolute square Fc = 1% 
of 7c is distributed according to 

This implies that for the three symmetry classes, the distributions P/3(Fc) are special cases of a xt distribution for 
V = (3 degrees of freedom. We note that only the orthogonal case has a singularity for vanishing width Fc. One often 
introduces a normalized partial width j/c = Tc/Fc and its distribution p/^ij/c) defined by pp{yc)dyc = PpiT c)dV c- This 
function is shown in Fig. |l^ for the three Gaussian ensembles. 

In a system with A open channels, there may exist correlations between the partial width amplitudes 7c, c — 1, . . . , A. 
Typically, such correlations have a dynamical origin. An example is provided by direct reactions in nuclear physics. 
The correlation matrix of the partial width amplitudes is defined as 



A^cc' = Tele . (3.106) 

In the limit of large level tiuiji j ^^bey N and under the condition that A ^ A^, the distribution of the partial width 
amplitudes was found to be 
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Here, 7 — (71, . . . ,7a) is a A component vector containing the partial width amplitudes. In Rcf. 110 it is also shown 
how to derive multi-level and multi-channel distributions for finite level number N. 

Having investigated the distribution of the partial widths r^, we now turn to the distribution function P(r) of the 
total width F. For isolated resonances, we have F ^ X]c=i where Apis,the number of open chanpek. Using and 
extending the methods described in Porter's reviewO and UUah's booUHj, Alhassid and LewenkopflHJ derived in a 
direct calculation a very general result for the width distribution. Let M be the correlation matrix (3.106) of the 
partial width amplitudes. For /3 = 1, 2, 4, the distribution of the total width F is given by 



ZTT 



exp(— iFi) 



det''/^(lA-i2iM//3) 



dt 



(3.108) 



where 1a is the A x A unit matrix. We note that -P(F) depends only on the eigenvalues of M. Since M is Hermitean 
and positive definite, the w^'s are all positive. In the unitary case (/? = 2), the integral ( p. 10^ ) can be done and yields 



P(F) 



A 



exp(-F/w^) 



For two equivalent channels, i.e. A = 2 and Mn = M22 = F/2 one finds 



2F 



(i-|/P)r 



= I sinh — 



2|/|r 



(i-|/P)r 



(3.109) 



(3.110) 



Here / = M12 / M11M22 measures the correlation between the two ch annels. This is in agreemeiit-svith Rcf. 115 
where this result was derived using the supersymmetry method, see Sec. HIE 2, For (3=1 one findsllii 



P{T) = 



1 



: exp 



(i-/2)r 



lo - 



/r 



(i-/2)r 



(3.111) 



where Iq is the modified Bessel function of zeroth order. The methods described in Refs. | 110 and used above allow 
for a very efficient computation of the distribution of wave functions and widths. 



2. Results derived in the framework of the supersymmetry method 

The results summarized in the previous section were mainly prompted by research in scattering theory, and were 
obtained in the framework of random matrix theory. Recently, condensed matter physicists became also interested 
in distributions-pf wave functions and widths, particularly in the context of transport properties of quantum dots. 
Prigodin et alli3 studied the statistics of conductance fluctuations in a quantum dot. Inter alias, this led to a re- 
derivation ofrtlif Porter-Thomas distribution within the supersymmetry formalism, cf. also the discussion by Efetov 
and Prigodin 
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In many situations there is interest in probability measures which go beyond the distribution of wave- 
compoofipla. This applies, in particular, to the spatial correlations of wave functions for chaotic systemslli^ 
]3g].j.-y£i8|[£8| asgunred that the eigenfunction ipEi'f^ a,t energy E in a, time-reversal invariant, ergodic system is an 
infinite superposition of random plane waves. For the space-averaged correlation function of this eigenfunction in a 
d-dimensional system, taken at two different points in space, he found 

('/'£;(?^i)V4(^2))spacc ^ od/2-ip f d\ Jd/2-i{kr) (3 112) 



(|VE((ri+r2)/2)|2)3p,,, \2J [kryi 

Here k is the wave vector, and k the inverse de Broglie wave length, r = |ri — r2| is the distance between the two 
points. 

Closely related questions arise in disordered mesoscopic systems. For a single-particle model with random impurity 



potential, cf. Sec. VI 



F = |- + m (3.113) 
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Prigodin et aZ.tiJ and PrigodiElHJ recently calculated wave function correlation functions with the help of the super- 
symmetry method. In a system of volume V, they obtained 



\^E{ri)^PEif2WV' = l + cp\fir)\^ , 



(3.114) 



with f3 = 1, 2, 4 and ci = C4 = 1, a nd C2 — 2. Under the assumption of ergodicity, the function /(r) is closely related 
to the averaged spatial correlator (3.112), 



(3.115) 



The existence of spatial correlations of chaotic wave functions demonstrated in this work is essentially caused by the 
finite (non-ze ro) wa ve leng th. 

Equations (3.114) and (3.115) connect the fourth moment of the wave function with the square of the second 
moment, suggesting a Gaussian-like probability density. To work out this probability density in its most general 
form, let pUS, consider M local densities of a given eigenfunction, aj = V|V'e(^j")P; J = l,...,Af, and the spatial 
correlato: 



12c 



M 



P{ai,...,aM,ri,...,rM) = J]^ (5 (%■ - V\tpE(rj)\'^ 



(3.116) 



The partial widths discu ssed in the previous section can be viewed as special cases of the quantities aj. Therefore, 
the correlation function (3T16 ) has to reproduce the results of that section for M = 1. 

The distribution function ( p. 116 ) is coastcticted from its moments. These moments can be expressed in terms of 

defined as 



retarded (and advanced) Green functionstH^ 



123 



Gfl(^,fi,f2) 



N 

E 

n=l 



V'E„(^l)'0£;„ (^2) 



E — Er, 



(3.117) 



where r] is infinitesimal. We consider the case M = 2. Let Ri{E) denote the mean level density. The moments can 
be written as 



|^B(ri)P»|^is(r2)|^ 



i"-'"(n- l)!(m- 1)! 
2i?i(i;)7r"+"(n + m-2)! 



lim ri 

j)^0 



n+m— 1 



{Gb{E + 111/2, fi, fi))" {Ga{E + irjl2, fa, r-,))' 



(3.118) 



For vanishing 77, the only contributions come from terms in which the energy E coincides with one of the eigenenergies 
In the unitary case (3 = 2 one obtainsH the distribution function 



P(ai, 02, r) 



1 



1-P{r) 



exp 



ai + 02 
1 - P{r) 



f 2f{r)^ET^ 



(3.119) 



which conta ins the averaged spatial correlator /(r), corresponding to the quantity / in Eq. ( [3.110 ). The esti- 
mate ( 3.112| ) shows-that /(r) takes values between and 1. The function /(r) can be calculated in special situations. 
In a quantum dotll£i], it is given by the Friedel function. In any realistic physical system, there will be a critical 
distance rc beyond which the spatial correlator vanishes, /(r) = 0, r > re- Then , the two-point function becomes a 
product of two one-point functions, P(ai,a2,r) ~ P{ai)P{a2), see also Ref. 116, For very short distances r ^ 0, on 
the other hand, we have /(r) ^ 1 so that P{ai, a2,r) ~ P{ai)5(ai — 02). 

The mathematically much iisurder but pfaisically very important case of orthogonal symmetry (/3 = 1) was also 
worked out by Prigodin et alE33. SrednickllHj shojssied that these results can also be obtained in a direct calculation 
without supersymmetry. Using Berry's conjecturelli3 he found a distribution for the wave functions which formally 
coincides with the distribution ( 3.107| ) for the partial width amplitudes. From that, he immediatley obtains Eq. ( 3.119| ) 
for 13 = 2 and, in the notation of Ref. 124, 



P(ai,a2,r) 



exp 



ai + a2 
"2(l-/2(r)) 



cosh 



/ f{r)^/aia2 
\ l-Pir) 



(3.120) 
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for (3 
Integra. 



In the case of A = 2 equivalent channels with Fi = the distribution of the total width is given by the 



poo POO / 



fli 



(3.121) 



where T is the average value. Inserting Eqs. (3.119) and (3.120), one can obtain the results ( ^.llOD and ( |3.111[ ). 

This does not imply, however, that the supersymmetry method has become obsolete in this context. It is not clear 
how to use the methods of Refs. ^110 in a crossover region, such as, for example, th e grad ual breaking of time-reversal 
invariance. In the supersymmetry method, such calculations are possible, see Sec. [II G. 



F. Crossover transitions in spectral correlations 



The concept of fully developed chaos and, likewise, the strict applicability of the orthogonal, unitary or symplectic 
symmetry class are often an idealization. Frequently, we deal with systems which undergo a crossover transition 
between different statistics, or different universality classes. The physically most interesting situations are (i) tran- 
sitions from regular to chaotic fluctuation properties, (ii) breaking of time-reversal invariance, and (iii) breaking of 
symmetries. 

We stress the difference between the breaking of time-reversal invariance and symmetry breaking. In quantum 
mechanics, the time-reversal operator is antiunitary while an operator corresponding to a symmetry of the Hamiltonian 
is unitary. If a symmetry such as angular momentum, parity etc. holds, the Hamiltonian can be reduced and can 
be written in block-diagonal form. Each block belongs to a given quantum number, i.e. a representation of the 
symmetry such as positive or negative parity. On the other hand, the time-reversal operator cannot be used to reduce 
the Hamiltonian. 

In this section we study crossover properties of energy-correlation functions. These functions depend on one or 
several external parameters which represent the physical situation. The functions must be distinguished from the 
"parametric correlations" which involve two or more values of the same external parameter. The latter are discussed 
in Sec. 
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In Sec. IIIF 1 we discuss transitions in terms of a diffusion process for the joint probability density in matrix space. 
Thereby, we summarize some of the results of Dyson's Brownian motion model. In Sec. IIIF 2 we show that a similar 



diffusio n equa tion exists for the generating functions of the correlators in the much smaller space of supermatrices. 
In Sec. IIIF 3 we summarize the numerical and analytical results. 



1. Diffusion in the space of ordinary matrices 



We recall the definition (|3.12|) of the probability distribution for the Gaussian ensembles. The volume element (3.S) 
factorizes in an eigenvalue part and an angular part. Because of rotation invariance, the same statement holds for 
the joint probability density of the eigenvalues which is given by Eq. ( |3.9|) and the eigenvectors which is the Haar 
measure of the di agon alizing group. The local fluctuation properties are governed by the Vandermonde determinant 
in Eqs. (3^) and ( |3.9| ). This quantity turns out to be also crucial for the investigation of crossover transitions. From 
a mathematical viewpoint, this is not surprising: The Jacobian of a transformation reflects the topology of the spaces 
in question. However, the various breakings of rotation invariance employed in studying crossover transitions destroy 
the conviSH^^Bt factorization in an eigenvalue part and an angular part. 

I was the first to realize that crossover transitions can be formulated as Brownian motion of the eigen- 
He constructed the Smoluchowski equation for the joint probability (Jet^sity. Recent reviews can be found in 



values. 

the books by HaaketZl and MehtaE^, see alsoi-tlie discussion by Lenz and HaaketHS. The connection to the Pechukas gas 
and the Galogero-Sutherland-Moser modeEll will be discussed in Sec. 



Dyson 



VII 



Here, we want to take a slightly different 



route and use explicitly the universa lity o f the unfolded correlations, see Sec. VIH. It allows us to restrict ourselves 
to the Gaussian probability density ( 3.12 ). 

To formulate the problem, we consider a random Hamiltonian 



H = H^°'^ + aH 



(1) 



(3.122) 



as a function of the transition parameter a. Each of the three matrices belongs to the same symmetry class. The 
elements of ' are Gaussian distributed according to Eq. ( |3.12| ). The distribution P^"^(i7(°)) of the elements of 



H^^\ however, is completely arbitrary. In particular, pj^\H'^^'^) can restrict the symmetry oi H^^^ to a sub-symmetry 
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of In the case of a Hermitean H^^\ for example, Pj^\H^'^'^) can put all imaginary parts of the elements of 

to zero, thereby effectively restricting H^'^'> to a real symmetric matrix. The general problem is: How does the 
distribution pj^^ develop into the full Gaussian ( 3.12| ) as a increases? 

We absorb the parameter a into the probability density by writing P/Aa^ instead of f3/2 in the exponent of 
Eq. ( 3.12| ) . The resulting function is denoted by Pji^^ ■ The squared transition parameter may be viewed as a fictitious 
time t = (3^/2 which governs the evolution from the arbitrary into the Gaussian form. Introducing the matrix gradient 
d/dH and the Laplacean 



tr 



(3.123) 



in the Cartesian spaces of the three symmetry classes, we can identify the Gaussian P^p{H,t) as a diffusion kernel 
defined through 



^ (^^ ^ ^) and lim P^^liH, t) = 5{H) . 

The evolution of the total probability density is given as the solution of the diffusion equation 
(^APNp{H,t) = ^^P^p{H,t) with limPjv^(i/,i) = p''^\h) . 



According to Eq. (3.124), the solution can be written as the convolution 



(3.124) 



(3.125) 



(3.126) 



For initial conditions which depend only on the eigenvalues X'"' of H'^*^\ the diffusion process is restricted to the 
curved space of the eigenvalues. For the joint probability density, one obtains 



^AxPNt3iX,t) = ^P^^(X,t) and lim PNp{X,t) = Pj^\x) 



The "radial part" of the Laplacean is given by 

1 



N 



Ax = 



\AxiXW 



dXn 



(3.127) 



(3.128) 



The notation An{X) for the Vandermonde determina nt sho uld not be confused with the symbol Ax standing for the 
radial part of the Laplacian. This diffusion equation (3.127) is solved by the convolution 

(3.129) 



(3.130) 

For the joint probability 



PNp{x,t) = J rxp{x,x("\t)pj°\x^'''>)\AM{x^"'>)fd[x^''^] 

and the kernel rxf3iX, X^^\t) is given by the group integral 

rjv/5(x,x(o),t)= / pl,'liu-'xu-x^'\t)d^i{u) . 



In the unitary case (3 — 2, this is the famous Harish-Chandra-Itzykson-Zuber integra?^^^'''^'^" 
density of the eigenvalues, it yields 

(0)ip(0).^(0)N 



pg\x,t) = PMx,t)A%{x) = / d[x(")]pf (X 

V27rf J 

exp('-ltr(X-X(0))2')-^^ 



(3.131) 



Since Eq. (3.1) applies also in the case of transitions, we can use Eq. (3.131) to compute the fc-level correlation 
functions in the unitary case. An alternative procedure for the Circular Unitary Ensemble was recently given by 
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PandeylHil. He starts from an exact formal solution of the diffusion equation in terms of representation functions of 
the unitary grou p U{N ). His method is equivalent to calculating the Harish-Chandra-Itzsison-Zuber integral. As 



discussed in Sec. [in A 1 , the correlation functions must be properly unfolded by introducing)!^ an unfolded transition 
parameter A = a/D and an unfolded fictitious time r = i — . 

An important property of the correlation functions was obtained by French et alS^. Starting from the Fokker- 
Planck or Smoluchowski equation closely related to the diffusion equation discussed above, these authors derived 
hierar chic relat ions among the correlation functions. The unfolded correlation functions are defined by extending 
Eqs. (|3.6|) and (3/7). On this unfolded scale, the hierarchic equations involve the fictitious time r. They acquire the 
form 



d ^ I 



d d 



^/3(fc+l)(^li ■ ■ ■ ,S,k,S.k+l,T) 



k+l 



(3.132) 



where AjJ^) — Wp^qi^p ~ Cg)- For k = 1 one obtains a closed equation which coincides with the famous Pastur 
equationB3. i — . 

Als already mentioned, Brownian motion and diffusion also exist in the circular cnsemblesc£3 
here only briefly since on the unfolded scale, the fluctuation properties agree with those o f the G aussian ensembles. 



We mention this 



Pandey and ShuklalHJ have shown that the ensuing hierarchic relations coincide with Eq. (3.132). 



2. Diffusion in the space of supermatrices 



superspace 
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Remarkably, the diffusion equation (3.127) for the joint probability density in ordinary space has an analogue in 



We consider an ensemble of random Hamiltonians of the form ( 3.122| ). We are interested in the 
correlation functions Rpk{xi, . . . ,Xk,t). In contrast to Eq. (3^), these functions are defined in terms of the full Green 
functions and do contain the principal value parts. Following Refs. we express these correlation functions as 

derivatives 



Rf3k{xi, ...,Xk,t) 



gk 



Zi3k{x + J,t) 



(3.133) 



j=o 



of a normalized generating function Zfjk{x + J,t). Here, x and J contain the k energies and the k source variables, 
X = diag(a;i, a;i,a;i,a::i, . . . ,Xk,Xk,Xk, Xk), J = diag(- Ji, - Ji, +Ji, +Ji, . . . , -Jk,-Jk, +Jk, +Jk) for /? = 1 and /3 = 
4, and x = diag(a;i, xi, . . . , Xk, Xk), J = diag(— Ji, + Ji, . . . , — Jfc, +Jk) for P — '2. The physically interesting functions 
Rl3k{xi, . . . of Eq. ( |3.2| ) are constructed by the operation QZ/^kix + J,t) which produces the proper linear 

combinatipat^'ESI without the principal value parts. With the help of standard techniques of the supersymmetry 
methodCjO, the average over the Gaussian distributed random part H^-^"^ can be performed directly and the generating 
function acquires the form 



Z0k{x + J,a)^ / d[i/W]p(,°)(i/("') J d[a]Qpk{<J,t) 

detg"^ ((a;=^ + J - a) (g) In - Ic^ (E> H 



(0) 



(3.134) 



Here, Ijv and l(^^k are unit matrices of dimension N and ('^fc, respectively, and = 4 for the GOE and the GSE 
while C/3 = 2 for the GUE. The supermatrix a reflects the symmetries of and has dimension (pk. With cpk a 
normalization constant, the graded probability density is given by 



Qt3k{cr,t) = CfjkGxp ( -^trgcr^ 



(3.135) 



In the limit i ^ it reduces to the superspace 6 function d{a). For vanishing transition parameter t, Zpk therefore 
becomes the generating function 
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(3.136) 



for the correlations of the ensemble of matrices TJ'"'. 

Because of the Gaussian form of the graded probability density ( 3.135| ) we can formulate a diffusion process in 
superspace. We shift a ^ a — x — J and diagonalize the supermatrix a = u~^su where s is the diagonal matrix of 
the eigenvalues of a. There are 2k eigenvalues for the GUE and 3fc eigenvalues for the GOE and the GSE. We now 
replace the matrix a; + J by an diagonal matrix r having the same form as s. These steps yield 



Zpk{r, t) = j Qpkia - r, t) z'i\s) d[a] 



(3.137) 



There are only 2k energies and source variables in a; + J, whereas the matrix r contains ik variables for [3 = 1 and 



/3 = 4. The convolution integral (3.137) is related to a diffusion equation. Since Z^\s) depends only on s, the 



diffusion takes place in the curved space of the eigenvalues of the supermatrix. In analogy to the previous section, 
the diffusion equation has the form 



^ArZ/3fc(r,t) = ^Z(}k{r,t) 



with 



lim Zf3k{r, t) 



Zk '{r) 



(3.138) 



and holds for all three symmetry classes and for arbitrary initial generating functions zj^\r). The Laplacean 
is the "radial part" of the full Laplacean A — trgd^/da^, defined in terms of the matrix gradient d/da. As usual, 
the radial part involves the Jacobians or Berezinians B[jk[r) of the transformation to radial coordinates. Explicit 
expressions for these quantities are not given here and may be found in Rcf. 13£ . We notice that Eq. (|3.127 ) describes 
a diffusion of the probability density of the eigenvalues in the space of ordinary matrices whereas Eq. ( p. 13^ ) describes 
a diffusion of the generating function for the correlations in the space of supermatrices. 
The corresponding diffusion kernel is given by the angular average 



ll3k{s,r, t) 



Qfjkiu ^su - r,t) dfj.{u) 



(3.139) 



where dfi{u) is the Haar measure. It also satisfies the diffusion Eq. (3.13S), and an initial condition at i = not given 
here. This implies that we can write the solution of Eq. (3.138|) in the form 



Zi3k{r,t) = I jpkis,r,t)zj^\s)Bf3kis)d[s 



(3.140) 



The diffusion process cannot be formulated for the k variables x but only for the 2k or 3k variables r, respectively. 
Therefore, the role of the joint probability density in ordinary space is here played by the generating function rather 
than the correlation functions. 

In the unitatv case /3 = 2, the kernel j^k is explicitly known: It is the supersymmetric Harish-Chandra-Itzykson- 
Zuber integral. The solution of the diffusion equation reads 



^2,fc(?', t) 



1 



Gk{r-s,t)zj^\s)B2,k{r)d[s 



where the relevant part of the kernel is the Gaussian 

1 



Gkis-r,t) 



/2Tlt 



-2 k 



exp ( -^trg(s 



(3.141) 



(3.142) 



The correlation functions can now be calculated straightforwardlylH 
integral representation 



i3e 



R2,kixi, 



,Xk,t) = I Gk{s-x,t)^zf\s)B2.k{r)d[s\ 



They are given by the 2A;-dimensional 

(3.143) 



which is exact for all initial conditions and also exact for any finite level number N . 
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It can easily be seent^ that the transition on the unfolded scale is a diffusive process as well. With p = r/D, 
^fk(p) ^ limjv^oo ■Z'^fcV)^ and Zi3k{p,T) = limN^oo Zi3k{r,t) one finds 



with 



Yixazfik{p,T) ^ zf\p) 



(3.144) 



The diffusion processes on the original and the unfolded scale are the same, only the initial conditions are different, 
see Rcf. 135. Therefore, the integral representation ( 3.140| ) must hold on the unfolded scale as well. 



In particular, in the unitary case /3 = 2 we find 



zpkip^r) = / -ipk{s,p,T)z''°\s)Bpk{s)d[s\ 



Gk{p-s,t)zf\s)B2,k{r)d[s] 



B2,k(p) 

for the generating function. From that, the 2A:-dimensional integral representation 

(-1)'= 



X2,k{S,l, ■■ ■■Xk,T) 



(3.145) 



(3.146) 



(3.147) 



for the correlation functions on the unfolded scale is obtained. In the case fc = 2, a further simplification arises because 
the two-level correlation fun cti /ji n d epends only on r = — ^2 ■ The remaining four integrals can be trivially reduced 
to two integrals and one haaH3'E2£ 



+00 +00 



^2.2(r,r) = ^ j |exp(-^(t? 



tl) 



— 00 —00 



tlt2 



2t 



2r 



sinh -r-^ sin -r-^^^ij"'' (ii, t2)dtidt2 



(3.148) 



The trigonometric and the hyperbolic functions can be directly traced back to the eigenvalues in the Boson-Boson 

and the Fermion-Fermion block. 

We compare the hierarchic equations ( [3.132 ) and the diffusion equation (3.144). The former couple the correlation 
functions with index k t o all t hose with index up to fc + 1 and thus cannot be viewed as describing a diffusion process. 
The diffusion equation ( 3.144 ) in superspace, on the other hand, do es not couple different values of k. In this sense, 
the diffusion equation (|3.144D diagonalizes the hierarchic equations ( 3.132| ). 

Starting from Eqs. (|3.138|) and (3.144), one can also derive stationary equations for the pure ensembles on the 



original and the unfolded scaleE^ 



In the case of symmetry breaking, the standard model is that of a block-diagonal Hamiltonian to which the 
perturbation aH^^^ is added, 



ii-(04) 

if(0'2) 



and 





i/(i,P)t 



(3.149) 



The matrices _ff ("'^^ and represent the system for two fixed values 1 and 2 of some quantum number such as 

parity or isospin. The perturbation iJ^^-* breaks the block- diagonal structure. Although symmetry breaking is not 
fully compatible with diffusion in superspace, formula ( 3.14^ ) was found to apply to this caseE£3, too. Thus, it is valid 
beyond the diffusion model. 



3. Numerical and analytical results 



We follow the scheme mentioned in the introduction to Sec. IIIF and begin with the transition from regularity 
to chaos. Classical integrability may be destroyed when some system parameter such as shape, external field, etc., 
varies. Then, the structure of classical phase space changes and chaotic regions appear. Such change affects the 
fiuctuation properties of the analogous quantum system. Modeling this process is not trivial, however, since fiuctuation 
properties of regular systems are not generic. Therefore, the crossover transition may not have generic properties either. 
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Nonetheless, much work has been devoted to this problem. Poisson regular ity and har monic oscillator regularity have 



served as main examples of classically integrable systems, see Sees. |III B 2| and pi B 3 



Several scenarios have been used to study the transition from Poisson statistics to Wigner-Dyson (WD) statistics: 
(i) An ensemble of block-diagonal Hamiltonian matrices consisting of two blocks, one with Poisson statistics and the 
other taken from one of the three classical ensembles, will show a transition from Poisson to WD statistics as the 
ratio of the dimensions of the jEegular and the random matrix block changes from infinity to zero. Following work 
by MehtaO, Berry and Robnikt^S calculated a spacing distribution which describes this transition, (ii) An ensemble 
of Hamiltonians of the form ij'"^ + aH'^^^ discussed in the previous section where i/'-^-' is diagonal and the diagonal 
elements obey Poisson statistics, while H^^^ is a member of an ensemble of random matrices of proper symmetry. The 
transition parameter a defines the relative strength of H'^^\ On the unfolded scalei-the parameter X = a/D where 
D is the mean level spacing has to be used. The phenomenological Brody formulaE3 interpolates between the two 
limiting cases A = and A ^ 00 without being explicitly derived from the model, see Sec. Ill B 2| . (iii) Random band 
matrices where all matrix elements located beyond a certain distance from the main diagonal, vanish. For fixed matrix 
dimension and decreasing (increasing) band width, the fluctuation properties approach Poisson (WD) statisticsEZHl22l, 
respectively. These, the re l ated chain s of G aussian ensembleaild'Liil and otiier models involving crossover transitions 
are studied in Sees. VI D| , VIC and VIA, respectively, (iv) Moshe et aZJlla studied a rotation invariant ensemble 
which interpolates between Poisson and WD statistics. |— ■ l— ■ 

A large body of work exists on models of type (ii). Caurier et al!E3 and Lenz and HaakeO calculated the spacing 
distribution of two-dimensional matrix models. Numerical studies for time-reversal symmetric systems were presented 
in Refs. 143-146, For a small chaotic adjaixture, closed formulae were obtained analytically ixLjdifferent, but equivalent, 
perturbation schemes by French et aZ.E£j, by Leyvraz and SeligmarJlfZI, and by LeyvrazElfl for the transition from 
Poisson regularity to all three Gaussian ensembles. The exact computation of the two-point function for the entire 
transition has up to now been possible only in the unitary case. Unlike the GOE and the GSE, the GUE can be 
understood as a n inter action-free statistical model, cf. Eq. ( |6.79 ) of Sec. VI C 2| . This is reflected ii^-ttie fact that the 
diffusion kernel (3.13C) is known explicitly as the Haxish-Chandra-I tzykso n-Zuber inte gral. Lenztl^l calculated the 
correlation functions with the Mehta-Dyson methodE3. He used Eq. ( 3.131 ) in Eq. (3T) for = 2 and found a four- 
dimensional integral representation. His result contains a ratio of determinants which depend on the levcL_number. 
Unfortunately, this representation does not seem to be amenable to further analytical treatment. PandejtSlI worked 
out an e xact e xpression for the two-point function on the unfolded scale in terms of a double integral. Avoiding 
formula ( 3.13l| ) he used an exact formal solution of the Fokker-Planck equation in terms of representation functions 
of the unitary group U{N). Anot her exac t derivation of the two-point function on both scales, the origin al and the 
unfolded one, was given in Refs. 135,136 with the help of the supersymmetry method. Equation ( 3.148| ) gives the 
two-point function as a double integral for arbitrary initial conditions, and one simply needs to compute the proper 
initial condition of the Poisson ensemble. This can be done straightforwardly. Rather compact exact expressions 
for the fc-point functions on the original and the unfolded scale were given in terms of a 2fc-dimensional integral in 



Refs. 135,136 



Most of the concepts just discussed can be adopted to the transition from harmonic oscillator regularity to chaos. 
In the spirit of the Berry-Robnik procedure, one can write down a formula for the spacing distribution in a block- 
diagonal model. The transition in a model of the type + aH^^^ was simulated in Ref. 143. As in the case of 
the transition from Poisson reginlarity, analytical results for the two-point function for the entire transition are only 
available in the unitary case 
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For the breaking of time-re versa l invariance, the random matrix ensemble has to interpolate between the GOE 
and the GUE limits, see Eq. ( ^.13| ). This particular choice for the total Hamiltonian H is often referred to as the 
Mehta-Pandey Hamiltonian. In a perturbative_sch£me, analytical results for the two-point correlations and the level 



numbeE-vj 
PandeyB'l 



dance were given by French et al 
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Using the Harish-Chandra-Itzykson-Zuber integral, Mehta and 
derived exact analyt ical resu lts o n the original and on the unfolded scale in a pioneering study as early as 
1983. They employed Eq. (3.131) in Eq. (3.1) and found that the fc-level correlation function can be written as a fc x fc 
quaternion determinant. This expression reproduces the quaternion determinant in the GOE limit and reduces to the 
ordinary determinant in the GUE limi t. T he calculation benefits from this determinant structure which is absent in 
the Poisson to GUE transition. In Ref. 152 the result for the two-point function on the unfolded scale was reproduced 
by using the supcrsscmmetry method and the saddle-point approximation which leads to Efetov's non-linear a model. 
Pandey and Shuklall2j calculated all correlation functions of the corresponding transition in the circular ensembles. 

Symmetry breaking is stuidied in terms of the model defined in Eq. (3.149). Both numerical simulations and 
analytical results were reported in Ref. 137. The latter were derived for the unitary case and for equal dimensions 
of the symm etry-c onserving blocks. The supersymmetry technique was used which led to an integral representation 
of the type ( 3.14S| ). A generalization to the case where the blocks have different-dimensions is due to PandeyE£il. A 
detailed discussion in the framework of perturbation theory was given by Leitnert^. His work includes a surprisingly 
efficient formula for the spacing distribution. 
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A remarkable speed with which the Wigner-Dyson fluctuations are reached on short scales is common to all 
transitions discussed here. More precisely, as the transition parameter A = a/D increases, observables such as the 
spacing distribution p{s) become in almost all cases indistinguishable from the Wigner-Dyson expectation when the 
transition parameter is in the regime 0.7 < A < 1 or so. In the spectral long range observables, such as the level 
number variance Y?{L) and the spectral rigidity lS.^{L), one can identify, as a function of A, the maximal interval 
length iinax within which the fluctuations are of Wigner-Dyson type. This issue is very important in many-body 
systems and in disordered systems, it relates to the spreading width and to the Thouless energy. This discussion will 
be taken up in Sees. IV and VI. 

Finally, we mention a model which employs the concept of transitions in random matrix theory for a deeper 
understanding of classical and semiclassical systems. Aiming at an understanding, of how the the classical phase 
space in a mixed system manifests itself in quantum mechanics. Berry and Robnikli3 and later, in much more detail, 
Bohigas et alx^ constructed random matrix models whose block structure can be viewed as generalizations of certain 
transition models. This is discussed in Sec. VH. Formally, these models are in the spirit of the Rosenzweig-Porter 
modeS which was introduced as early as 1960. 



G. Crossover transitions in other observables 



Crossover transitions also affect the distributions of wave functions and widths. Most authors considered the 
transition from orthogonal to unitary symmetry, i.e. the breaking of time-reversal i nvaria nce. To obtain a family of 
distributions which interpolates between the distributions of the widths in Eq. ( 3.105 ) for the two limiting cases 
(3 = 1 and (3 = 2, one could simply view /3 as a continuous variable. This is mathematically possible. It is not 
clear, however, how to relate the continuous variable (3 to the strength-of an interaction which breaks time-reversal 
invariance. Another interpolating formula due to Zyczkowski and Lenzll£3 has similar shortcomings. 

A meaningful interpolating formula has to be derived from a Hamiltonian of the form H = H'^^^ + aH'^^^ where 
a must be a physically well-defined parameter. Such a derivation is non-trivial since the joint probability densities 
of eigenvalues and jSigenvectors of the randorn_matrix H factorize only in the two limiting cases a = and a = oo. 



Sommers and Iidall£3 and Fal'ko and Efetovt^ZI gave exact integral representations for the distributions of wave 
functions and widths which are valid for the entire transition regime. The s uper symmetry method is used in both 
works. Although equivalent, the starting points are slightly different. In Ref. 156, the full distribution of eigenvalues 
and eigenvectors in the transition regime was used, whereas in Ref. 157, the moments of the eigenvector distribution 
were calculated. | — , 

Fal'ko and Efetovt^j calculated correlations of wave functions of the type ( |3.116 ) in the crossover transition from 
orthogonal to unitary symmetry and found a surprising result. In the two limiting cases, the correlations at distant 
points in space vanish as expected. For (3 = \ and (3 = 2, the correlation functions become products of two Xp 
distributions. However, the correlations do not vanish in the transition regime. Recently, van Langen et al.li£j studied 
these unexpected long-range correlations by relating them to phase-rigidity fiuctuations of chaotic wave functions. 



H. Parametric level motion and parametric level correlations 



Do chaotic systems possess observables other than energy correlators or wave function and width distributions 
which also show a high degree of universality? This question, answered in the affirmative in recent years, is treated 
in the present section. In Sec. [II H 1, we summarize results on the motion of en ergy lev els whe n a par ameter of the 
system varies. The correlations associated with this motion are presented in Sec. Ill 112. In Sec. IIIH3, we discuss a 



generalization of the Gaussian ensembles, the Gaussian processes, which models these parametric correlations. 



1. Level motion and curvature 



WilkinsonE2 



studied a classically chaotic quantum system with Hamiltonian H(X) which is in the same symme- 
try class for all values of X. On the scale of the mean level spacing, the spectral ffuctuations of H{X) have the same 
statistics for all X and are given by one of the three Gaussian ensembles. However, both eigenvalues i?„ = En{X) 
and eigenfunctions depend on X . For a chaotic system, there is always level repulsion, in contrast to the regular case. 
Hence, a plot of the spectrum of H versus X shows many avoided crossings, see Fig. |l^. We consider the parameter 
X as a function of a fictitious time t, X = X(t). Suppose that at time t = 0, the system is prepared in a high-lying 
eigenstate of H{X{0)). Wilkinson showed that with increasing t, the occupation probability of eigenstates of H{X{t)) 



56 



X 



FIG. 16. The motion of eigenenergies as a function of an external parameter X. Many avoided crossings due to level 
repulsion can be seen, indicating that the level statistics at any fixed value of X is predominantly of Wigner-EJyepn type. This 
pict ure i llustrates results of a calculation for the hydrogen atom in a strong magnetic field by Goldberg et a/Ji£3. Taken from 

Ref. He^. 



spreads diffusively from the initially prepared state. The parameter k oc dX/dt measures the non-adiabaticity of the 
change of H. For small k, the diffusion process is governed by Landau-Zener transitions at the avoided crossings. 
The diffusion constant is proportional to where (3 labels the three symmetry classes. This reflects the power 

law of the nearest neighbor spacing distributions for small spacings. It is argued that, for large k, the diffusion is 
governed by Ohmic dissipation and the diffusion constant is proportional to k^, independent of the symmetry class. 

In recent, related work, Wilkinson and AustinE^^ 
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The statistics of the avoided crossings was worked out in Ref. 

found a diffusion constant proportional to for /3 = 1. This is in agreement with the Kubo formula (see Sec. VI C l| ) . 
However, there is a limiting value of beyond which the rate is lower. To test these results, these authors also 
performed numerical studies involving random band matrices. This study suggests that the trajiajtion mechanism is 



different from the above mentioned discussion. Simultaneously, Bulgac, Do Dang and Kusnezovt^j performed closely 
related studies. 

A useful local measure of the parametric dependence of eigenvalues is the curvature 



d^E„{X) 



dX^ 



(3.150) 



of the level motion. Indeed, \Kn\ takes large values at the avoided crossings. Several authorgl£ZI~E£j used Kn or related 
quantities to investigate the transition from regular to chaotic motion. Another measure is the distribution P{K) of 
curvatures. We drop the index n because P{K) must be the same for all eigenvalues. Gaspard ei-aLEIjilId investigated 
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P{K) in the fully chaotic .regjme. These authors used arguments involving the Pechukas gasllI3 and the generalized 
Calogero-Moser system 
universal and given by 1 

is due to level repulsion since roughly \K\ oc 1/s. The universal character of this result was numerically confirmed in 



113 to derive the asymptotic behavior of P{K) for large K. They found that this form is 
iiT 1*^+^. As in the case of the diffusion of occupation probabilities discussed above, this form 



Refs. 175-178 for several different systems. In studying the kicked top, Zakrzewski and DclandalI3 conjectured that 



the full distribution is given by 



P{k) = 



C/3 



(1 + fc2)(/3+2)/2 



(3.151) 



where the normalization constants read ci — 1/2, C2 ~ l/27r and C4 = S/Stf. The dimensionless curvature k - 
DK/TT(3{{dEn/dX)'^) is given in terms of the mean level spacing D and the mean square level velocity {{dEn/dX)^) 
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This quantity i s indep endent of the index n. Using the supersymmetry method, von Oppen 
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the conjecture ( |3.151 ) is indeed true. He used a random matrix model defined through the Hamiltonian 

H{X) ^ HiCosX + H2 sin X 



could prove that 



(3.152) 



in which both Hi and H2 belong to the same symmetry class. Several authors-iave stressed that at this point a 
caveat is in o rder: Second order perturbation theory yields an exact expressiontZj for the curvature (3.15C) in the 
model ( 3.152 ). Consequently, formula ( |3.15l| ) is universal only for those models which yield an equivalent expression 
for the curvature. The class of, in this sense, equivalent models, however, is obviously very large. Furthermore, the 
tail of the distribution is expected to be rather insensitive to the particular model because it is directly related to 
the spaci ng dis tribution. In numerical simulationS|-of| billiard systems, Li and Robnikll£2l found deviations from the 



formula (3.151). Recently, Yurkcvich and KravtsovliSa calculated analytically corrections to this formula 



2. Parametric correlation functions 



In contrast to the previous section we consider now two different points X and X' in the space of the parameter 
which governs the level motion. We study the correlation of En{X) and Em{X') as function of the separation in 
energy and in parameter value. For X — X' we have to recover the universal spectral correlations of RMT. New 
universal features can only be expected on scales on which the gross features of the system play no role, i.e. on the 
scale of the mean level spacing D. We therefore define the unfolded energies e„(X) = En{X)/D. We must also unfold 
the level motion. The appropriate scale is given by the velocity den{X) / dX . We define the new parameter 



' den{X y 
dX 



X 



(3.153) 



The average is performed either over the spectrum or, in an analytical calculation, over the en semble. We recall that 
the same average Js-used for the normalization of the curvature parameter k below Eq. (3.151). 

Goldberg et aZJl£3 introduced the parametric number variance as a probe of correlations between different points 
in parameter space. The cumulative spectral function or staircase function. 



N 

= ^e(e-e„(a;)) 

n=l 

serves to define the parametric level number variance 

v{x) = (^^{e,x — x/2) — r]{e,x + ^ 



(3.154) 



(3.155) 



which is obtained by averaging over both the spectrum (or the ensemble) and over the position of the midpoint x 
between two points in parameter space, keeping the distance x fixed. Note that v{x) is not directly related to the 
spectral level number varia nce S ^(L): At a: = 0, the function v{x) vanishes by definition. With increasing x, the two 
staircase functions in Eq. ( ^.155[ ) get more and more "out of phase". Hence, we expect that v{x) is a monotonically 
increasing function of x. 

Another natural measure of parametric level correlations is the correlation function of the velocity of a fixed 
eigenvalue £n taken at two different points x — x/2x + x/2 



c{x) 



d£n{x — x/2) dSnix + x/2) 



dx 



dx 



(3.156) 



This function was introduced by Szafer and Altshulerl]£j who studied a disordered electronie-system in the form of 
a ring threaded by a magnetic flux. Using diagrammatic perturbation theory, these authorst^ found that beyond a 
critical regime the correlator (3.156) becomes independent of any system properties and inversely proportional to the 
squared flux {x'^ in the present notation). Together with the investigations by Goldberg et al., this gave the first clear 
indication that|parametric correlations of level motion possess universal features. 

BeenakkeiiHa argued that it ought to be possible to extract ,saajch universal features fcam the standard concepts of 



Random Matrix Theory. Indeed, Dyson's Brownian motionll£j'E£3 and the Pechukas gasllI3 both model the motion of 
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levels as function of a fictitious time t. Beenakker studied Dyson's Brownian motion under the crucial assumption 
that t can be identified with th e squa re of the parameter which governs the level motion. He found that the smooth 
behavior in x of the correlator ( 3.156| ) is universally given by 



Cf3ix) 



for 



a; > 1 



(3.157) 



This confirmed the result of Szafer and Altshuler in the unitary case (3 — 2. The restriction x S> 1 i s not imposed 
by Dyson's Brownian motion model itself, but is only due to the particular method chosen in Ref. 185 to derive 
Eq. (3.157). Beenakker pointed out that the universality of his result confirms the fact that parametric correlations 
are dominated by level repulsion and thus uniquely determined by the symmetry class. The specific physical realisation 
of the parameter X is immaterial. In the unitary case, the result (3.157) was also obtained by Brezin and Zeeli^ who 
used a diagrammatic expansion. 

simultaneously derived exact expressions for the 
e/2 and £ + e/2, 



Within the supersymmetric a model, Simons and Altshuleill^I 
parametric density-density correlator at two different energies s 
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N 



kf3{e,x)^ ^ (^S{e ~ e/2 - en{x - x/2)) 

n,m—l 

S{e + e/2~e,n{x + x/2))'^ ~ 1 



(3.158) 



and the parametric current -current correlator at fixed energy separation 

1 



ci3{e,x) 



En,.r=i i^i^n {x - a;/2) - e„ (x + x/2)) - e)) 

den{x — x/2) dsmix + x/2) 



N 



n,m— 1 



U{sn{x-x/2)-e^{x + x/2))-e)- 



dx 



dx 



(3.159) 



density-density correlator 
metric non-linear a mode 
model in the spirit of Ref. 



The two correlators (3.158) and (3. 15£) are connected through a Ward identity. Hence, we restrict ourselves to the 

Simons and Altshuler studied a disordered system. They used Efetov's supersym- 



.1581 ) 

ia. They point out that the same results can be derived starting from a random matrix 
16|. The integral representations in the three universality classes read 



/+1 j*00 />OC 

d\ 1 dXi / dX 



(l-A2)(A-AiA2)2 



exp 



(2AAiA2-A2-A2-A2 + 1)2 
{2X1X1 ~ X^ - Xf- Xj + l) - ine+iX - A1A2) 



k2 {e,x) 



1 

-Re J dX J dXi exp 
1 



-{Xl-X^)-ine+iX-Xi) 



k,ie,x) = -Rel dxTdX^TdX^ ^ - ^1^2) 



1 J -I j-i (2AAiA2-A2-A2-A2 + l)2 
exp (-27r2x2(A? + A^ + A^ - 2A?A^ - 1) + j27re+(A - A1A2)) 



(3.160) 



where the energy difference e is given an imaginary increment. The symplectic case was worked out in Ref. 18£ 
X = CL-Efetov's integral representations of the spectral two-point functions^ are recovered. For /3 



For 



2, Beenakker and 

RejaiE£3 performed a calculation in the framework of Dyson' s Brow nian motion model which yields full agreement with 
the results of Simons and Altshuler. From the definition (3.159) it is obvious that for large x, the current-current 
correlator c{0,x) at zero energy separation has to approximate the velocity correlator c{x) defined in Eq. ( ^.156 ) 



Using the Ward identity mentio ned above, the result ( [3.157 ) can indeed be rederived. Repaxkably, no integral 
representation of the form ( 3.160| ) valid for arbitrary x could be derived for c{x) yet. Mucciololl£jil£il obtained cp{x) 



1) and unitary (/3 = 2) symmetry. He used random matrices 



by extensive nume rical simulations for orthogonal 
of the form (3.152). The results are shown in Fig. nTl 

Just as its spectral analogue, the parametric level number variance can be expressed in terms of the two-point 
function, 



59 



1.0 



0.5 



0.0 



-0.5 




0.0 



0.5 



1.0 
X 



1.5 



2.0 



FIG. 17. The parametric velocity correlators C0{x), obtained from numerical simulations. The solid line is the GOE result 
{(3 — 1), the dashed line is the GUE result {(3 — 2). The curves have a very small numerical error. Taken from Ref. 19C. 



V0{x) ~ 2 lim 



de 



de' {kp{e' , x') — kp{e' , x)) 



For small values of x, these integrals can be worked out. For the unitary and the orthogonal case, one finds 

'2. 



V0{x) 



for 







(3.161) 



(3.162) 



For larger values of x, the parametric level number variance can be obtained by numerical integratio n of Eg. (3.161). It 



turns out that vi{x) and V2{x) begin to differ. A discrepancy with the semiclassical formula in Ref. 162 was attributed 
by Simons and Altshuler to the failure of the semiclassical method for small x. 

The results derived within the supersymmetric non-linear a model give the most general proof of the universali ty of 



parametric correlations. Although experiments and numerical simulations have verified this universality, see Ref. 192 
deviations have also been found. 

Naturally, the question arises whether observables involving the wave functioiis-|also possess universal features. 
Using the Gaussian processes discussed in the following section, Attias and Alhassidli2j studied the normalized energy- 
dependent parametric overlap of wave functions ^„(r, x) at different values of the dimensionless parameter a;. 



0(3{e,x) 



1 



Y.n,^^i {6{en{x - x/2) ~e„Xx + x/2)) - e)) 



N 



<^|(V'„(f,x-x/2)|^„(r,x + x/2))|2 

^,771—1 

d{enix ~ x/2) - Sm{x + x/2)) - e)^ 



(3.163) 



With the supersymmetry method, exact expressions were given for /3 = 1 and (3 = 2 and compared to numerical 
simulations of the Anderson model. In the orthogonal case and for zero energy separation, the overlap is Lorentzian. 



As £ increases, tl 
Mucciolo et al. 
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hape changes, and the peak moves from x = to larger values of x. 

also studied the dependence of wave functions in the chaotic regime on a parameter, using the 



full joint distribution function 
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Wf3(a,a,X) = (^S{a ~ a/2 -V\iJn{r,x - x/2)\'^) 

S{a + a/2 ~ V\iJn{r,x + x/2)\^) 



They showed that in the hmit of small a;, this distribution has asymptotically the universal form 

1 



wi3{a,a,X) ~ Pfiia) 



2-KX\fa 



2-KX\fa 



for 



a; ^ 



(3.164) 



(3.165) 



where is the distribution defined in Eq. (3.105). The function is also universal and depends only on the 
symmetries of the system. In the unitary case, the function was given explicitly. 



3. Gaussian random processes 



The universality of the parametric correlation functions suggests the existence of a proper generalization of the 
Gaussian ensembles. This generalization should lead naturally to the parametric correlation s. In t he contextpof 
parametric level motion, and for numerical simulations of the diffusion constants discussed in Sec. Ill H 1 , WilkinsonMll 



introduced a parameter dependence in the GOE. Let the Gaussian distributed white-noise matrices WnmiX) have 
zero mean values and a second moment given by 



(3.166) 



A parametric dependence of the random Hamiltonian H can then be defined by convoluting these white noise functions 
with a smoothly varying function h{X), 



+ 00 



HnrniX)^ / Wnm{X')h{X - X')dX' 

For the second moments of the matrix elements this yields 



(3.167) 



)f{X-X') 



f{X) = 



+ 00 



h{X - X')h{-X')dX' 



(3.168) 



The function f{X) is translation invariant-bjy construction but*ot necessarily symmetric in X. In studying related 
questions in a different context, Ko et aLt£a and Brink et aZJi^ had earlier introduced distributions defined by an 



equation similar to Eq. (3.168). In these cases, however, the function f{X) had an additional dependence on the matrix 
indices, leading to a band structure of the matrices. More recently, related studies have been performed by Bulgac et 
From the point of view of statistical mechanics, the introduction of the dependence on such a parameter X 



L6f 



in Eqs. (3.166) and (3. 168) is tantamount to the introduction of another dimension: The zero-dimensional Random 
Matrix Theory becomes one-dimensional. In Sec. VII A 1 , we discuss a related important process, the free propagation 

of a time-dependent random matrix. i .. 

A suitable unifying generalization of Wilkinson's ideas was introduced by Alhassid and Attiaal£3ll£j in the form 
of the Gaussian random process. Let H{X) denote matrices of dimension N, with volume element d[H{X)], which 
depend on the parameter X. For all X, the matrices belong to the same symmetry class labeled by f3. The Gaussian 
Orthogonal, Unitary and Symplectic Processes, GOP, GUP and GSP, respectively, are defined through the probability 
density 



P{H{X)) (xexp(^-^ J dX J dX'trH{X)K{X,X')H{X'] 



(3.169) 



where K{X,X') is a scalar function. Since the distribution is Gaussian, it is completely determined by the first two 
moments 



Hnm{X) — 



H^„,{X)H^'„AX') = —f{X,X')gp,r. 



(3.170) 
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where gi.nm n'm' = {Snn'Smm' + Smn'Snni') in the ortho gpnal and g2,nmn'm' = '^5nm'5n'm, in the unitary case. Equa- 
tion ( 3.170| ) bears a close formal relationship to Eq. ( 3.168| ). It is assumed, however, that / be both translation 
invariant and symmetric, f{X^X') = f{\X — X'\), and that /(O) — 1. This implies that K{X,X') also obeys 
K{X,X') = K{\X — X'\). The kernel K and the function / are related via their Fourier transforms K{k) and f{k) 
by 



K{k) = l//(fc) 



(3.171) 



All Gaussian processes can be constructed from the elementary Gaussian process defined by the white noise weight 
functions 



f{X - X') = S{X - X') and K{X - X') = S{X - X') 



(3.172) 



The elementary Gaussian process formally includes also the case of a Gaussian white noise potential. To see thi s, we 
inter pret t he parameter X as the d-dimensional position vector and insert the Fourier transform of Eq. (3.171) into 
Eq. ( 3.169| ) for matrix dimension = 1. 



As an illustrat. 
Gaussian procesal^ 



we present one of the examples given in Refs. 197,193. We consider the Ornstein-Uhlenbeck 



K{X - X' 



/(A)-exp(-7|A|) 



dx"^ 



and 
6{X 



X') 



(3.173) 



where 7 is a positive constant. If the parameter X is identified with time t, t he weight functions ( |3.17S ) lead to 
the action of a freely propagating matrix with quadratic potential, see Eq. ([7.6|). Naturally, both the physical and 



193 



197, the 



mathematical significance of X can be very different for different choices of weight functions. In Refs. 
relationship between the Ornstein-Uhlenbeck process and Dyson's Brownian motion model is also discussed from the 
viewpoint of Gaussian processes. 



IV. MANY-BODY SYSTEMS 



We deal with self-bound systems consisting of several or many particles which interact through two-body forces. 
In the case of atomic nuclei, the particles are nucleons and in the case of atoms and molecules, they are ions and 
electrons. We can cover only a small fraction of the enormous wealth of published material. Atomic nuclei display 
considerable complexity and have been studied extensively. This is why we put emphasis on this field which is 
discussed in Sec. IVA, while atoms and molecules are the subject of Sec. IVB, Some general questions arising in the 



context of many-body systems are addressed in Sec. IV C 



A. Atomic nuclei 



Medium-weight or heavy nuclei are complex many-body systems par excellenc£^K^. A nucleus with mass number 
A = N + Z contains N neutrons and Z protons. The size of a nucleon and the average distance between the nucleons 
are both about 1 fm. The range of the strong interaction is also of the order of 1 fm. The energy scale is MeV (Mega 
electron volts). 

As outlined in the Historical Survey, the high complexity of nuclei prompted the introduction of statistical concepts 
already in the early days of nuclear physics. This eventually led to Random Matrix Theory. This development 
has had enormous impact on statistical many-body physics at large. To prepare the ground for the introduction 
of statistical conc epts, w e pr esent in Sec. IVAl a very brief introduction into the most essential aspects of nuclear 
physics. In Sees. IV A 2| and IV A 3, we collect, respectively, the evidence for random matrix properties of spectral 
fluctuations, and data on the distribution of scattering parameters and widths. All theoretical models for the nucleus 
are effective, i.e., do not start from the basic nucleon-nucleon interaction. Thus, it is important to see whet her the 



fluctuation properties displayed by the data are also borne out in model calculations. This is discussed in Sec. IV A 4 



In Sec. [VA5 we summarize some of the work which employs Random Matrix Theory as a tool to obtain upper 



bounds or values for the strengths of invariance- and/or symmetry-breaking forces. 

The are numerous reviews on Random Matrix Theory in nuclear physics. We mention Refs. ^,200,25 201 IS. 202-205 
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1. Basic features of nuclei 



The cross section for the elastic scattering of slow neutrons on heavy nuclei displays sharp resonances with widths 
ranging from about 3 meV to 1 eV, and with spacings of about 10 eV, see Fig. |[ These resonances cannot be due to 
a single interaction between the incident neutron and a target nucleon. Indeed, a straightforward estimate shows that 
the inverse reaction time for such a two-body collision yields a value for the resonance width which is in the MeV 
range. The small observed widths correspond to much longer interaction times. This requires that many nucleons in 
the target participate in the reaction, and that each resonance has a complex wave function. While it may thus be 
difficult to account for the properties of individual resonances, the average of the cross section over many resonances 
can be obtained by the following statistical argument. The available energy is assumed to be spread uniformly over 
all participating nucleons in such a way that the target nucleus and the incident neutron together form a new system, 
the compound nucleus. This system equilibrates and loses memory of its mode of formation before it decays. As a 
consequence, formation and decay of the compound nucleus are independent processes. This is the essence of Bohr's 
picturell3 of the compound nucleus. 

The picture yields a formula for the average cross section (crab). The incident channel (in our example, the slow 
neutron) is denoted by a. The average probability for formation of the compound nucleus from the incident channel 
is given by the transmission coefficient Ta- The decay of the compound nucleus into other channels c is likewise 
governed by associated transmission coefficients Tc- Depending on the available energy, c may stand for an inelastically 
scattered neutron, a proton, an a particle, etc. In Bohr's statistical picture, {uab) is proportional to TaGb where Gb 
is the probability for the decay into channel b. Since the nucleus has to decay into one of the A open channels, we 
have Gf> = 1- Oil the, other hand, Gb must be proportional to Tb- Thus, Gb = Tb/ ^^^-^Tc- This yields the 

Hauser-Feshbach formulc£23, 

{'Tab) = • (4.1) 

Kinematic factors have been absorbed in the constant Ckin- i— i 

These stochastic concepts received strong support when in 1966 Ericsoncil showed that the nuclear cross section can 
be viewed as a random variable. His ideas apply in the regime where the average resonance width is much larger than 
the mean level spacing, i.e. in the regime of strongly overlapping resonances. At any one energy, the cross section 
is due to the superposition of many resonances. If each resonance contributes a random amplitude, the cross section 
fluctuates randomly versus energy. Minima and maxima are not related to individual resonances. Nevertheless, the 
cross section is fully reproducible. Therefore, the fluctuations do not represent white noise, but internal stochastic 
behavior of the compound system. 

Prior to Ericson's observation, the discovery of shell structure in nuclear binding energies had led to quite different 
a picture of the nucleus. At certain values of the neutron and proton numbers N and Z, the nuclear bindingpenergy 
displays maxima. As in atomic physics, these maxima can be explained in the framework of a shell modelEHj. In 
contrast to the atomic case, a strong spin-orbit force has to be invoked to describe the data. In the nuclear shell 
model, each nucleon moves independently in a mean field U generated by all other nucleons. The Hamiltonian takes 
the form 



H = J2 iT{k) + U{k)) + H,,, 

k=l 

A 

H,,, = Y,W{k,l)~Y.U^^) ■ (4-2) 

k<l k=l 

Here, T(fc) is the kinetic energy and W{k,l) is the two-body interaction between nucleons k and I. The difference 
i/rcs between the true two-body interaction and the mean field is referred to as the residual interaction. (This 
picture is oversimplified and does not account for the strong repulsion between pairs of nucleons.) The model is very 
successful in accounting for the low-energy spectra of many nuclei, particularly when the residual interaction is chosen 
phenomenologically. In the space of Slater determinants of shell-model states, the Hamilton matrix acquires a highly 
complex structure, making it a well-suited object for a statistical approach. In this basis, the matrix elements of 
-ffics have a nearly Gaussian distribution. This fact links the shell model to the random matrix approach to nuclear 
reactions. 

Nuclei are capable of yet another type of motion. This was discovered shortly after the emergence of the shell 
model. A nucleus can be viewed as a piece of dense but elastic matter with spherical or ellipsoidal shape. This object 
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can vibrate and, in the case of deformation, rotate. Collective modes, the quantal manifestations of such motion, 
occur in many nuclei. The minimum rotational energy E{I) a nucleus must have for a given total spin / defines a 
lower bound for its total energy E. In the {E, I) plane, the curve of E{I) versus / has parabolic shape. It is called 
the yrast line. This curve defines rotation without inner excitation ("cold rotation"). Excitations heat up the system. 
On the yrast line, the collective motion decays through the emission of electric quadrupolc {E2) radiation. A state of 
spin / on the yrast line decays into a state of spin 1 — 2, and so on. States connected by a sequence of such strong E2 
transitions form a rotational band. Near the yrast line, the members of a rotational band are characterized by the K 
quantum number. This is the projection of the intrinsic angular momentum (caused by single-particle excitations) 
onto the symmetry axis of the deformed nucleus. Collective excitations often follow an easily predictable pattern, 
leaving little room for the kind of stochastic behavior modeled by random matrices. 

Collective excitations at low energy and low angular momentum values are often modeled in terms of the Interacting 
Boson Model (IBM)E03. Due to the strong pairing force in the nuclear Hamiltonian, pairs of protons or of neutrons 
couple to bosonic pairs which form the basic ingredients of the model. In its basic version, the model contains Bosons 
with spin zero (s Bosons) and Bosons with spin two (d Bosons). For nuclei with even A, the IBM Hamiltonian is 
solely expressed in terms of these Bosons. Nucleons do not appear. The Hamiltonian has the form 

H = coud + ■ Q"" + ciP . (4.3) 

Here L is the total angular momentum operator and cq, ci and C2 are parameters. The operator Ud counts the 
number of d Bosons. The quadrupole operator models the deformation of the nucleus. It depends on a parameter 



X- The Hamiltonian (4.3) possesses a U(6) and an 0(3) symmetry, corresponding to the conservation of Boson number 
and angular momentum. Three different group chains connect U(6) with 0(3). Each chain represents a dynamical 
symmetry which is realized in the Hamiltonian ( [4.3[ ) for a certain choice of parameters. Physically, these dynamical 
symmetries correspond to vibrational, rotational and deformation-instable nuclei. Every IBM Hamiltonian describing 
a real nucleus corresponds to a point in the space of parameters of the IBM. The IBM can be viewed as a mapping 
of the space of shell-model Slater determinants onto a — drastically smaller — sub-space spanned by bosonic wave 
functions. 

In summary, independent-particle motion with coupling through the residual interaction, collective modes due to 
deformation, and a stochastic approach form the main ingredients of nuclear theory. These elements have different 
relative weights at different excitation energies and mass numbers A. 

For the statistical analysis, the concept of the spreading width has proven very useful. We consider a nucleus 
modeled by a Hamiltonian H = Hq + V . The first part, TJq, describes the sub-system which is pure with respect 
to symmetries, invariances or other properties. The second part, V , is a perturbation which destroys this property. 
For example, Hq conserves time-reversal invariance and V breaks it, or, Hq models purely collective motion while 
V contains single-particle excitations. The influence of the perturbation can most conveniently be measured if the 
eigenbasis of is taken as the "reference frame". As V increases, an eigenstate of H spreads out, starting from an 
initial eigenstate of i/o- The averaged energy scale of this spreading in the spectrum can be shown to be given by the 
spreading width 

r = 2n^—l (4.4) 
Do 

where Dq is the mean level spacing due to Hq and (V^^) is the mean square perturbation matrix element. The spreading 
width F should not be confused with the decay width of an open quantum system. It is conceptually closely related to 



the Thouless energy which is used in condensed matter physics, see Sec. VI. The spreading width is frequently used 
to characterize the strength of a perturbation V . This is done because F, in contrast to both the matrix elements of V 
and _ffo, depends only very little on excitation energy or mass number. Indeed, decreases essentially exponentially 
with excitation energy K_and the same is true for {V'^) because the complexity of eigenstates of grows strongly 



with E. It can be shownll3 that these exponential dependences cancel in the ratio F of Eq. (4.4) 



2. Spectral fluctuations 



Data of sufRciently high quality to test spectral fluctuations in nuclei are available only in restricted energy windows. 
It is crucial that sequences of levels of the same spin and parity be complete (no missing levels) and pure (no levjck-jwith 
wro ng quan tum numbers). Spectra which contain levels of all spins and pariliesi^jpeLd a Poisson distributionE23c2j, see 
Sec. HI B 5 . OnCpSuch window is defined by the scattering of slow neutronaj'ElEl'cij, see Fig. ||, and of protons at the 
Coulomb barrierEij. Earlier than in other areas of physics, the energy resolution and the size of the data set attained 
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FIG. 18. Nearest neighbor spacing distributions and cumulative spacing distributions for all levels in six different regions 
of the nuclear mass parameter A. The dashed lin es sh ow the behavior for the Poisson distribution, and the smooth solid lines 
show it for the Wigner surmise. Taken from Ref. 222, 



here were sufficient for a statistical analysis. In 1982, Haq, Pandey and BohigasEj analyzed the set of 17,26, p^lear 
spacings-then available from such data. This "nuclear data ensemble" is a combination of data on neutronEl^'Ela and 
protonEiS resonances. For neutrons, about 150 to 170 s wave resonances per nucleus located typically about 9 MeV 
above the ground state, contribute to the ensemble. For protons, the sequences consist of 60 to 80 levels per nucleus. 
After separate unfolding, the sequences were lumped together and analyzed. Remarkable agreement of both spacing 
distribution (see-Fig. [T]) and spectral rigidity with GOE predictions was found. Three- and four-level correlations 
also agree wellEHl. Recently, Lombardi, Bohigas and SeligmarO a nalyzed the spectral two-level form factor of the 
nuclear data ensemble and applied the GSE test discussed in Sec. IIIB6. Again, consistence with random matrix 
predictions was found. 

Another window for a test of spectral fluctuations exists in the ground-state domain. This region was first in- 
vestigated by Brody et a/.Eia who found same evidence for GOE-like behavior. A much more detailed study is due 

219|, 22r 



to von Egidy, Behkami and SchmidtEi3E£j. The data set of this analysis consists of 1761 levels from 75 nuclides 
between ^°F and ^^"Cf. The set is obtained from the analysis of (n,7) reactions. The data are separated into pure 
sequences. The combined nearest neighbe*. spacing distribution lies bet ween a Poisson distribution and the Wigner 
surmise. Abul-Magd and WeidenmiillercHll divided the data set of Ref. ^19| into a number of groups and analyzed 
the spacing distribution and the spectral rigidity within each group. It was found that the collective states with spin 
J and parity tt values of = 2+ and 4+ in rotational nuclei show Poisson characteristics whereas the fluctuations 
of the remaining levels are much-closer to GOE predictions. A more complete study along similar lines is due to 
Shriner, Mitchell and von EgidycH3. These authors analyzed a data set of 988 spacings from 60 nuclides for which 
the level schemes are believed to be complete in an energy interval starting with the ground state, and over some 
range of angular momentum values. The results show a strong mass dependence. The spacing distributions of the 
lighter nuclides are close to GOE while those of the heavier ones are closer to a Poisson distribution, sec Fig. This 
suggests that the coupling of independent particles by the residual interaction generically leads to GOE behavior, and 
that collectivity is the origin of Poisson statistics. Further support for this hypothesis comes from the investigation of 
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spin and shape effects in Ref. 222, although the number of states available was rather small. The spacing distributions 
of the 2+ and 4+ states in heavier and deformed nuclides (where collectivity is strongest) are close to Poisson while 
those of the 0+ and 3+ states in the same nuclides and the 2+ and 4+ states in spherical nuclides are-close to GOE. A 
Poisson distribution would be expected for a superposition of states with different quantum numbers^, see Sec. [II B E . 
Candidates for such unidentified conserved quantum numbers are isospin T and the K quantum number introduced 
in the previous section. Howev er, even a weak breaking of the symmetry associated with T or K quickly leads to 
GOE statistics, see Sec. [IIP 3. In the data of Shriner et al. there is a hint towards an interuption of the gradual 
transition from Wigner-Dyson to Poisson statistics in the mass region 180 < A < 210. Abul-Magd and SimbelEHj 
argued that this could be related to the occurence of oblate deformation in this mass region. 

Another window exists in deformed rare-earth nuclei with mass numbers A between 155 and 185. 



In contrast to 



the cases 
co-worker; 



d above, the data are taken near the yrast line and contain much highewpin values. Garrett and 
analyzed 2522 level spacings. Very recently, the analysis was extendedc23 and includes now 3130 
spacings. The average spacing was calculated for the total ensemble, before dividing it into pure sequences of fixed 
spin and parity, because the properties of the deformed nuclei in this mass region are known to be similar. The 
authors state that, for this and other reasons, the usual method to determine the average spacing for individual pure 
sequences can be replaced by this procedure of combining the sequences in the yrast region. The resulting spacing 
distribution is the closest to a Poisson distribution yet obtained except for a statistically significant suppression of 
very small spacings. It is argued that this suppression indicates that K is (nearly) a good quantum number for the 
low-lying states in deformed rare-earth nuclei. 

Little is known about the spectral fluctuations of jiidisadual nuclei. The most complete data sets-available are 
probably the ones for ^^Al, analyzed by Mitchell et aLE2Zlu2j, and for ^^^Sn, analyzed by Raman et aLE2j. The results 
for ^^Al are important for the study of symmetry breaking and are discussed in Sec. IV A 5. The authors of Ref. 229 
present an almost complete level scheme of ^^^Sn from the ground state to a maximum excitation enecgjj of 4.3 MeV. 

applied the 



The resulting spacing distribution lies b etween a Poisson and a Wigner distribution. Bybee et aVE^ 
correlation-hole method (see Sec. IIIB4) to spectra of '"^^Co and ^^^Er. However, these authors conclude, that the 
limited sample size of their data yields ambiguous results whereas the spacing distribution and the spectral rigidity 
are statisti cally mo re significant. 



In Refs. 225,226 



it 



is attempted to draw a coherent picture of the results summarized above. In the work of 
Refs. 224,225, the value of the mean level spacing, D = 297 keV, considerably exceeds the typical size of the interaction 
matrix elements, l^nt < 35 keV, between the states. Thus, the fluctuations are expected to be close to Poisson. For 
small spacings s < 70 keV/I?, a deviation from the Poisson distribution is seen becaus e he re s is comparable with 
Vi^a/D. The other extreme is provided by the nuclear data ensemble analyzed in Refs. ^,217,B4[ Here, the mean level 
spacing D is much smaller than a typical interaction matrix element, D <^ Vint- The states are strongly mixed and the 
fluctuations are GOE. In the case of ^^^Sn, the mean level spacing D = 110 keV is comparable with the interaction 
matrix element Vint , causing the spacing distribution to lie between the Poisson and the Wigner distribution. Figure 
shows the three windows in which the aforementioned data were taken. This interpretation suggests a statis tical m odel 
of the type i/^^-' + aH^-^^^ where T?'"' and ij'^' model Poisson and GOE fluctuations, respectively, see Sec. Ill F . The 
parameter A = a/D is of the order of Vint/D- 



3. Resonances and scattering 



Aside from the resonance positions, data for resonance reactions als o yield partial and total widths. RMT predicts 

Prior to a comparison of data with this 



the distribution of partial widths to be of Porter-Thomas form, see Sec. [HE 1 



prediction, it is necessary to remove the penetration factors due to the Coulomb and/or angular momentum barriers 
from the measured partial widths. Early experimental evidence f or th e validity of the Porter-Thomas distribution 
for the resulting "reducedil— widths is summarized in Refs. ^ and 200, Later, the distributions of reduced widths 
for neujt*QiiEi3 and protonE^ resonance data were shown to be consistent with the Porter-Thomas law. However, 
Harneyn^HI pointed out that a statistically sign.ificant test requires many more data than were available at the time. 
Therefore, Shriner, Mitchell and BilpuchE^'E^^ used another statistical observable. The Porter-Thomas distribu tion 
for the reduced widths results from the Gaussian distribution for the reduced width amplitudes, see Sec. IIIEl, and 
that latter distribution is tested. With n the running index of a set of resonances, the reduced width amplitudes jna 
and jnb for two different channels a and b are taken as two data sets. If two sets {xi, . . . , xn} and {yi, . . . , i/n} have 
a Gaussian distribution, the linear correlation coefficient 



{y)y 



(4.5) 
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FIG. 19. The range of excitation energies Ex and angular momenta / associated with the three data sets mentioned in 



the text. The point in this diagram from which the levels for the nuclear data ensemble are taken is labeled with— ^ 



The shaded area labeled "^^^Sn" indicates the area in the plane from which the data for thie-anftlysis of Raman et al. 
gathered. The shaded area d esign ated "present work" refers to the analysis of Garrett et alE2jnE3. The yrast line is shown 
a solid line. Taken from Ref. 22t 



Jaq". 

were 



has the property p{x ,y-) — p {x^y). This test is far more sensitive than a comparison with the Porter-Thomas 
law because it involves the joint moments of the partial width amplitudes 7„a and 7„f, and, thus, the relative signs 
of the amplitudes. This information was provided by the analysis of interference phenomena in the exit channels in 
proton-induced reactions. The analysis yields a statistically significant confirmation of GOE predictions. 

The successful analysis of the distribution of the positions and widths of well-resolved isolated resonances in terms of 
the GOE implies that compound nucl eus sc attering itself is a stochastic process and can be modeled by the stochastic 
scattering problem introduced in Sec. Ill D. It is assumed that this modeling applies not only in the domain of isolated 
resonances but also at higher energies where resonances overlap. Apart from kinematic factors, the compound nucleus 

and the fluctuation 



HID 



cross section is then given by the square modulus of the scattering matrix in Eq. ( |3.94 ) of Sec. 
properties of compound nucleus cross sections can be predicted. The history of this problem is mirrored in the reviews 
in Refs. pOO|p^Jl^ . For a long time, only perturbative solutions were available, valid either for small or for large values 
of the ratio Y jD. Herci—T is the average total width of and D the mean spacing between resonances. Use of the 
supersymmetry methodCj made it possible to work out the fluctuations of the scatterin g matr ix in all regimes, from 



isolated resonances to the Ericson regime of strongly overlapping resonances, see Sec. [II D 2 



The result is also of 
The leading term of 

an expansion po£, the result in inverse powers of X]c=i -^c yields the Hauser-Feshbach formula (4.1). Nishioka and 



practical use. An example is the application to reactor physics at low energies, see Ref. 235 





WeidenmiillerE23 showed that direct reactions can easily be included in the formalism. 

The use of the GOE in this model for compound nucleus scattering implies that the internal equilibration time 
of the nucleus is small in comparison with the decay time Ti/T. This is true at low incident energies. However, in 
reactions induced by light ions, hjV decreases strongly with energy and becomes comparable to the equilibration 
time for incident energies higher t han 10 MeV or so. Then, the compound nucleus can decay before it is completely 
equilibrated, and the model of Sec. HI D 2 must be extended to account for this fact. This is done by using the nuclear 
shell model and dividing the compound system into classes of states. Each class comprises states with fixed particle- 
hole number and is represented by a random matrix. Owing to the two-body character of the residual interaction, only 
neighboring classes are coupled. This coupling is also modeled by random matrices. The total Hamiltonian is theiua 
band matrix whose entries are randc 
and Feshbach, Kerman and Koonin 



uLinatriccs. FoUowixm' earlier work by Agassi, Weidenmiiller and MantzouranisL^il 
Nishioka et a/E23 succeedeiin calculating the average cross section for this 
model. They used the supersymmetry method and a loop expansionElj. The strong breaking of rotation invariance in 
Hilbert space of this random matrix model amounts to the introduction of a dimension. This is why this model later 
became important for mesoscopic systems, see Sec. VIC 3. The ideas used in the model have been tested perhaps 
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most stringently in nuclear reactions with isospin mixing, see Sec. IV A 5. 

Another approach to compound nucleus scattering considers the scattering matrix itse lf as th e basic random entity 
and uses the maximum entropy approach to determine the fluc tuation properties, see Sec. Ill D 2 . The random transfer 
matrix technique used in mesoscopic physics (see Sec. VI C 2) can be viewed as an extension of this approach. 



4- Model systems 



As mentioned above, it is important to test whether spectral fluctuation properties predicted by various nuclear 
models correctly reproduce the properties of nuclei reviewed in the last two sections. This is true, in particular, 
because all models of the nuclear many-body problem are effective models based on mean-field approaches. 

There are numerous studies of spectral fluctuation properties within the nudear shell model. Early work is reviewed 
in Ref. We only mention the studies of Soyeur and Zukeifelil and of WongH13 which date back to the early seventies. 
The former authors found good agreement of the spin J — 2 states in ^''Mg with the Wigner surmise. Wong calculated 
spectra including several J values whose smeing distributions follow the Poisson law. We can also mention only a few 
of the recent results. Ormand and BrogliaE13 performed realistic shell-model calculations for light nuclei in the mass 
region 20 < A < 35 and for *^V. Very good agreement of the spacing distribution and the spectral rigidity with the 
GOE prediction was f ound in the region near the ground state. However, in these calculations isospin conservation 
was assumed, see Sec. [V A5 . i — . 

The influence of the mean field was investigated by Drozdz et aZHij in the spectrum of two-particle two-hole 
states. As expected on general grounds, there is no level repulsion within a pure mean-field approach. GOE type 
fluctuations occur when, tha rn sidual interaction is switched on. Level repulsion arises from particle-hole re-scattering 
effects. Zelevinsky et a/£2a'Bl3 calculated spectra of light nuclei as a function of the strength of the residual interaction. 
A relatively weak interaction suffices to produce a Wigner type spacing distribution. This is agreement with the RMT 
expectations, see Sec. IIIF. 



The distribution of the amplitudes of shell-model wave functions in a fixed basis has also been coHipared to the GOE 
predictionlla. In the ground-state domain. Whitehead et a/.El3 and Verbaarschot and Brussaardc£3 found deviations 
from the Gaussian behavior predicted by the GOE. The single-particle states within a major shell are not completely 
degenerate. The splitting of th£_£Lingle-particle energies counteracts the mixing of states by the residual interaction. 
Interestingly, Whitehead et hLlIj set up a random matrix with ja—block structure in the spirit of the Rosenzweig- 



Porter model to be discussed in Sec. 



IVBl 



Brown and BertschEla showed that the distribution of the amplitudes 
becomes Gaussian at higher excitations where the level density is larger. It was also argued by Zelevinsky et aZ.El: 
that calculations with degenerate single-particle energies yield GOE features at lower energies than models wiich are 
believed to describe the nucleus in a more realistic fashion. A discussion can be found in Zelevinsky's reviewlHSj. The 
decay in time of the compound nucleus has 
RMT predicts pxi^onpntial (algebraic) decay 



rx]jion 

gg52|£53 



>e>-been the object of several studies. For many (few) open channels, 
25C|,g5]j^ respectively. This was compared with model calculations in 



various regime; 

T he inter play between collective motio n and s ingle-particle effects can ideally be studied in hot rotating nuclei, cf. 
Sec. [VAl, The results reviewed in Sec. IV A 2 suggest that collective motion is likely to yield Poisson or hacHionic 



oscillator statistics whereas single-particle effects should lead to GOE behavio r. Revi ews were given by AbergE^ and 
D0ssing et a/.E££l. Rotational bands exist not only near the yrast line (see Sec. I V A 1 ) , but also at excitation energies 
of a few MeV above it. At these energies, the rotational bands are mixed by the residual interaction. Thus, a state 
with spin / does not decay into a single state of spin / — 2 within the same band, but into several or even many states 
with spin / — 2. This phenomenon is referred to as rotational damping and is characterized by a spijcading width, see 



Sec. IV A 1 



Experimental and theoretical evidence for rotational damping was given by LeanderE^ as early as 19^- 
Numerous investigations have since been, added . We only mention the work of Lauritzen, D0ssing and BrogliaE£3. 
The picture was confirmed experimentallyr^^r^^. Guhr and WeidcnmlillcrlilS interpreted rotational damping in terms 
of the random matrix model H'-^^ + aH'^^^ discussed in Sec. [II F. The collective part, modeled by H'^'^\ is chosen to 
have a Poisson or harmonic oscillator spectrum. The mixing is raadeled by H^^'^ which is drawn from the GOE. The 
influence of the perturbation rises with excitation energy. Abergt£3 .addressed the same issue iurSugtill schematic but 



more realistic model and obtained similar results. Person and AbcrgllJ and Mizutori and Abergtl^ studied a random 
matrix model based on Aberg's approach. They idcntiflcd a critical scale Lmax m the energy spectrum. Below this 
scale, the long-range correlations of levels are of GOE type and above it, they become Poisson-like. This length 
scale is related to the spreading width or "energy localization length" of the wave functions. The problem is similar 
to problems in disordered systems, see_S£c. |VIF|. In the random matrix model H'^'^^ + aH'^^^ with ff(^) Hrawn from 



the GUE, Guhr and Miiller-GroelingEEiJ studied such a critical length analytically. D0ssing et a/.E£3l££3 discussed 



microscopic models of rotational damping and compared with GOE predictions. 
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Various studies address single-particle motion in deformed potentials. This motion_m 



many works on this subject, we mention, inter alia, the 
and semiclassical aspects. Milek, Norenberg and RozmejE^^ 



itself be chaotic. Of the 
irly papers by Arvieu et aZ£H3'lfH3 which focus on classical 
I studied a two-center shell model. Such a model is used in 
the theory of nuclear fission. It describes the separation of a spherical nucleus via deformation and formation of a neck 
into two separated spherical nuclei. Poisson-like spacing distributions were found in the two limiting cases. When a 
neck is formed and rotg ^tiO i ua) symmetry is broken, the spacing distribution agrees with the Wigner surmise. Heiss, 

investigated an axially symmetric potential of quadrupolc shape. Such a potential is 



Nazmitdinov and RaduE^ 



used to model deformed nuclei. They found that the addition of an octupole deformation can render the motion 
chaotic. In the case of a very strong_dfiformation, the spacing distribution is quite close to the Wigner surmise. In 
similar work, Heiss and NazmitdinovE^j studied other deformed potentials which are often used to describe deformed 
nuclei and metallic clusters. Such and other studies of single-particle motion cannot answer the question whether the 
nuclear many-body problem is chaotic. In fact, the influence of the single-particle motion on chaotic features of nuclei 
is not yet understood, particularly since the residual interaction is known to mix the single-particle states already at 
rather low excitation energies. We must also remember that shell structure, one of the central eleaaeats of theoretical 
nuclear physics, is due to regular motion. We mention in passing that the study of shell effectaH£j'EIj led Strutinsky 
and Magnercid as early as 1976 to an interpretation of shell structure in terms of periodic orbits, a fact little known 

outside the nuclear physics community. 

Certain features of the Interacting Boson Model (IBM) , see Sec, IV A 1 , which can be related to chaotic motion, 
have been studied intensely by Alhassid, Novoselsky and WhelanElj and Alhassid and Whelanl£Z3^EZj. A semiclassical 
approximation to the Hamiltonian H defined in Eq. ( [4.3[ ) is used to define the classical limit, and to check whether 
the classical dynamics is chaotic. The inverse number of Bosons plays the role of h. The construction uses coherent 
states. We recall that H depends on a number of parameters. For those values where one of the three group chains 
applies, the classical motion is regular, and the spectral fluctuations are close to Poisson. For values of the parameters 
where the dynamical symmetries are broken, there is a tendency toward chaotic classical motion and GOE statistics. 
Remarkably, a regular strip was found within this domain which probably corresponds to a previously unknown 
approximate symmetry. However, the coordinates and momenta of the semiclassical approximation to H do not 
represent in any direct way the spatial coordinates and momenta of the shell-model Hamiltonian which the IBM 
Hamiltonian is supposed to approximate. Thus, no corLclusion can be drawn as to whether the nuclear many-body 
problem is regular or chaotic. Lopac, Brant and PaarEZ3 investigated numerically the Interacting Boson Fermion 
Model. Here, the odd nucleon is coupled to the Bosons of the IBM. Analyzing the spectral rigidity, they found 
fluctuation properties between Poisson and GOE. 



5. Invariances and symmetries 



In previous sections, we summarized some of the evidence showing that in certain domains of excitation energy and 
mass number, spectral fluctuation properties of nuclei agree with RMT. We also showed that these random matrix 
features are consistent with certain nuclear models. We now use these results as tools to address the breaking of 
symmetry and/or invariance. We focus on a domain of excitation energies and mass number where RMT concepts do 
apply, and we address the breaking of time-reversal invariance, of the isospin quantum number, and of parity. The 
important facts are: (i) In this domain, there is a strong enhancement of symmetry breaking. Indeed, a noticeable 
effect appears whenever the relev ant ma trix element is of the order of the mean level spacing D, in agreement with 
the general consideration of Sec. Ill F 3 . We recall that at neutron threshold, I? ~ 10 eV in heavy nuclei, whereas 
D ~ 100 keV near the ground state, (ii) In this domain, the nuclear wave functions are stochastic. Meaningful 
information on the strength of the symmetry-breaking interaction can only be gained by determining the root-mean- 
square (rms) matrix element from a large number of measurements. This is done under the assumption that the 
fluctuations are described by RMT. There is a bonus to this approach: By definition, the rms matrix element does 
not depend on details of the wave function s of t he individual states. In the analysis, analytical and numerical results 
on crossover transitions mentioned in Sec. Ill F are used. 



The breaking of time-reversal invariance is modeled as a crossover transition from GOE to GUE. Two tests have been 
used to obtain an upper bound on the violation of this invariance. (i) In the nearest neighbor spacing distribution, 
the slope for small s changes from linear to quadratic, and the level number variapeepchanges accordingly, as the 
GOE is replaced by the GUE. Absence of this effect provides a test. French et al!El3'H3 employed a perturbative 
calculation of the level number variance valid for small admixtures of the GUE. This is physically justified 

because the brea king o f time-reversal invariance is expected to be weak. They used the nuclear data ensemble 



discussed in Sec. IV A 1, see Ref. EQ. The value of the level number variance at L = 1 is plotted as a function of the 



parameter measuring the invariance-breaking GUE admixture and compared with the data, and an upper bound for 
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FIG. 20. Experimental spectral rigidity A3(L) in '^''Al. Solid dots represent the experimental results of the 100 levels 
between and 8 MeV excitation energy. The solid line is the result of a numerical simulation of the random matrix model 
incorporating a symmetry breaking. This value of the symmetry breaking gave the best fit to the experimental data. For 
comparison the theoretical results for no symmetry and one fully conserved symmetry are shown as lower and upper dashed 
lines, respectively. Adapted from Ref. 137. 
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time-reversal invariance breaking is found, (ii) The principle of detailed balance is tested in the regime of Ericson 
fluctuations. The cross section for a nuclear reaction and its inverse are compared. The average-oross section is 
time-reversal symmetric, and the test applies to the fluctuations of the cross section. Blanke et aLcIZUneasured the 
cross section of the reaction ^''Mg + a — > ^^Al + p and its inverse. Boose, Harney and WeidenmiillcrcI§EI3 used the 
random matrix model for the GOE to GUE transition within the random iS-matrix approach described in Sec. VI C 3 . 
The observable is the correlation function {(Ja^bO'b^a) / {<^a^b) (o'b^a) relating the cross sections of the two reactions. 

for the spreading width of 10~^ eV. This is consistent with the value found 
From this value an upper bound for the relative strength of the time-reversal 
invariance breaking inter action in the shell-model Hamiltonian of 10""^ can be derived. 

As shown in Sec. [II F, the breaking of symmetries (which are always associated with quantum numbers) involves 
a structure of the Hamiltonian matrices which differs from the one for time-reversal violation. Nevertheless, certain 
features, particularly the remarkable sensitivity of the fluctuations to the crossover transition, are the same. In nuclei, 
isospin is only an approximate symmetry because the Coulomb interactipa, although much weaker than the nuclear 
force, is not completely negligible. Harney, Richter and WeidenmiilleiH analyzed isospin breaking in compound 
nucleus reactions by comparing the data with analytical calculations based on a random matrix model mentioned in 
The strength of symmetry breaking is measured in terms of the spreading width introduced in Sec 



The analysis yielded an upper|-b 
in the analysis of French et al 



Sec. HIF 
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tested 



Over the entire mass range 25 < A < 240 and for all energies investigated, the spreading widths for is 
resulting from this statistical analysis lie in a narrow band between 1 keV and 100 keV. Mitchell et ali 
isospin violation in the spectrum of a single nucleus, ^^Al. In this nucleus a nearly complete scheme of about 
-.available ranging from the ground state up to 8 MeV. The levels are classified by spin, parity, and 



100 le^i 
isospini 



18CH283 



Of these 100 levels, 75 have isospin T = and 25 have isospin T — 1. Mitchell et al. obtained a spacing 
distribution and a spectral rigidity whichJie between the two limiting RMT cases of perfectly conserved and fully 
broken isospin. Guhr and WeidenmiillerE^II compared the spectral rigidity found experimentally in Ref. 227 with a 
numerical simulation of a full-fledged random matrix model, see Fig. 20. Within relatively large errors, the resulting 



rms Coulomb matrix element of about 20 keV agrees with the data mentioned above. In Ref. p28| a slightly different 
experimental analysis was presented. An interpretation in the framework of the RMT model for symmetry breaking 
is still possible. Due to the relatively large errors, the resulting rms Coulomb matrix did not change signif 



However, improved em 
Ormand and BrogliaE13 



jrimental data are highly desirable. Extensive shell-model calculations by Endt et 



mtly. 
2 and 



which included the Coulomb interaction, yielded good agreement with both experiment and 
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the statistical analysis. Very recently, Adams et alS^ calculated the distribution of reduced transition probabilities 
in ^^Na using the shell model. Magnetic dipole (Ml) and electric quadrupole {E2) transitions where studied among 
the first 25 states with positive parity, spin values ranging from J — to J — 8, and isospin values T = and 
T = 1. The results are consistent with a Porter-Thomas distribution. Remarkably, no dependence on spin, isospin, 
electromagnetic character or excitation energy was found. 

The violation of parity conservation is modeled in the same way as isospin symmetry breaking. Naively, one might 
expect a very weak effect: The weak interaction is about 10~^ times weaker than the strong interaction. Whereas 
the spreading width of nuclear states due to the strong interaction is of the order of MeV, the spreading width for 
the weak interaction is, therefore, expected to be of the order of 10~^ eV. There are, howej£ei:.^wo mechanisms which 
strongly enhance parity violation in the regime of isolated compound nucleus resonancesE2SE£j. First, in this regime 
resonances of opposite parity have typical spacings D oi a few eV. A spreading width of 10^'' eV thus implies a rms 
weak interaction matrix element Vweak of about 10~^ eV and a ratio Vv/cak/D of about 10^^. This value is much larger 
than the naive estimate lO"'' and yields an enhancement factor of about 10^. Second, if an incident neutron populates 
a p wave resonance which by parity violation is mixed with an s wave resonance, decay of the latter by s wave neutron 
emission is not hindered by the angular momentum barrier. Comparing this decay with the decay of the p wave 
resonance back into the entrance channel, one obtains a second enhancement factor which is also about 10'^. It-is. 



therefore not surprising that signals for parity violation amounting to several per cent were subsequently observedE^^ 



in the helicity-dependence of neutron transmission through several p wave resonances. A statistical analysis requires 



many such data, however. The TRIPLE collaboration has furnished and analyzed such a data base, see Refs. 287,288 
The spreading width deduced from the data is of the order of 10"'' eV, in agreement with theoretical expectations. 
We refer to a recent theoretical review on parity and time-reversal violation by Flambaum and GribakinE£j. 

B. Atoms and molecules 

Complex atoms and polyatomic molecules are governed by the Coulomb interaction. The relevant energy scale is 
very different from the nuclear case: The ioni zation e nerg ies for atoms and the dissociation energies for molecules are 



of the order of several electron volts. In Sees. IV B 1 and IV B 2, we discuss atoms and molecules, respectively. 



1. Atoms 

It is not clear a priori whether atomic spectra are expected to show random matrix fluctuations. Complex atoms 
differ from nuclei in various ways. The nuclear charge Ze is concentrated in the center. The mean-field approximation, 
the basis of the atomic shell model, is better justified and a better approximation than in the nuclear case. Nevertheless, 
the screened interactioti, between the electrons is not negligible. But is it strong enough to induce RMT behavior? 
Rosenzweig and PorteiO seemingly were the first to investigate the fluctuation properties of spectra of complex atoms. 
This seminal work was done as early as 1960, only a few years after the first evidence for random matrix fluctuations 
in nuclear spectra had been found, see Porter's reviewa. 

Rosenzweig and Porter analyzed spectra of neutral atoms, members of three chains. The flrst chain consists of 
the atoms Sc, Ti, V, Cr, Mn, Fe, Co, Ni with Z = 21, 22, . . . , 28, the second one of Y, Zr, Nb, Mo, Tc, Ru, Rh, Pd 
with Z = 39, 40, . . . , 46 and the third one of Lu, Hf, Ta, W, Re, Os, Ir, Pt with Z = 71, 72, . . . , 78. The levels were 
grouped according to parity tt and total angular momentum J. The angular momentum values ranged from J = to 
J = 17/2. No data were available for Tc, Lu and Pt. In the three chains, there was a total of between 1000 and 2000 
spacings for each parity. For each pair of (J, tt) values, the spacing distributions were analyzed in each of the three 
chains. For the odd parity levels, the first chain gave a spacing distribution close to Poisson, the third one a spacing 
distribution close to the Wigner surmise, and the second one an intermediate result, see Fig. ^jj To explain their 



results, Rosenzweig and Porter used arguments related to the superposition of spectra, see Sec. |III B 5| . In the three 
chains, the sub-shells 3d, Ad and Sd, respectively, are filled. The chains differ in the strength of the spin-orbit force. 
In the first long chain, this force is very weak, and the Russell-Saunders or LS coupling scheme applies. For larger Z 
values, the spin-orbit force becomes stronger and the coupling scheme changes. In the second long chain, LS coupling 
gives a relatively poor but still acceptable description. In the third chain, the coupling scheme is very different. In 
the first chain, L and S can be viewed as almost good quantum numbers. The spacing distribution for a given J is a 
superposition of as many nearly independent spectra as there are (L, S) pairs for that J, and the spacing distribution 
is very close to Poisson. This interpretation is strongly supported by an analysis which separates levels also by L and 
S quantum numbers. The ensuing spacing distribution is very close to the Wigner surmise. In the case of the third 
chain, there are no nearly conserved symmetries, and the spacing distribution is Wigner. In the intermediate case of 
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P 0.5- 




FIG. 21. Nearest neighbor spacing distribution for the odd parity levels in the first, second and third chain (histograms (a), 
(b) and (c), respectively). Separate distributions were constructed for the J sequences of each element and then the results 
were combined. For comparison, the Poisson distribution and the Wigner surmise are also drawn. Taken from Ref. b3. 
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the second chain, the symmetries are not completely destroyed yet. The picture differs for levels with even parity. 
For various reasons, the even parity spectra are simpler and closer to the ground state. To support their argument, 
Rosenzweig and Porter set up a random matrix model. For fixed J, they used a block-diagonal Hamiltonian. Each 
block represents a possible (L, S) pair and is modeled by a GOE. The remaining matrix elements are independent 
Gaussian distributed random variables with rms value /i. The spacing distribution was calculated numerically. As fi 
increases, the spacing distribution changes from Poisson to Wigner. The relevant parameter is iV/i^, where N is the 
matrix dimen sion. It was interpreted as the rms symmetry-breaking strength normalized to the mean level spacing, 
see Sec. [II F . 

We have discussed this work in some detail because in many ways it was a truly pioneering contribution. Aside 
from its technical aspects which later found application in many other papers, this work — and a preliminary study 
by the same authors — constitutes the first application of RMT outside the field of nuclear physics. It provided 
the first strong evidence for the universal applicability|-a£ RMT, independently of the specific interaction governing 
the physical system. In 1961, only a year later, TreegE23 extended this work by analyzing spacing distributions of 
calculated spectra. i — . 

In 1983, Camarda and GcorgopuloaH£2l analyzed new level schemes of atoms in the beginning of the third chain, from 
La with Z = 57 to Lu with Z = 71, using the spectral rigidity and the cova rian ce of adjacent spacings as observables. 
(For each pair of consecutive spacings, the latter is given by the expression (O)). This test of long-range correlations 
is also consistent with GOE predictions. 

OfA 



et al. 
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more recent work, we only mention the extensive theoretical study of the rare-earth atom Ce by Flambaum 
A realistic model is used to calculate the structure of complex atomic states. Above 1 eV excitation energy, 
these states acquire a structure similar to that of compound states in heavy nuclei (a linear superposition of very 
many basis states). Various spectral observables were worked out in this model and compared with GOE predictions. 



2. Molecules 



In a polyatomic molecule, there are three types of excitations: Electronic excitations, vibrations, and rotations. 
The energy scale of the electronic excitations is a few electron volt. Vibrational states built on top of every electronic 
state have an energy scale of 0.1 eV. On top of the vibrational states, there are rotational states with an energy scale 
of 0.1 meV. There is no spherical symmetry. The spectra are characterized by quantum numbers which differ from 
the ones used in atomic physics. Modern laser spectroscopy is capable of resolving the enormously rich and complex 
spectra of such molecules even at very high level density. Traditional theoretical techniques often fail in this regime, 
a description of individual levels is out of the question, and an analysis of the data with the aid of statistical concepts 
is called for. 

The molecule NO2 provides a particularly interesting example and has played a prominent role in the application 
of RMT concepts. Between the ground state and the dissociation threshold at about 3 eV, there are four electronic 
states. The Born-Oppenheimer approximation (based on an adiabatic separation of nuclear and electronic motion) 
breaks down in certain parts of the spectrum. It is this feature which makes NO2 such an interesting object of 
experimental and theoretical studies of spectaal fluctuations, although the molecule consists of only three atoms. 

In 1983, Haller, Koppel and CederbaumE22l studied experimental and theoretical vibronic spectra of the molecule 
NO2 and of the acetylene kation C2HJ in a regime where the Born-Oppenheimer approximation fails. Here, the 
term vibronic means that the excitation mechanism is only vibrational and electronic. Rotations are absent. Good 
evidence for GOE fluctuations was found in both the short- and long-range spectral observables. Zimmcrmann 



et alE23 extended the analysis of NO2 data, including a comparison of the measured intensity distribution with 

the Porter-Thomas laW| Theoretical studies were presented by Zimmermann, Koppel and CederbaumE23. Leitner, 

Koppel and CederbaumE^ compared the spectral statistics and the classical dynamics of both NO2 and C2H^. The 
dynamics of those systems with coupled potential surfaces can only approximately be described in classical terms 
since the electronic degrees of freedoms remain quantized. Ho wever , it turns out that the phase space is dominated by 
one of the potential surfaces. This allowed the authors of Ref. ^96| to empirically establish a correspopdence between 
this classical dynamics and the spectral fluctuation properties. In 1985, Mukamel, Sue and Pandeyn£ZI investigated 
the spectral fluctuations and the distribution of resonance intensities in data on vibrationally highly excited acetylene. 



Deviations from the GOE predictions are attributed to missing levels. Sundberg et alE23 extended this analysis of 
acetylene spectra. 

It is apparent from this discussion that NO2 has played a very important role in the investigation of spectral 
fluctuations in molecular physics. This was possible because_the Grenoble group succeeded in improving the quality 
of experimental data substantially. Georges, Delon and Jostc£3 have given a detailed account of the measurements on 
NO2. They summarize the evidence for GOE fluctuations obtained from short- and long-range spectral observables 
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FIG. 22. Correlation-hole analysis for a stimulated emission pumping spectrum of acet ylene ( left) and for an anticrossing 
spectrum of methylglyoxal (right). The properly smoot hed decay function defined in Sec. IIIB4 is shown. The variable t/p 
should be identified with the variable t of Sec. [IIIB4 The hole is due to the correlation of the level positions while the 
exponential decay is due to the resonance shapes. Notice the drastically different widths of the two holes, indicating a very 
different number of symmetries. Taken from Ref. 



as follows. The vibronic states built on the first and the second electronic state show GOE fluctuations. This can 
be attributed to the mixture of these states due the breakdown of the Born-Oppenheimer approximation. Higher 
up in the spectrum, GOE fluctuations occur for another reason in rovibronic states, i.e. in states where rotations 
on top of vibronic states become important. The mixing of these states is due to a symmetr y brea king which has 
specific molecular physics causes. Very recently, parametric correlations as discussed in Sec. Ill H were addressed 
experimentally and theoretically in NO2 by Nygard, Delon and JostE23. ■— ■ 

The correlation-hole method (Sec. [II B 4) introducedJay Leviandier et a/.O brought a conceptually new aspect into 
the analysis of spectral fluctuations, see also the reviewE2il. This technique is designed for the analysis of raw spectra. 
It is less sensitive to the effect of missing levels than other observables. It does not require a line-by-line identification 
of the resonances. Hence, it can deal with the enormous amount of data supplied by modern laser spectroscopy. The 
correlation-hole method effectively separates the statistical fluctuations of the level positions and of the resonance 
shapes, see Fig. Leviandier et al. applied this technique to anticrossing spectra of methylglyoxal. Consider a singlet 
state \s) populated from the singlet ground state |so). A triplet state |t) couples to |s) by some interaction Vst- If the 
energy difference between the two states obeys \Et — Es\ ^ Vst: the interaction can be neglected and the resonance 
fluorescence light back into the ground state |so) attains a maximum. If, however, \Et — Ea\ and Vst are comparable, 
the admixture of the triplet state leads to a suppression of the fluorescence yield, since transitions from \t) to |so) are 
forbidden. The energy of the triplet states is shifted by a magnetic field B, and the resonance fluorescence yield I{B) 
is measured as a function of B. For each isolated triplet state, I{B) has Lorentzian shape. In methylglyoxal, there are 
many such triplet states with overlapping Lorentzians, and the measured resonance fluorescence intensity I{B) has a 
complicated dependence on B. Leviandier et al. found a deep correlation hole in the decay function constructed from 
I{B). The fluctuations of the anticrossing spectrum must therefore at least to some extent reflect GOE behavior. 
The exponential fall-off of the dec ay function is due to the Lorentzian shapes of the individual resonances. The 

f several 
applied 
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arguments presented in Sec. Ill B 4 were used to conclude that the measured I{B) must be-a superpositio: 
non-interacting spectra. Further experimental work is due to Delon, Jost and LombardiES. Pique et al. 
the same type of analysis to spectra on acetylene. In the framewotk of scattering tbepry, a full-fledged random 
matrix model simulating these experiments was studied analyticallyLlI and numericallycj. Detailed accounts of the 
correlation-hole method which -also include other aspects of the statistical analysis were given by Lombardi et a/.L3 
and by Lombardi and SeligmanLJ. 

The distribution of decay rates-and related questions were investigaled theoretically by Zimmcrmann, Koppcl and 



Rottei 
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CederbaumE£3, by Miller et aZ.t23 and by Peskin, Reislcr and Milleir2J, cf. also the work by Persson, Gorin and 



see Sec. IV A 4 



DavisE^ introduced the interesting concept of hierarchical analysis: The structure of peaks in a spectrum is studied 
as a function of the resolution. In this way, hierarchical trees are generated which correspond to states of ever higher 
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complexity. This analysis is intimately related to the constraints imposed by the experimental set-up and can yield 
significant statistical information. It seems worthwhile to see whether links can be established to RMT. 



C. General aspects 

This short presentation of the evidence for random matrix fluctuations in many-body systems would be incomplete 
without a brief discussion of two questions posed by the results: (i) To what extent do the Gaussian ensembles properly 
model the properties of many-body systems? This question, asked in Sec. IV C 1| , addresses the very foundations of 



the application of Random Matrix Theory to real systems, (ii) Are many-body systems chaotic? This question 
connects to the discussion of chaos in Sec. ^ and is treated in Sec. IV C 2. 



1. To what extent do the Gaussian ensembles model many-body systems properly? 

We recall that the distribution P{H) for the Gaussian ensembles is uniquely derived from two assumptions: (i) P{H) 
is invariant under orthogonal, unitary or symplectic transformations, respectively, and (ii) the independent matrix 
elements are uncorrelated random variables. There is evidence that both in atoms and in nuclei, the distribution 
of matrix elements differs from what is assumed in the Gaussian ensembles. The key argument is based on the 
observation that in both systems, the residual interaction is of two-body type. Thus, in a shell-model basis, the 
Hamiltonian matrix is sparse. Put differently, in an arbitrary basis, the elements of the Hamiltonian matrix are 
strongly correlated. In contradistinction, the Gaussian ensembles may be said to contain matrix elements of fc-body 
type, with k ranging all the way up to N . This is because in these ensembles, all matrix elements not connected by 
symmetry are uncorrelated. To what extend does this difference affect spectral fluctuat ion s ? .The question can be 
formulated more precisely as follows. We consider a system of Fermions with a two-bo dyE23i22ZI and, more generally, 
a fc-body random interaction. The matrix elements of the fc-body operator between fc-particle |States are assumed to 
be independent Gaussian distributed random variables. There is evidence from nuclear physicsca that for fc = 2, this 
is a realistic assumption. There are m Fermions which oGeapy N degenerate single-particle levels. Here, k < m <^ N . 



This defines the embedded Gaussian fc-body ensemblea223. Which are the spectral fluctuation properties of these 



ensembles? Very little is known analytically. This is why the embedded ensembles receive scarce attention in the 
present review. Numerical simulationala have shown, however, that the local fluctuation properties of the embedded 
two-body random ensembles do agree with RMT predictions. 

The Gaussian ensembles do not only fail to take account of the two-body character of the residual interaction. 
They also misrepresent the actual distribution of the matrix elements in a non-shell-model basis. This is shown by 
work of Flambaum et aZ.L£3 who investigated the distribution of the non-diagonal matrix elements of the Hamiltonian 
for the J = 4 states of odd and even parity in Ce. The basis is given by all possible single-determinant states which 
are first constructed for a given value of the total azimuthal quantum number M of the atom and then rotated such 
that the Hamiltonian is block diagonal in the total angular momentum J. These states are labeled by an index n. 
For m ^ Flambaum et al. found the empirical law 

P(i7„™) ^ c'-^^t^^ (4.6) 

V I Hnm I 

where C and V are constants. For to ~ rt, a peak occurs on top of this distribution. Nonetheless, the spectral 
fluctuations calculated/measured in this atom agree with the GOE. 

In spite of these shortcomings, the Gaussian ensembles generically model the fluctuation properties correctly. The 
reason is that fluctuations are studied on the unfolded^ i.e. local, scale defined by the mean level spacing. This is in 
contrast to average or global properties which cannot be modeled by these ensembles. The local fluctu ation properties 



are very insensitive to details of the distribution P{H). For a class of ensembles, this is shown in Sec. VIH. More can 
be found in the review brfrody et alH. This issues have receivi ed . reri ewed interest in recent years, cf. the, review by 



Flambaum and Gribakinc^ and the work of Miiller and Harnej-tSaEiy and Granzow, Harney and KalkaEiil 



2. Are many-body systems chaotic? 

We have presented evidence to the effect that the complex structure of the many-body system often yields fluctuation 
properties which are consistent with RMT. There is also evidence for Poisson-type fluctuations, especially in systems 
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capable of collective motion. In the description of these phenomenajWe have tried to avoid the terms "chaotic" and 
"regular", respectively, for these two scenarios. It is shown in Sec. ^ that for systems with few degrees of freedom, 
there is strong and growing evidence for the correctness of the Bohigas conjecture. As stated in the Introduction, this 
conjecture links classical chaos to the spectral fluctuations described by the Gaussian ensembles. Does this conjecture 
also apply to many-body systems? We are not aware of any arguments which would establish a link between many- 
body systems and classical chaos. Various studies have shown chaotic features of single-particle motion in realistic 



potentials, see Sec. [VA4. Therefore, it is intriguing and may even be justified to think of complex many-body 
systems such as nuclei, atoms or molecules as chaotic. Such thinking must come to terms, however, with the existence 
of regular collective and single-particle properties in the same systems which may show up as gross structures at the 
very energies where the underlying fluctuations are of GOE type. Thus, a theoretical understanding of why RMT is 
so successful in many-body systems has yet to be found. The evidence we have at hand is either experimental or 
phenomenological. RMT was developed and used in the context of many-body physics long before the connection 
to classical chaos in few-degrees-of-freedom systems had been suggested. Thus, in retrospective, it is no surprise 
that phrases such as "unreasonable effectiveness" were used to characterize the predictive power of Random Matrix 
Theory in many-body physics. 



V. QUANTUM CHAOS 



RMT originated in nuclear physics and was conceived as a statistical approach to systems with many degrees 
of freedom. However, RMT applies also to few-degrees-of-freedom systems with chaotic classical dynamics. Thig 
observation is of recent origin, and it forms the content of the present section. In 1984, Bohigas, Giannoni and SchmitEl 
stated the famous conjecture: ^'Spectra of time-reversal invariant systems whose classical analogues are K systems 
show the same fluctuation properties as predicted by the GOET We recall that K systems are the most strongly mixing 
classical systems. The most unpredictable K systems are referred to as Bernouilli systems. An alternative, stronger 
version of the conjecture, also formulated in Ref. |^, replaces K systems by less chaotic systems provided they are 
ergodic. In both its forms, this conjecture is commonly referred to as the Bohigas conjecture. For systems without 
time-reversal invariance, the GOE is replaced by the GUE. In its original version, the Bohigas conjecture was stated 
without a reference to the semiclassical regime, i.e. to the limit 0. However, all attempts to proof the conjecture 



are based on some kind of semiclassical approximation, see Sec. VI. 

We begi n with a brief review of the historical development prior and up to the formulation of the Bohigas conjecture 
(Sec. V A ). In Sec. |VE| , we briefly outline the main concepts of dynamical localization. We then turn to systems 
which were crucial to the development (billiards, the hydrogen atom i n a strong magnetic fleld, and others). These 
systems form the first major part of the prese nt se ction (Sees. V C to V G ). Although representatives of mesoscopic 
systems, quantum dots are included here (Sec. |VE| ) because they share many properties with billiards. The examples 
given and many others strongly support the Bohigas conjecture. This accumulation of convincing evidence has led 
to several attempts at establishing a theoretical link between classical chaos and RMT. These are reviewed in the 
second part of this secti on, i.e. in Sees. VH to Vl. Lack of space forces us to present only the key elements of 
this discussion. In Sec. VH , we outline a hypothesis which has particular bearing on RMT. It concerns the way 
in which the structure of classical phase space influe nce s quantum properties. Three approaches towards a formal 
proof of the Bohigas conjecture are presented in Sec. Vl: Periodic orbit theory, a field-theoret ic a pproach using the 
supersymmetry method, and a probabilistic argument based on structural invariance. In Sec. VJ, a brief summary 
of the present section is given. There are many excellent reviews on classical and quantum chaos. With respect to 
classical and serpeJassical asp«ets, we mention p*iiy, in the order of appearance, the books by MoserEi3, Lichtenberg 
and Liebermannclj, SchusteiEj and Gutzwilleiil23. 



A. Historical development 



In its beginnings, the development of quantum chaos was strongly influenced by chemists who tried to understand 

simple molecules The phenomenon of avoided level crossings was of particular interest. We follow partly the survey 

given by Robnikcij. ■— ■ 

In 1929, von Neumann and WigncrciLhad shown that level crossings cannot occur iupgcncric systems and that 
avoided crossings appear instead. Tellei£i3 stated the same theorem again in 1937. PercivalEiZI argued in 1973 that, in 
the semiclassical limit, the energy spectrum ought to consist of a regular and an irregular Jiajt reflecting the regulp: 
and irregular raarts of classical phase space. In the early eighties Ramaswamy and Marcua£i3, BerryElHl. ZaslavskyEil 



and MarcusEHjEHil showed that level repulsion and avoided crossings are typical for non-integrable systems. Already in 
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the late seventies and early eighties, ZaslavskyEH3E23H, Berryt 
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change in the spacing distribution to accompany the transition from integrability to non-integrability. In 1979, 
McDonald and Kaufmanlla published their pioneering numerical study of the quantum analogues of the classically 
integrable circular billiard andj-of the classically chaotic Bunimovich stadium. This work was closely followed by 
numerical work of Casati et aZ.c3 on the Bunimovich stadium. In these papers, the above-meationed expectations 

aZ.l^te^J. All this work is reviewed in more_detai 



Further and improved evidence, also in billiard systems, was presented by Berrycd and by Bohigas et 



1 in Sec. ii^_The behavior of eigenfunctions nea 



was simultaneously studied by Noid et a/H^'EH^, Marcua^HJHj and Ramaswa 
the eigenfunctions are strongly mixed. According to McDonald and Kaufman 



ay and Ma*c 
3 and NoidEZi 
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avoided crossings 
who showed that 



this causes a random 

pattern of the wave functions whose nodal lines do not cross. In these papers, evidence was found that the low-lying 
eigenvalues and the corresponding eigenfunctions do not follow this pattern and have mainly regular features. 

For small spacings, level xcpulsion was expected to lead to a spacing distribution proportional to s". Using ge- 
ometrical arguments, BerryrJ suggested the value unity for the "critical exponent" i^, in keepirig, with the Wigner 
surmise for the spacing distribution in time-reversal invariant many-body systems. Zaslavskytll related v to the 
Kolmogorov entropy for the classical system. His work was a pioneering attempt to find a quantitative relationship 



between classical chaos and spectral fluctuations, although no convincing evidence for 



More formal ar#iinents were used in the framework of statistical mechanics. PechukasEI3, YukawaE£3 and Nakamura 



and Lakshmanan 
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assertion_was found. 



showed that the probability distribution of the energy eigenvalues of the "Pechukas gas" coincides 
with the GOE probability density. We do not follow this important line here because there is no easy link to chaos 
in few-degrees-of-freedom systems. 



B. Dynamical localization 



Dynamical localization is a completely unexpected and novel feature of quantum chaos. In a classical system, driven 
by some external time-dependent force, the occupation probability in phase space spreads forever diffusively. Not 
so in the quantum analogue: After some characteristic time, the wave packet stops spreading in momentum space. 
This phenomenon is referred to as dynamical localization. It is "dual" to the localization in configuration space 
typical of disordered systemSp^ej-Sec. VI. The close relationship between both types of localization phenomena was 
discovered by Fishman et aLE^ElE^J. In both cases, there is quantum suppression of classical diffusion. The wave 
packet relaxes into a non-ergodic localized state. For the case of the kicked rotor, a step towards formally establishing 
the cqctespondence between both types of localization was recently made by using the supersymmetric nQn-Jingar a 
model 



see Sec. VI D. A detailed account of dynamical localization was given by Casati and ChirikovE^JC^, see 



also Ref. 336. We partly follow Ref. 334 



From a conceptual point of view, the study of wave functions is quite different from that of level statistics. Levels 
are eigenvalues of the Hamiltonian and can be studied experimentally. The spectral fluctuation properties of the 
quantum analogues of classically chaotic systems have accordingly received much interest, and they form the content 
of the bulk of the present section. The wave function ^, on the other hand, is not an observable. Investigating the 
evolution of ilj{t) in time t, one disregards all aspects of quantum mechanics related to the measurement process, and 
the collapse of the wave function. However, the wave function ^(t) obeys the Schrodinger equation, a deterministic 
equation. Thus, direct comparison of the time evolution of ilj{t) with the dynamics of the corresponding classical 
system is useful. Some authors prefer to reserve the term quantum chaos for investigations conducted in this spirit. 

It should be emphasized that quantum dynamical localization in classically conservative systems is due to quantum 
suppression of classically chaotic diffusion. Many semiclassical studies address questions such as scars around periodic 
orbits or similar phenomena which are often also referred to as localization. These two effects, however, should clearly 
be distinguished. 

Two time scales govern dynamical localization. The relaxation time scale tn is proportional to the density po of 
those eigenstates (quasi energy levels) which are admixed to the original wave packet at t = 0. This is the time scale 
on which periodic orbit theory can be applied. The time scale t^ is characteristic of the classical relaxation to the 
ergodic steady state. The quantity 



A 



(5.1) 



is a measure for the ergodicity of the state. ShnirelmanEHI argued that for A ^ 1 the final steady state and all 
eigenfunctions are ergodic, and the Wigner functions are close to the classical microcanonical distribution in phase 
space. If, however, A <C 1, all states are non-ergodic, and their structure is governed by quantum mechanics. 
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On a very short time scale (which, according to the uncertainty principle, involves very high energies) the wave 
packet spreads quite like a classical cloud of particles in phase space would. Then quantum effects set in, the wave 
packet spreads in a manner not allowed by the constraints of Liouville's theorem in classical mechanics, and eventuaU* 
may stop spreading and remain in a non-ergodic localized state. To measure the size of localized states, IzrailevEll 
introduced the entropy localization length 

= exp(/i) (5.2) 

where the entropy is given by 

h=-Y,W{n)\Hn\v{n)\^ . (5.3) 

n 

Here, f{n) are the wave functions in momentum space. In various cases, the wave functions are exponentially localized, 
i.e. one has <^(n) exp(— |n|//), |n| oo. In those cases, Ih turns out to be close to I. The spacing distribution 
of localized states obeys, in the extreme case, the Poisson law whereas the Wigner surmise describes that of fully 
ergodic systems. Thus, the spacing distribution can give information about the degree of ergodicity and localization. 
Remarkably, it has been found in numerical studies that the repulsion parameter f3eS in Izrailev's phenomenological 



crossover formula (3.54) can be approximated by 

/Scff = (5.4) 

where Z^^^ is the average of Ih over all states and Ze > l(^fi) is the maximal entropy localization length corresponding 
to ergodic states. As usual, /3 labels the three symmetry classes. Another measure is the inverse participation ratio 

n 

which is related but not identical to Ih- 

One of the first examples to show dynamical localization was the kicked rotor. Another case, which is expiecipientally 
accessible, is that of the hydroma-atom in a microwave field. Experimental results by Bayfield and KochE^a led to a 
series of activities^Casati et alE^ predicted localization effects in this system which were experimentally confirmed 
by Bayfield et aLEl3. We refer the reader to the review in Rcf. 336, Recentbzi^hese studies have been extended to the 



hydrogen atom in both magnetic and microwave fields by Benvenuto et 
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C. Billiards 



A classical billiard consists of a point particle which moves freely in a compact domain of d-dimensional space 
and which is reflected elastically by the boundary of this domain. The energy and the modulus of the momentum of 
the particle are constants of the motion which, therefore, is determined by geometrical optics. Hence, the dynamics 
(regular, mixed, or chaotic) is the same for all energies. We restrict ourselves to d = 2. This case was and is 
conceptually of great importance. Examples of integrable (regular) billiards are furnished by the circle and the 
ellipse. Among the many examples of chaotic billiards, two have received particular attention. The Sinai billiard 
consists of a square and an inserted concentric circle. The particle moves in the domain between square and circle. 
The Bunimovich stadium is of oval shape and consists of two equally long sections of parallel straight lines which at 
both ends are joined by two semicircles. In the Sinai billiard, chaos is due to the defocusing effect of reflection at 
the inner circle. In the Bunimovich stadium, chaos arises because the straight lines destroy the rotation invariance of 
the two semicircles. Alternatively, chaotic dynamics can be attributed_tip jaa. "over-focussing" effect in this geometry. 
Four important billiards are shown in Fig. |2^. Sinai and Bunimovicl£i3~El3 have shown that both billiards are fully 
chaotic and belong to the Bernoulli class, i.e. to the strongest form of chaotic dynamics. Mathematical aspects were 
discussed by Katpk and StrelcynElj. PhysicspOijiented reviews on classical chaos in billiards can be found in the article 
by Bohigas et alc3 and in Gutzwiller's bookli2a. 

The quantum analogue of a classical billiard is deflned by the stationary Schrodinger equation with Dirichlet 
boundary conditions (the wave function vanishes at the boundary). Apart from factors, the Hamilton operator for 
a free particle is simply the Laplacean. Therefore, the problem is mathematically equivalent to determining the 
vibrations of a membrane. Independently of the connection to quantum mechanics, such and more general systems 
are of considerable interest and have been studied by mathematicians for a long time. For example, the Dirichlet 
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FIG. 23. Four important billiards: the Bunimovich stadium (top left), the Sinai billiard (top right), the Pascalian snail 
(bottom left) and the annular billiard (bottom right). To reduce the symmetries, these billiard have to be cut along the 
symmetry axes which are drawn as dashed lines. 



79 



condition may be replaced by the Neumann boundary condition (the normal derivative of the wave function vanishes 
at the boundary). In these systems, the smoothed part of the level density and the smoothed part of the cumulative 



density ^(fc), see Sec. IIIB, show some very general features. As a function of the wavenumber k, ^(fc) is given by 



Here A is the area and L the length of the perimeter of the billiard. The constant C describes curvature corrections, 
cusps and other topological properties. The minus and the plus sign in front of the perimeter term apply in the case of 
Dirichlet and Neumann boundary conditions, respectively. In the case of a particle of mass m in a quantum billiard, 
the energy is E = (?ifc)^/2m. Formula ( |5.6^ -i§ valid for arbitrary geometries. The area term was found by Wey£l3 in 
1911 and 1912, the perimeter terrn-by Kao^lII in 19 66. M ore general results for arbitrary linear boundary conditions 
were derived by Balian a. nd BlochEl3, cf. also Ref. |349| . A review of the interesting history of these results can be 



found in Refs. 47 108, 35C 



We focus attention on the spectral fluctuation properties of quantum billiards. In sharp contrast to the level density, 
these properties depend sensitively on the shape of the boundary. The spectrum of a billiard can be unfolded very 



efficiently with the help of formula (5.6). To analyze the spectral fluctuations, it is important to use only levels which 
pertain to the same set of quantum numbers. This is done by removing all symmetries from the problem. The Sinai 
billiard, for instance, has four symmetry axes. One considers instead a billiard comprising l/8th of the area. In the 
case of the Bunimovich billiard, a billiard of l/4th of the area is considered, see Fig. |2^. 

McDonald and Kaufmanc3 investigated numerically the spectrum of the circle, a classically integrable system. The 
results for the spacing distribution are shown in Fig. |2j. Level clustering and degeneracies due to the absence of level 
repulsion could clearly be seen. The-^ectangle, also regular, was studied with comparably high statistics (more than 
10 000 eigenvalues) by Casati et alx^. To ajioLd degeneracies, the squared ratio of the side lengths was chosen as an 
irrational number. Simultaneously, Feingolcl2£3 performed similar numerical work. The spacing distribution probes 
correlations on the scale of up to three or four mean level spacings and agrees very well with the Poisson distribution. 
The spectral rigidity A3(L) for the system considered agrees with the Poisson behavior L/15 only up to a critical 
value of i ~ 100 and becomes constant for larger interval lengths L. The spectrum of the rectangle is fully random 
only on scales below this critical value— On larger scales non-trivial correlations appear which cannot be seen in 



the spacing distribution. Casati et alS^ argue that such correlations occur generically in integrable systems. The 
very large number of levels needed to see this saturation of the spectral rigidity is often not accessible in numerical 
simulations, let alone experiments. 

Chaotic billiards behave very differently. In their pioneering work of 1979, McDonald and KaufmanCj calculated 
eigenenergies and eigenfunctions of the Bunimovich billiard numerically. They showed that the spacing distribution is 
of Wigner type and stressed the qualitative difference to the spacing distribution of the circle calculated in the same 
paper, see Fig. |2j. McDonald and Kaufman related this difference to the classical integrability or non~integrability 
of the two cases. They also observed that the nodaUines of eigenfunctions in the Bunimovich stadium do not cross. 
The stadium was also investigated by Casati et uIeB. BerryEJ studied the Sinai billiard in 1981, calculated about 
500 eigenvalues and found linear level repulsion for small spacings. He gave a simple analytical argument for this 
behavior and mentioned the connection to RMT. Berry's work demonstrates that accurate numerical methods for 



the calculation of a large number of 
developments. In 1984, Bohigas et al 



Is are not only technically important, they often prompt new conceptual 
computed more than 700 eigenvalues of the Sinai billiard and found very 
good agreement of the spacing distribution with the Wigner surmise, see Fig. ^ This very accurate calculation 
provided the first statistically significant evidence of the validity of the Wigner surmise not only for small, but for all 
spacings. Bohigas et al. also showed that the spectral rigidity A3(L) agrees very well with the GOE prediction up 
to L ~ 15. Bohigas et a/.E2Zl also calculated about 800 eigenvalues of the Bunimovich stadium and found the same 
excellent agreement of the data with GOE predictions. Mainly on the basis of these results, they formulated the 
famous conjecture quoted in the introduction to the present section. Beginning at that time, many more examples 
were studied numerically, comprising billiards and other systems with few degrees of freedom. Some of these cases are 
treated in other parts of this review. Most examples essentially support the conjecture, some mark its limitations. 

The ificft study of the transition from regular to chaotic spectral fluctuations in a billiard is probably due to 
RobnikEij in 1984. His billiard is defined by the conformal quadratic map z' = az + bz^ of the unit circle, described 
by the complex coordinate z. This is also referred to as the Pascalian snail, see Fig. ^ The parameter of interest 
is A = 6/a with < A < 1/2. For A = the billiard is integrable. For A — 1/2, a cusp occurs and the map is no 



longer coniormal. For 1/4 < A < 1/2, the classical billiard shows strong chaost£j. The quantum analogue displays a 



transition 
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from Poisson to Wigner-Dyson statistics as A increases from to 1/2. Robnik also introduced another 



billiard defined by the cubic map 
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FIG. 24. Nearest neighbor spacing distributions of odd parity levels in the circle (left) and the Bunimovich stadium (right). 
We notice that the spacing AE is not normalized to the mean level spacing and that the distributions N{AE) are normalized 
to the total number of spacings. The energy ranges are 2500 < E < 10000 for the circle and 2500 < E < 4900 for the stadium 
where the units are fixed by the choice /2m = 1 in the Schrodinger equation. Taken from Ref. 



z + bz^ + cz^ exp{iS) 
Vl + + 3c2 



(5.7) 



It is called the Africa billiard since for ^HEfie values of the parameters b, c and 5, the shape resembles that of the 

studied the transition from Poisson to Wigner-Dyson statistics in yet 



Ishikawa and YukawaE£E 



continent Africa, 
another billiard. 

Of the numerous studies of billiards since 1984, we can mention but a few. A strong line of research uses semiclassical 
quantization and t he theory of periodic orbitp-t^ investigate quantum properties of non-integrable billiards. Reviews 
are found in Refs. 



4,108,B50 



Sieber et a/B^ investigated the effect of the bouncing ball orbits on the spectral 
fluctuations of the Bunimovich stadium. The family of orbits which are perpendicular to the parallel straight sections 
has a strong effect, such that the long-range spectral fluctuations appear more regular. Sieber et al. constructed a 
semiclassical method to remove the contributions of these orbits from the spected fluctuations. The general aspects 
of these effects had earlier been studied by Keating and BerryE^ZI. Bohigas et alS^ introduced the annular billiard. It 
consists of the area between two circles with different radii, see Fig. The billiard is integrable only when the circles 
are concentric. The properties of the system depend on two parameters, the ratio of the two radii and the distance 
between the two centers. The phase space is mixed. In the quantum system, tunneling from one regular region in 
phase space to another may be enhanced by the intermediate chaotic domain ("chaos-assisted tunneling"). This 
predictian-pf the Bohigas-TomsovicpTJ|llmp model for mixed systemsLEj has been confirmed analytically by Doron and 



FrischatE£3. Dittrich and SmilanskyE£2rE£i and Dittrich et aZr£3 studied a chain of pairwise coupled billiards, with the 



aim to study localization, see also the review in Ref. 363. The universal form of the-curvature distribution (Sec. p^IIHl ) 
was numerically confirmcd-for the Bunimovich stadium by Takami and HasegawaEZj, and for Robnik's bill iard d efined 
above by Li and Robnikty. In the latter case, deviations for small curvatures from the analytical form (3.151) were 
attributed to peculiarities of the billiard. TomsovidlHj studied parametric correlations in the Bunimovich stadium to 
investigate phase space localization properties of chaotic eigenstates. He introduced a correlator between state overlap 
intensities and level velocities. Tomsov 
are not described by RMT. Sieber et al. 



fi_£pund sizable correlations due to scarring of specific states Those correlations 
^^'^ discussed parametric statistics in billiards with mixed boundary conditions. 



Schanz and SmilanskycEj studied the Sinai billiard from a scattering point of view. They found good agreement of the 



spacing dist ribution of the eigenphases-of the scattering matrix with Random Matrix predictions, see also the review 
in Ref. 366. Primack and SmilanskyEfj performed numerical simulations for the three-dimensional Sinai billiard. 



They found good agreement of the level statistics with RMT. 

Pseudo-integrable billiards form a separate class, with specific fluctuation properties. A pseudo-integrable system 
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is defined as a dynamical systeno— whose phase-space trajectories live on surfaces with genus higher than one. The 
classical dynamics is not chaotict£3. Billiards in the form of certain polygons fall into this class. Detailed studiea-ef 
the spectral fluctuations in pseudo-integrable models can be found, for example, in the works of Richens and BerryE£j, 



Cheon and CohcnEIHI and Shudo et 



5. The spectral fluctuation properties of those systems have confusing features: 
on shorter scales, fluctuations properties such as the spacing distribution are often indistinguishable from the Wigner 



surmise. Only on longer scales, in the^sp 
system become visible. Balazs et o'^^^ 



■al rigidity for example, sizeable deviations from the properties of a chaotic 
EI3 introduced another class of billiards: These authors demonstrated that 
the free motion of a two-dimensional rigid body bouncing between two walls is equivalent to a billiard system. Thus, 
coin tossing can be viewed as a billiard aitpblem. Billiards involving a non-Euclidean metric are of great interest 
for the pro^lejm of quantization. SchmitEIj has given a review on billiards on the hyperbolic plane. In chapter 19 



of his bookli2a, Gutzwiller discusses the motion on a surface of constant negative curvature. The structure of wave 
functions can gpie rich information on th&xelationship between properties of the classical and the quantum billiard, see 



Heller's reviewEIj and Gutzwiller's bookll23. In 
the motion. Examples are ray splitting effect; 



ae billiard systems, geometrical optics d 
I, see Sec. IVD 21 and Andreev billiardd52^ 



the introducti 
Shepelyanskyt*^ 



©f. new random matrix ensembles, see Sec. VI A 2 Recently, Borgonovi et al 
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ce to understand 
which prompted 
and Frahm and 

studied localization effects of wave functions in billiards which partly destroy level repulsion. In 
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such regimes, the fluctuations lie between Poisson and GOE. These authors studied diffusive effects in the Bunimovich 
stadium and rough billiards, respectively. Again, in the semiclassi cal li mit ?i — > 0, pure GOE statistics is found. This 
relates to the general discussion of dynamical localization in Sec. VB, i.e. to the quantum suppression of classically 
chaotic diffussion. 



D. Demonstrative experiments 

The experiments discussed below show that billiards are not purely theoretical constructs but can be realized 
experimentally. For instance, quantum billiards can be simulated by microwave cavities. Such simulations are valuable 
because parameters such as the size and the shape of the cavity, the range of frequencies etc. can be altered, and 
they have been used to study specific aspects of quantum chaos. Simulations are not as fundamental, of course, as 
experiments on systems such as atoms, molecules, or nuclei where entirely new and unexpected phenomena may occur. 
Still, in some cases the simulation experiments exceed their original purpose and turn into interesting research objects 
of their own right. Moreover, some experiments (such as the ones on elastomechanical resonances in three-dimensional 
solids) open new frontiers: The wave equation and the boundary conditions in these bodies differs qualitatively from 
the Schrodinger equation. 



The field was pioneered by SchrodeiE^J who, about 40 years ago and long before the connection to quantum chaos 
was established, realized the connection between acoustic waves and microwaves. He experimented with microwaves 
in order to study the acoustic properties of rooms. He used rectangular cavities and, interestingly, analyzed the 
nearest neighbor spacing distribution. For spacings larger than a mean level spacing or so, he found agreement with 
the exponential law now referred to as the Poisson distribution. He also discussed connections of his experiments with 



number theory. This and much more can be found in a fascinating booktSil he wrote on number theory in science and 
communication. 



Demonstrative experiments with microwaves and elastomechanical waves are discussed in Sees. VDl and VD2, 
respectively. 



1. Microwave cavities 

The stationary Helmholtz wave equations for the electric and the magnetic field E[r) and B(r), respectively, in a 
three-dimensional metal cavity read 

(A + P)E{r) = and (A + P)B{r) = (5.8) 

where k is the wave vector. If the boundary of the cavity is perfectly conducting, the tangential component of the 
electric and the normal component of the magnetic field vector vanish at the boundary. We consider a flat cavity 
formed by two plane, congruent and parallel metal plates. The cavity is uniform in the direction perpendicular to 
the planes, the z axis. With h the distance between the plates, modes with wave number k < ir/h cannot have a 
node in the z direction and are therefore effectively two-dimensional. These modes are transverse magnetic, i.e. the 
electric field vector is parallel to the z direction. For such modes, the relevant part of the wave equation reduces to a 
two-dimensional equation for the z component of the electric field. 
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(5.9) 



The tangential component of B can be calculated from E^. If we identify Ez{x,y) with the wave function il>[x,y) 
and with 2mE/h^ , Eq. (5.S) becomes identical to the Schrodinger equation for a two-dimensional billiard. In the 
electromagnetic case, the ray limit is attained if the wave length is small compared to the dimension of the cavity. 
This corresponds to the classical limit in quantum mechanics. 



Almost simultaneously but independently, Stockmann and SteinE£3 and Doron et a^.Efj in 1990 published the first 
experimental studies of microwaves in such flat metal cavities and interpreted their results from the viewpoint of 
classical chaos. Stockmann and Stein measured about 1000 eigenmodes of a Bunimovich stadium and of a Sinai 
billiard. Both cavities were about half a meter in size and 8 mm thick. The experimental spacing distribution 
agrees very well with the Wigner surmise. In a rectangle of similar size, Stockmann and Stein obtained a Poisson 
distribution. Doron et al. investigated scattering in an "elbow" shaped cavity and compared the autocorrelation 
function of the scattering matrix versus frequency to a semiclassical formulaEH which predicts a Lorentzian shape. 
This shape ap plies .when many chann|els, are open. The autocorrelation function is non-Lorentzian in the case of few 



open channels 
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Lewenkopf et alx23 improved the analysis of the data in the light of this fact. Doron et al. also 



discussed the enhancement of the Wigner time delay |due to time-reversal symmetry. Another scattering experiment 
in microwaiZE cavities was pcrforpied by Schultz et ^'P^^ 



Sridhaif£3, Sridhar and Hellei-E 



and Sridhar et alcln used a cavity to study wave functiotts. of the Sinai billiard. 
To measure the distribution of the electrical field strength within the cavity, Sridhar et aLE22l used a perturbative 
technique. These authors demonstrated the iConnection between the wave functions and classical periodic orbits and 
identified scarred states predicted by HelleiEIj. They also showed that a symmetry breaking in the Sinai— iDilliard 
leads to localized eigenf unctions. Related experiments were simultaneously done by Stein and St6ckmannE23 in the 
Bunimovich stadium. The measured microwave power is proportional to the imaginary part of the Gseen function. 
The latter can be expressed semiclassically in terms of periodic orbits by Gutzwiller's trace formuJatSS. Thus, via 



Fourier transform, the measured power gives information about the classical orbits. Steda. 



al£23 extended these 



investigations and thereby experimentally verified an insight due to Tomsovic and IIellerl2H3l22a. These authors had 
found that the semiclassical dynamics has a strong impact on the quantum mechanical behavior in billiards over very 

long time scales. i . 

The statistics of wave functions was measured directly by KudroUi et alx2A. For the Bunimovich stadium, slight 
deviations from the Porter-Th omas l aw are caused by the bouncing ball orbits. The correlator of wave functions at 
different space points (see Sec. Ill E 2 ) agrees well with theoretical predictions for chaotic systems. Tiles in the cavity 
which act as hard scatterers change the cavity into a disordered system. Deviations from the predictions for chaotic 
systems due to localization effects are fouAd both for wave function statistics and correlators. The^cesults agree well 
with a formula by Fyodorov and MirlinE23 which accounts for localization effects. Prigodin et aZJi^ also compared 
experimental and theoretical results for wave functions, see Sec. [HE 2. 

All these experiments suffer from a broadening of the resonances due to absorption by the walls of the cavity. This 
makes it impossible to separate close-lying resorLaxices. Missing levels pose a serious problem for the analysis of spectral 
fluctuations. To cure this problem, Graf et aZ.EHEl used superconducting niobium cavities at a temperature of 2 K. 
This results in a dramatic improvement of the resolution. About 100 well resolved resonances were measured in the 
Bunimovich stadium. The effect of the bouncing-ball orbits (Sec. |V C| )as-jclearly visible in the spectral rigidity, and can 
be removed, with the help of the semiclassical analysis of Sieber et aZ.L^S. With the same superconducting technique, 
Alt et oZ.lHj measured eigenmodes in the hyperbola billiard and comparedi-tte results with various transition formulae 
for the spectral fluctuations. Because of the high resolution, Alt et all^A could compare the shape of individual 
resonances-with the Breit-Wigner formula and found excellent agreement over the full dynamical range. Likewise, 



Alt et. a]c23 found good agreement of the distribution of partial widths with the Porter-Thomas law, see Sec. ttJJEll. 
These authors-also confirmed the above-mentioned theoretical predictions of Lewenkopf and WeidenmiillerEJ and 
Harney et alx^ for the autocorrelation function of the scattering matrix in the limit of isolated resonances. The 
non-Lorentzian shape of this function implies that the Fourier transform decays algebraically and not exponentially. 
A detailed investigation of the decay properties of the Bunimovich stadium billiard was performed by Alt et als^ . 



Measurements of spectral observables at a crossover transition are particularly inteixating. For the case of 



breaking of time-reversal invariance, such experiments were conducted by So et a/.C_j and Stoffregen et al. 



ox. 
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dual 
. So 

et al. used a cavity with a thin ferrite strip adjacent to one of the walls. Time-reversal invariance is broken when a 
magnetic field is applied to the ferrite. In the A3 statistic, the GOE GUE transition was observed with surprisingly 
good resolution. Stoffregen et al. placed a wave guide inside a microwave cavity. The wave guide contained a 
"microwave isolator" controlled by a magnetic field. One side of the cavity could be moved. This made it possible to 
study the motion of levels versus the length of the cavity. Stoffregen et al. determined the nearest neighbor spacing 
distribution, the tail of the curvature distribution of the eigenvalues, and the distance of closest approach at avoided 
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crossings and found agreement of all three observables with GUE predictions. In an earlier study, Stockmann et al. 
had already shown experimentally that in the cas e of tim e-reversal invariance, the tail of the curvature distribution 
agrees well with theoretical predictions, see Sec. Ill H 1 — ^ detailed theoretical study^-o^ microwave billiards w^ 
broken time-reversal invariance was given by Haake al. 



Recently, KoUmann et aZ£23 ancL-S|t6ckmann et aZ.c2j 
compared experimental results on the level motion with the predictions of the Pechukas gastZHl. They also study 
velocity ajad, curvature distributions, see Sec. Ill H. Moreover, a link to periodic orbit theory is discussed. 
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Richterc 



discusses numerous further projects with microwaves: The Pascalian snail for the study of the regularity 
chaos transition, the annular billiard for the investigation of chaos assisted tunneling and experiments addressing 
localization. 

In addition to the spectral rigidity, there exists another statistical observable, the correlation hole, to measure 
long-range correlations, see Sec. IIIB4. The Fourier transform of the spectral two-point correlation function maps 



long-range properties onto short-range,ones in Fourier space. For RMT correlations, this function ^s a hole at small 
values of the variable. KudroUi et a/.ciil found good agreement with the GOE prediction. Alt et aZ.E3 investigated the 
correlation hole in more detail, including an analysis of scattering data. 

A s ear ly as 1991, Ifaake et alEl3 used microwave experiments to study a certain pseudo-integrable billiard, see 
Sec. V C Shudo et alEl^ investigated pseudo-integrable billiards in the shape of polygons. 

Cavities have been used also for another purpose. Cavities with simple boundaries show good agreement with the 
Weyl formula for the mean density of eigenvalues. This changes when tiles are placed within_Lh£ cavity to roughen 
it. Deviations from t|be,Weyl formula can be viewed as indicating a change of dimensionalitjcij. In another study, 
Sridhar and KudrolliLii confirm experimentally the theorem of isospectrality. It states that pairs of billiards with 
different, but related, shapes exist which have identical spectra. 

RMT was designed to describe fluctuation properties |©t|quantum ^y^|:cq is. Does it al&|©— jvork for the spectral 
fluctuation properties of other wave equations? Deus et aLcia, 



Alt et al. 
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^-3 and Dorr et aZtia studied the statistics 



of eigenmo des in three-dimensional microwave cavities. In a truly three-dimensional system, the vector Helmholtz 
equations ( |5.8[ ) are structurally different from the scalar Schrodinger equation. Deus et al. found very good agreement 
of the spacing distribution with the Wigner surmise but deviations of the long-range correlations from tbe-jCOE 
prediction. They attributed the difference to a remnant of regularity in the irregularly shaped cavity. Alt et al.ciS used 
a more regular cavity and found statistics intermediate between Poisson and GOE even for the spacing distribution. 
Alt et a/.clZI study a three-dimensional Sinai billiard. In both investigations, periodic-orbit theory is applied and 
bouncing ball modes are extracted. The same geometry was investigated by Dorr et a/.ci3 who studied scarring and 
various statistical observables of the electromagnetic field distributions. 



2. Acoustics and elastomechanics 



Weaveiel^ was the first author to study the question raised in the previous paragraph: Does RMT apply to the 
spectral fluctuations of wave equations different from the Schrodinger equation? In 1989, a year before the first 
microwave experiments were reported, he studied the elastomechanical eigenmodes of aluminum-blocks. The motion 



of the displacement vector u(r, t) of a nmss element at position r is governed by Navier's equationc£3. For an isotropic 
material, the stationary wave equationEH3 for the displacement vector u{r) can be decomposed into two Helmholtz 
equations for the longitudinal (L) and transverse (T) parts. These equations read 

^2 \ 

A + — ux{r) = for X ^ L,T . (5.10) 
/ 

Here cl and ct are the longitudinal and the transverse velocities, respectively, and w is the frequency. Free boundary 
conditions (vanishing stress at the surface) apply. The longitudinal mode represents a pressure wave, the two transverse 
modes, shear waves. These modes are coupled through reflection at the boundary. Since always cl > ct, Snell's 
reflection law leads to ray splitting: The reflection of an incoming longitudinal or transverse wave at the boundary 
yields both a longitudinal and a transverse wave traveling in different directions. This phenomenon is also referred 
to as mode conversion. Thus, elastomechanical wave equations are structurally very different from the Schrodinger 
equation and even more complicated than the wave equation for the electromagnetic field in three dimensions. 

Weaver used rectangular aluminum blocks a few centimeters in size with angled slits. The slits break the symmetry 
of the blocks. Dropping steel balls onto the blocks and measuring the response, he found about 150 eigenmodes. 
The spacing distribution agrees well with the Wigner surmise, but the long-range correlatiuns deviate from GOE 
statistics. Why are the results for these nearly regular blocks so close tu-GOE? Bohigas et aZ.cHiJ attributed this fact 
to the angled slits which act as defocusing structures. Delande-jt alJE3 used periodic orbit theory to analyze the 
problem and reached a similar conclusion. Weaver and SornettalH3 showed that these systems can be viewed as being 
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pseudo-integrable. On short frequency scales, the correlations are indistinguishable from GOE predictions. These 
authors supported their conclusion by numerical simulations of a rectangular membrane with a point scatterer. Cheon 
and CohenEI3 reached a similar conclusion for polygons and pseudo-integrable-billiards. 

Using Weaver's technique on brick-sized aluminum blocks, EUegaard et aZMHj measured about 400 eigenmodes in 
the interval from to 100 kHz. Rectangular blocks display Poisson statistics. The spectxum is a superposition of eight 
spectra pertaining to different symmetries. In such a case, Poisson statistics is knowno to apply almost irrespective 
of the statistics of the individual spectra, see Sec. 1IIB5. Using blocks in the shape of a three-dimensional Sinai 
billiard, EUegaard et al. observed the Poisson GOE transition for the first time in a three-dimensional system. 

MonocrystalliM quartz blocks a few centimeters in size are even better suited objects because about 1500 eigenvalues 
can be measuredB in the range from 600 to 900 kHz. Unlike aluminum, quartz is an anisotropic substance. Both 
the longitudinal and transver se ve locities differ in the direction of different axes. Thus, the wave equation is even 
more complicated than Eqs. ( ^.10| ) which apply to isotropic materials. Quartz belongs to the discrete crystal group 
D3. The rectangular blocks used by EUegaard et al.u were cut in such a way that all symmetries are fully broken 
except a "flip" symmetry which has two representations, just like parity. The spectra were measured in transmission. 
The resolution was close to that of superconducting microwave cavities. The existence of the flip symmetry makes it 
possible to measure a gradual sy: 
number such as parity or isospin 
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jetcy breaking whic h is statistically fully equivalent to the breaking of a quantum 



see Sees. HIE and [VA5 



The symmetry violation is achieved by removing 
successively bigger octants of a sphere from one cornerjthereby again creating a three-dimensional Sinai billiard. The 
results for the spacing distribution are shown in Fig. They are in agreement with the random matrix simulations 
of Ref. 137. The tiny symmetry violation induced by small octants immediately lifts all degeneracies. The spectral 



rigidity deviates from the GOE prediction. This is probably because the blocks used have features similar to those of a 
scalar pseudo-integrable system, see Sec. VC, On short scales, however, the spectral fluctuations are indistinguishable 
from RMT. 

The experiments show that RMT applies far beyond quantum mechanics to classical wave equations which are very 
different from the Schrodinger equation. This is true even for anisotpaeic materials and for non-trivial effects such 
as crossover transitions. As Weaver points out in his original papeuiij, statistical analysis has had a long history 



in acoustics, especially room acoustics and instrument calibration, _see Ref. 425. Vibrations of complex structures 



have likewise been analyzed for a long time with statistical methodalij. We are under the impression, however, that 
Weaver was the first author to recognize the imnortance of RMT for the understanding of fluctuation properties in 
acoustics and elastomechanics. (Schroder's workES addressed a regular system). 

We turn to two-dimensional systems. BerryEJ cites urmiblished experimental work by Ede on the vibrations of 
metal plates in the shape of a Sinai billiard. Sapoval et alxlj investigated numerically and experimentally vibrations 
of membranes and found that fractal boundaries lead_.to localization effects. This is related to the work of Sridhar 
et uIIlI^ mentioned above. In 1992, Legrande et aln^ studied numerically the flexural vibrations (bending modes) 



of thin metal plates in the shape of a Bunimovich stadium and extended in the (x, y) plane. The stationary wave 
equation for the displacement Uz(x,y) perpendicular to the plate is of fourth order and can be written as 



{^ + k'){^-k')u,{x,v) = 



(5.11) 



where A is the Laplacean in two dimensions. The wave number is given by k'^ = 3a;2p(i _ v'^)/Eh'^ where ui is the 
frequency, p the density, h the thickness, v the Poisson number and E the elasticity module. Longitudinal modes 
obeying the second order Hclmholtz equation exist as well in elastic plates, but are not studied in Ref. 428. Legrande 
et al. used the boundary condition of a clamped plate. Because of the form (5.11) the waves are a superposition of 
Helmholtz waves, and of exponentially decreasing and increasing solutions due to the operatQt.A— /c^. Nevertheless, the 
spectral fluctuations agree well with GOE predictions. Recently, Bogomolny and Huguesc£3 calculated the smooth 
part of the cumulative level density, i.e. the Weyl formula, for flexural vibrations in elastic plates. They used a 
"semiclassical" approximation. Moreover, they worked out trace formulae for the integrable and the chaotic case. 
Ray splittiM-, occurs also in two-dimensional systems and causes problems similar to those of elastomechanics. 



Prange et aLtlSl calculated the cumulative eigenfrequency density in a two-dimensional system with ray splitting. 
In three dimensions, the technical difficulties are sueh that the cumulative eigenvalue density of a solid with free 
boundaries has not yet been calculated. Dupois et aLc2j solved a simplified problem by introducing periodic boundary 
conditions. 



E. Quantum dots 



During the last decade, it has become possible to manufacture microstructures of /im size. In the case of semicon- 
ductors, the electrons form a two-dimensional gas located between the two layers of a heterostructure. The potential 
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FIG. 25. Nearest neighbor spacing distribution P{s) for the different radii r of the removed octant: {a) r — mm, (b) 
r = 0.5 mm, (c) r = 0.8 mm, (d) r = 1.1 mm, (e) r = 1.4 mm, (f) r = 1.7 mm, (x) a huge radius of r ~ 10 mm. The dotted 
and the dashed curves are the theoretical predictions for a chaotic system containing no or one symmetry, respectively. Taken 
from Ref. ^ 
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confining this two-dimensional gas can be controlled extremely well, and it is possible to fabricate devices with widely 
varying shapes. At temperatures below 1 K or so, the phase coherence length is larger than the system size, and 
quantum coherence plays an important role. The elastic mean free path is typically 10 fim or larger. The electrons 
move "ballistically" , i.e. they scatter only at the boundaries defined by the confining potential. The device can be 
viewed as a billiard. When coupled to external leads, it is called a quantum dot. The number of electrons on the dot 
varies typically between a few and several hundred. The coupling between dot and leads may be controlled by gates 
whicb_c 



et al. 
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■eate a potential barrier. A review of electron transport in quantum dots was recently given by Kouwenhovcn 
Here, we are concerned with level statistics and wave function correlations in ballistic quantum dots. In our 
discussion, we disregard the Coulomb interaction between electrons, save for the charging energy which is a mean field 
effect. Interaction effects in quantum dotjs-^ave drawn interest only recently and are not discussed here, a detailed 
discussion was presented by Marcus et al. 
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It is very useful to discuss quantum dots in the framework of scattering theory. Let G denote the conductance and 
A the total number of channels in each lead, defined by the number of transverse modes below the Fermi energy. The 
dimensionless conductance g = {h/e^)G is the central object of theoretical interest. The Landauer formula 



A A 



(5.12) 



a=l 6=1 



expresses g as the total transmission. The latter can be written in terms of the scattering matrix S describing the 
electron transport through the device. Here, S^^ and S^^ are those blocks of the scattering matrix S which describe 
scattering from the left to the right le ad and from the right to the left lead, respectively. A more detailed discussion 
of this formula is given in Sec. VI C 1. The dimensionless conductance g is bounded by twice the number of channels 
in one lead, g < 2A. The properties of the dot depend on the strength of its couphng to the leads. Without barriers, 
we have g > 2. The electrons move freely between dot and leads, the quasibound states in the dot be come strongly 
overlapping resonances, and g shows conductance fluctuations. This regime is addressed in Sec. VEI. For 17 < 1 or 
so, the electrons must tunnel through the barriers between dot and leads, and g displays isolated resonances. This 
"Coulomb blockade regime" forms the topic of Sec. VE2| . 



1. Magnetoconductance and level correlations 



In 1990, Jalabert et allE3 suggested that fluctuations of observables such as the conductance might contain in- 
formation about the shape of quantum dots. The spectral fluctuations of a regular system such as the circle differ 
qualitatively from those of a chaotic system such as the Bunimovich stadium. This difference might also affect the 
conductance fluctuations of quantum dots with either shape, Jt-,was known that magnetotransport properties in small 
two-dimensional conductors do depend on the geometryC^JC ^, an d Doron et alS^ investigated almost simultane- 
ously the open "elbow" billiard with a similar aim, cf. Sec. VP 1. But Jalabert et al. established the connection 



between classical chaos and ballistic quantum dots. These authors investigated both semiclassically and numerically 
the fluctuations of g ver sus an external magnetic field ( "magnetoconductance fluctuations" ) . Jalabert et al. used the 
Landauer formula ( ^.12| ) and calculated semiclassically the autocorrelation function of g versus magnetic fleld strength 
B, 



where 



c{B) = {Sg{B - B/2)Sg{B + B/2)) (5.13) 
g — (g). The average is taken over an appropriate interval of values of B. For a chaotic dot, they found 

c(0) 



c{B) 



(1 + ieB/hca,i)^Y 



(5.14) 



where the constant l/a^i denotes the root-mean-square area enclosed by trajectories traversing the dot. The power 
spectrum (Fourier transform) of c{B) decays exponentially. 



s{uj) = s(0)(l -|- hcaciLu) exp(— /icadcj) 



(5.15) 



As mentioned in Sec. VDl, Bliimel and Smilanskyu£ Zl had computed a related quantity, the energy correlator of 
the scattering matrix, also semiclassically. The result ( 5.15| ) holds only for weak fields where the cyclotron radius is 
larger than the size of the dot. Moreover, the semiclassical appro xima tion used in the derivation is justified only for 
large channel number, A 3> 1. Jalabert et al. compare formula (5.14) with numerical simulations in two classically 
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FIG. 26. Electron micrograph of a qua ntum dot in the shape of a Bunimovich stadium, with 1 ^m bar for scale. This device 
was used in the ex perim ents of Ref. 442. The electrons can move in the black area. Two leads are coupled to the stadium. 
Adapted from Ref. 442. 



chaotic scattering systems: a Bunimovich stadium with two external leads and a four disk junction. The latter 
consists of four identical disks whose centers form the corners of a square. .The distance between these disks is a 
quarter of the dist^adius. Thus the four disks form an open scattering systemE2ZrE23, extending the famous three disk 
scattering systemE^S. Good agreement is found. Deviations in the tail of the Lorentzian are ascribed to non-universal 
behavior due to short trajectories. Moreover, to check the uniqueness of their findings for chaotic systems, Jalabert et 
al. perform numerical simulations on a rectangle which is integrable. There are fluctuations, but the Fourier transform 



indicates that Ijiipy are qualitatively different and have non-Jiiuversal shape. Related theoretical work was presented 
by Doron et alz3, Jenseiiely and Oakeshott and MacKinnonMl. 



In 1992, Marcus et a/.cl3 performed an experimental test of the difference between regular and chaotic quantum 
dots. These authors fabricated two quantum dots in the form of a circle of radius 0.44 /im, and two quantum dots in 
the shape of a Bunimovich stadium of length 1.2 /im and width 0.6 /im, see Fig. All dots had the same area of 
0.41 /im^. Both the electron density of 3.8 • 10^^ cm~^ and the mobility were measured and yielded an elastic mean 
free path of 2.6 /im, several times the sizes of the dots, so that the electrons move ballistically. The power spectra 
show a striking difference for the two geometries. The semiclassical prediction (5.15) for chaotic motion agrees with 
the data for the Bunimovich stadium and not with those for the circle. The results are shown in Fig. The number 
of channels in this experiment was rather small, A ~ 3. Hence the semiclassical analysis is not very well justified. 
However, Marcus et al. provided convincing experimental evidence that, as Jalabert et al. had predicted, the difference 
between regular and chaotic motion reveals itself in the conductance fluctuations of quantum dots. 

At zero magnetic field, the resistance displays sizeable peaks. The widths differ for the two geometries. At 20 mK, 
Marcus et al. found a few milli Tesla for the width of the peak of the StadiuiH. and a much smaller value for that of 
the circle. A caimection between these peaks and the weak localization effectO in disordered systems was suggested. 
Baranger et aZ.clj investigated this phenomenon semiclassically. At zero magnetic field, the system is time-reversal 
invariant. The amplitudes which contribute to the reflection coefficient come in pairs. Semiclassically, the members of 
a pair correspond to time-reversed classical trajectories and interfere constructively. As the magnetic field is turned 
on and time-reversal symmetry is broken, the two amplitudes get out of phase. Hence at zero field, the reflection 
coefficient has a maximum and the transmission coefficient has a minimum. This leads to a maximum of the resistance. 
Baranger et al. showed that this weak localization effect depends on whether the dynamics in the dot is regular or 
chaotic. The calculation accounts for the-^xistence of the peaks and for the difference in widths. The a uthors pointed 
out that the "diagonal approximation" 



'E2a typically used in the semiclassical approximation (Sec. VII ) ,dops not yield 
all relevant contributions, in contrast to a full-fledged random matrix model such as that of lida et alM^. 

In fmjther experimental work, the weak localization dip of the conductance in the Bunimovich stadium was mea- 



suredcl3 for temperatures between 1.5 K and 4.25 K. I n ke eping with semiclassical arguments, the dip becomes less 
pronounced as the temperature increases, see also Ref. 445. 

The experixafijoijs on chaotic quantum dots had shown that the shape of the weak localization peak is Lorentzian. 
Pluhar et a/Jllj^LJ reproduced this behavior in a random matrix model, using the random Hamiltonian approach to 
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FIG. 27. Averaged power spectra (here denoted by Sg{f)) of conductance fluctuations Sg{B) for stadium (solid diamonds) 
and circle (open circles) with approximately three transverse modes. The left and the right figures display the results for two 
different samples. Solid curves are fits of the semiclassical theory. The a utoc orrelation functions (here denoted by C{AB)) of 
stadium (solid) and circle (dashed) are shown as insets. Taken from Ref. 442. 



the scattering matrix as discussed in Sec. [11 D . The depende nce o n magnetic field was modeled as a GOE — > GUE 
crossover transition. The fictitious time ^ in Eg . ( 2.13| ) of Sec. HE is proportional to the square of the magnetic flux 



through the dot. In the notation of Sec. IIIF one has t oc \ . Assuming ideal coupling to the leads, these authors 
obtain an exact expression in terms of a three-dimensional integral for {g{t,A)). Numerical integration shows that 
the expression 



A 



1 



2A+1 1 + 2(2A- l)t/A2 



(5.16) 



is an exceUeut approximation to {g(t, A)) for all A > 2. This expression has Lorentzian shape. Gerland and Wei- 
denmiillerc£3 extended this calculation to the case of non-ideal coupling to the leads (barriers). They show that the 
peak shape is always Lorentzian but that the parameters depend sensitively on the transmission coefficients. Since 
electron-electron interaction is not included in this model, these results are not valid in theXjoulomb blockade regime. 

Using a Brownian motion model in the space of scattering matrices, Frahm and Pichardcl3 and RauEl3 investigated 
the s ame p roblem, now formulated as a crossover transition from COE to CUE in the random S'-matrix approach (cf. 
Sec. VIC). Frahm and Pichard calculated all correlators of of g as functions of the eigenvalues of the transmission 
matrix and of a fictitious time t. Unfortunately, it has not been pos sible to relate t with the flux through the dot. 
Moreover, the analytical dependence of {g{t, A)) on t differs from Eq. ( 5.16| ). This suggests that the Brownian motion 
model in the space of S matrices may not be a suitable means to model the crossover transition. This is in line with a 
difficulty often encountered in attempts to model parametric correlations in the random S matrix (or transfer matrix) 



approach, cf. Sec. VIC 



The calculation of the correlator c{B) of the magnetoconductance defined in Eq. (5.13) within a random matrix 
approach poses a much harder problem. Frahm and PichardllS point out that it is highly doubtful whether c{B) 
can be workedjaut at all in the random S matrix approach. Within an appropriate extension of the model of Pluhar 
et al., FrahmE2l calculated c{B) usinB-a*i asymptotic expansion in the inverse channel number A and obtained the 
result (5.13). Receujtly, Gossiaux et al£^ tackled the full problem for arbitrary channel number. 

Prigodin et aZ.Eij investigated the conductance distribution P{g) for a chaotic quantum dot weakly coupled to 
leads. The Hamiltonian has the form 



H = Hr 



{ai5[r — ri) + a2(5(r — ^2)) 



(5.17) 
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Here . He is the disorder Hamiltonian of the chaotic dot. The second, non-Hermitean term on the right hand side of 
Eq. ( 5.17 ) accounts for incoherent processes such as electron-phonon scattering which produce a width T = alS.jl'n 
measured in units of the mean single-particle level spacing A. Prigodin et al. focus on the regime A <C F ^ Ec where 
Ec is the Thouless energy, see Sec. Vl . Iit-this regime, an interaction-free theory is appropriate. The last term on 
the right hand side of Eq. (5.17) describeslllil the coupling to the leads via point contacts at fi, r2 with V the volume 
and ai, ? = 1,2 diniensionless parameters. Prigodin et al. study this model with Efetov's supersymmetry formalism. 
In the zero mode approximation and in the weak tunneling limit a 3> a;, « = 1, 2, they compute the moments 



P{9)ffdg 



0,1,2, 



(5.18) 



of the conductance. If the magnetic field is sufficiently large, weak localization effects can be neglected and the unitary 
symmetry class is appropriate. The distribution P{g) decreases monotonically with g and g = is the most probable 
value. This is in contrast to the case of systems strongl y conn ected with leads, Prigodin et al. also re-derive the 
Porter-Thomas distribution for the unitary case, see Sec. tIIE2. Marcus et al. 
in the tunneling regime where the dot is nearly isolated, 
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measured the magnetoconductance 



This is consistent with the results of Prigodin et al. 
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The power spectrum is enhanced at high magnetic frequencies. 



Moreover, the magnetoconductance displays a crossover from 
aperiodic fluctuations at lower fields to periodic, Aharonov-Bohm-like fluctuations at higher fields. At the crossover 
point, the cyclotron radius of the electron motion has roughly the size of the Bunimovich stadium. For fields larger 
than this critical valupr-the electron bounces-along the boundary of the stadium, and the motion becomes regular. 

Baranger and MelloE^^ and Jalabert et alE^ used the random S matrix approach to calculate statistical observables, 
particularly the distribution of the dimensionless conductance g. They discuss their results as functions of the channel 
number A and the universality class /3. In the case of only one channel in each of the two leads, they find 



(5.19) 



which shows a qualitative difference for the three cases (3 = 1,2,4. With increasing channel number, P{g) quickly 
approaches a Gaussian with non-zero mean. These results were obtained for ideal leads and fop_maximal coupling 
F between dot and leads, and do not contradict those of Prigodin et al. Brouwer and BeenakkeiE£3 bridged the gap 
between these two approaches by calculating, in the random S matrix model, the distribution of g for arbitrary F and 
for all p. For = 2 and small F, the result of Prigodin et al. is reproduced. 



2. Coulomb blockade regime and wave function statistics 



In this regime, the barriers between dot and leads are so high that the intrinsic mean width F of the quasibound 
states in the dot is much smaller than the resonance spacing. The conductance is measured as function of the gate 
voltage applied to the dot. ALLpw temperature, a series-pf well-defined isolated resonanqes-js seen. Such measupeujients 

a^.E^^I, Kouwenhoven et a/.E^Zl, McEuen et all 



were made by Meirav et al. 
also the review by Kastner 
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Weis et alJ^M and Foxman et aLc£3, see 



At each resonance, another quasibound level of the quantum dot passes through 
the Fermi surface-from above as the gate voltage is increased, and the number of electrons on the dot increases by 
one. Beenakkeic£3 has shown that the resonance spacing £"„ — + e^/C is the sum of the spacing En — £'n-i 

This charging energy 
For sufhciently small 
^|dH| a plot of conductance 



between adjacent quasibound single-particle levels in the dot, and the charging energy e /C. 
suppresses tunneling processes between resonance peaks and causes the Coulomb blockade, 
values of the capacity C, the charging energy dominates the expression En — En-i ^ 
versus gate voltage, equally spaced peaks appear. Several theoretical investigations 

blockade regime. Here we focus on a feature which is of particular interest for RMT. In many of the experiments 
the peak widths are dominated by temperature broadening, so that F <C ksT <C e^/C, and all peaks have the same 
width. Nevertheless, the peak heights fluctuate by orders of magnitude. This behavior can be modeled within a 
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address the Coulomb 
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random matrix approach. Several aspects of this problem are of general interest and are presented in Sec. [HE. Here 
we discuss the applications specific to quantum dots. 

We are interested in the regime F <C fc^T < {En — En-i). The height of a resonance peak is given by 



iTrksT 



with 



(5.20) 



where F^^^ and F^^^ are the partial decay widths of the resonance into the channels of the left and the right lead, 
respectively. RMT had been shown to give the correct description for the spectral fluctuations in irregularly shaped 
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quan tum dots. In 1992, Jalabert et alx^ used RMT to determine the statistical properties of the quantity a in 
Eq. ( 5.20 ). For an asymmetric dot with a single decay channel per lead, the distribution function P/3(a) is obtained 



Pi (a) = W — exp(-2a) 
V ira 

P^{a) = Aa{Ka{2a) + ifi(2a)) exp(-2a) (5.21) 

for GOE and GUE, respectively. Here, asymmetric means that possible reflection symmetries have been removed by 
proper deformations of the system geometries. If such symmetries are present , one has F^^^ = F*^^^ and a = F/2F. 
Then the distribution function coincides with .the Porter-Thomas law. In Eq. (5.21), Kn is the n-th modified Bessel 
function of the second kind. Stone and BruusL£3L£3 performed extensive numerical tests of these results. The y use d 
the Africa billiard (5.7) as a model for the quantum dot and_found good agreeqient with both of tJaa,pi^dictions 
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Experimental verifications were presented by Chang et al. 
the parametric velocity correlator ( 3.156 t ) apd . gho wed its 
and numerically by several other author fJli^ 



5.21) 



and Folk et nl r°1 Stone and BruuscHjcHj also computed 
universality. This work was extended both analytically 
Etigodin et a^Jli3 discuss tOj-ssihich extend their results can be 
applied t o the C oulomb blockade regime. Bruus et a^.E21l and Alhassid and Attiaal£j studied parametric correlations 
(see Sec. [II 112] ) of the conductance peaks as a function of the magnetic field separation. They predict a squa red 



Lorentzian in the case of fully broken time-reversal invariance. This was also experimentally verified in Ref. 468 



F. Hydrogen atom in a strong magnetic field 



The hydrogen atom in a strong magnetic field has played a central role in the conceptual development of quantum 
chaos. This is mainly due to three properties of this system, (i) It is a "real" system for which experimental data 
were available when theorists became interested in quantum chaos, (ii) Effectively, it has two degrees of freedom 
and is, therefore, calculable, (iii) It has an extremely useful scaling property which simplified the calculations and 
helped in the understanding of experimental results. Our brief discussion centers on the random matrix aspects 
of this system. Detailed, presentations, ppxticularly on the periodic achit aspects, can be found in the reviews by 
Friedrich and WintgercZj, Hasegawa et aZjlId, and in Gutzwiller's bookll23. A detailed discussion of the present status 



of experimental work on the hydrogen atom in magnetic and electric fields was recently given by NeumanncZ2 
The Hamiltonian of the hydrogen atom in a homogeneous constant magnetic field B in z direction reads 



H 



2m 



(5.22) 



with r = -^Z + y'^ + and where lol — eB/2mc is the Larmor frequency. The first two terms on the right hand 
side correspond to the Hamiltonian of the hydrogen atom without magnetic field. The third term represents the 
paramagnetic Zeeman contribution, the fourth one is the diamagnetic term. The last two terms break rotation 
invariance and destroy full integrability. With increasing magnetic field strength, ever larger parts of classical phase 
space become chaotic. We express the magnetic field in natural units defined by dividing the Rydberg energy me'^ /2Ti^ 
by the Larmor energy Tiujl- Then, B = ^ ■ 2.35 • lO^T where the magnetic field strength parameter 7 is dimensionless. 
We use atomic units. Because of axial symmetry with respect to the z axis, the azimuthal quantum number M is 
a good quantum number, and so is parity tt. It is convenient to rotate the frame with the Larmor frequency ujl- 
This removes the paramagnetic term. In cylindrical coordinates, the momenta va p = \J ^ y"^ and z direction are 
denoted by Pp and p^, respectively. For fixed Af^ values, the Hamiltonian reads 



2 



'A 



1 



1 2 2 

o7 P 



(5.23) 
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Precise calculations which yield an excellent description (p£-t,he experimental data were performed by various groups 
As an example, pwe show results obtained by HoUe et 
scaling propertycli 



in Fig. The Hamiltonian ( ^.231) has the remarkable 



72/3i/(7^1/3p'^72/V,l) 



(5.24) 



Wintgenil^ and Wintgen and Friedrich^ — realized that the scaling property (5.24) caur-be used for an efficient 
computation of the eigenvalues. This step was crucial. It was used later also by HoUe et a^H3 for a much improved 
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FIG. 28. Comparison of theoretical and experimental results for the deuterium Rydberg atom. The magnetic field strength 
is 5.96 T. In spectroscopic units, the energies of the Rydberg states are between -80 cm~^ and -20 cm~^, where 1 cm~^ 
corresponds to 0.12 meV. At the en d of the energy range, i.e. above -25 cm~^, the corresponding classical system becomes 
completely chaotic. Taken from Ref. 473, 
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understanding of experimental data, see the reviewllZJ. Wintgen and FriedrichcZa calculated the spectrum some meV 
below the ionization threshold at magnetic field strengths of a few Tesla. All properties depend only on the scaled 
energy e = ^~'^/'^E. This variable increases with both excitation energy and magnetic field strength. One has e < 
for bound states and e > for resonances. Between e = —0.8 and e = —0.2, the spacing distribution for bound 
states changes from Poisson to Wigner, see Fig. ||. In the same range, the fraction of classical phase space filled 
by regular trajectories decreases drastically. The coincidence of these facts strongly promoted the understanding of 
quantum chaos. As a function of e and for L values below a critical value X^nax, the spectral rigidity follows the 
same pattern but saturates for L > L^^i^x- This is in agreement with Berry'sO general argument based on periodic 
orbit theory, see Sec. VII. The hydrogen atom in a strong field has been of great importance for the development 



of periodic orbit t 
knowncI| , Wintgc : 



Rcfs. 470,471,108 



ty. Although the relevance of classical periodic orbits for the quantum spectrum was already 
was the first author to realize the full applicability of Gutzwiller's theory. For reviews see 



Although a "real" system, the hydrogen atom in a strong magnetic field is intimately connected to one of the toy 
model s stu died theoretically. Upon the introduction of parabolic coordinates /i± with = r ± z, the Hamilto- 
nian ( ^.22| ) can be written as the sum of three terms. Each of the first two terms represents a harmonic oscillator 
with angular momentum barrier, while the third term provides a sixth ordenxoupling in fi± between the two. This is 
actually the forpiJised by Delande and Gayc23 and Wintgen and FriedrichElj to calcu late eig enstates. 



Simons et aZ.c£il verified the existence of universal parametric correlations, see Sec. IIIH2, in the spectrum of the 
hydrogen atom versus magnetic field strength, see also Ref. 162. These authors demonstrated the universality of the 
parametric level numher variance and of the velocity correlator. 



Zakrzewski et a/.C_j made the following interesting observation. Very close to ionization threshold, the nearest 



neighbor spacing distribution deviates from the Wigner surmise. This is caused by an almost complete absence of 
spacings larger than about 1.5 mean level spacings. The classical motion is chaotic. However, the diamagnetic term 
in Eq. ( ^.23 ) confines the motion only in the (x, y) plane. In the z direction, the electron can move very far away from 
the proton. At such large distances, the Hamiltonian is the sum of two integrable parts. Zakrzewski et al. showed 
that this effect can be described by a regular Hamiltonian coupled to a chaotic one modeled by a random matrix. 



G. Model systems 



Among a large variety of theoretical models, we subjectively select a few which^.in .our judgement, had impact 
on RMT. Regarding other systems, we refer the reader to the reviews by BohigasBE3, EckhardlEfl, GutzwiUeiM, 
and HaakeE3. Molecu lar c hemist s introduced many such models systems which later became interesting for quantum 
chaos. In Sees. V G 1 and V G 2, we discuss coupled oscillators and the anisotropic Kepler problem, respectively. 



1. Coupled oscillators 



In 1973, PercivaltiZI predicted that, in the semiclassical limit, the energy spectrum of coupled oscillators consists of 
a regular and an irregular part which reflect, the classically regular and irregular motion, respectively, see Sec. V A. To 
test this prediction, PuUen and Edmond^23 in 1981 investigated numerically the classical and the quantum properties 
of two one-dimensional harmonic oscillators coupled by a fourth-order interaction. 



H = Hi + 



1,2 



(5.25) 



where k is the coupling parameter. This system has several advantages over other model systems. For example, it is 
bound at all energies. Pullen and Edmonds studied the levels S„(fc) as functions of the transition parameter k, and 
worked out the second differences 



= \{E,,{k + Ak) - En{k)) - (£;„(fc) - En{k - Afc))| . 



(5.26) 



Large values of the A^'s are due to avoided crossings and occur in the regime where the classical dynamics is chaotic. 
Today we would say that A^ measures the curvature of the parametric level motion and indicates chaotic dynamics, 
see Sec. [IIH 1. Aside from their interest for chaotic systems, pairs of coupled harmonic oscillatars became interesting 



integrable systems with a second hidden integral of motion 
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also as models for a new class 
A year later, Haller et alx. 
symmetry. It also has a scaling property, and the levels can be computed efficiently. Haller et 



studied the system ( 5.25| ) numerically. This system possesses a C 



4v 



point-group 
worked out 
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FIG. 29. Nu meri cally calculated spectral rigidities and nearest neighbor spacing distributions for the two coupled oscillators 
defined in Eq. ( ^.27| ). The parameters are ai = 0, /?i = 122. f, 71 = 0, Q2 = 0, (32 = 24.1, 72 = 0, 012 = 0, /3i2 = -50A and 
712 = 0. The transition is studied as a function of the interaction strength A. Figures (a) to (e) correspond to interaction 
strengths A = 0.10,0.04,0.02,0.01 and 0. We noti ce t he saturation of the spectral rigidities. The lines were obtained from a 
model of random band matrices. Taken from Ref. 48J . 



the spacing distribution for a set of k values and found a transition from Poisson to Wigner behavior which was 
fitted with the Berry-Robnik formula. The classical analogue of this system was known to undergo a transition 
from predominantly regular to chaotic motion. The work of Haller et al. was one of the first studies to show the 
close relationship between the transitions from regular to chaoiic, motion in classical mechanics, and from Poisson 



to Wigner-Dyson statistics in the quantum case. Meyer et alE^ added further evidence in the frame of classical 
mechanics. 



In a conceptually important contribution, Seligman et aZJl^j investigated a related system which has a more complex 



structure and shows richer features. They chose two one-dimensional oscillators with fourth-order potentials coupled 
by an interaction of the same form, 

H = ^(Pl +pI) + ViiXi) + V2ix-2) + Vi2i\xi - X2\) 

V,{x) = aix"^ + P,x^ + -/^x^ , 1,2,12. (5.27) 

The extensive numerical simulations show that, controlled by the parameters ai, Pi and 7^, the spacing distribution 
exhibits a transition from Poisson to GOE statistics when the classical system makes the related crossover from 
predominantly regular to chaotic motion. Seligman et al. also worked out the spectral rigidity and found a saturation 
beyond some interval length Lmax- Their results are shown in Fig. for a certain choice p£ parameters. They also 
investigated the behavior of the corresponding classical system. Shortly thereafter, BerryE3 expressed the spectral 
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rigidity in terms of periodic orbits and explained the saturation, see Sec. VII. To explain the transition, Seligman et 
at also constr ucted a model of random band matrices. Very similar models are nowadays used in localization theory, 
see Sec. |VID| . _ 

Zimmermann et a/J12j calculated the spectral rigidity for the system ( 5.25 ) and compared the saturation effect 
quantitatively to Berry's prediction. Berry argues that the maximal interval length L„iax for universal GOE behavior 
is given by -L max = 27r?i/£'Tniin where D is the mean level spacing and Tmin is the period of the shortest periodic 
orbit, see Sec. VII. Zimmermann et al. found that this estimate is consistent with the tendency of the numerically 

of the coupling parameter, 
used two coupled quartic oscillators. 



see Sec. |^ 
obtained L,„ax > 
Bohigas et al 
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(5.28) 



with parameters A, h and a(A) as a model system to study the effect of classical transport on quantum properties. In 
a parameter range where the system is mixed, there exists a classical flux in phase space through imperfect barriers 
which are due to Cantori. Cantori are remnants of tori in the classical phase space of a mixed systeaj, A semiclassical 
theory for the level number variance was derived and applied to this system by Smilansky et aLcSa. Because of its 



conceptual importance, we discuss this system and the concepts emerging from this study in Sec. VH 



2. Anisotropic Kepler problem 



Another model system introduced by condensed-matter physicists is the anisotropic Kepler problem, 
tonian is 



H 



tpI ^ P. 



2m 



2™, 



The Hamil- 



(5.29) 



with p — \/ x^ + y^- The anisotropy is caused by the difference Jaelasieen the masses wip and m^. This model describes 
donor-impurity levels in semiconductors. In 1971, Gutzwillcrc23'c£j had shown that the classical problem exhibits 
hard chaos. Later this problem became very important in periodic orbit theory. For most classical systems, the 
Kolmogorov-Arnold-Moser theorem prevents the abrupt transition from integrable to ergodic behavior: The structure 
of most invariant surfaces in phase space changes smoothly under small perturbat ions. However, this theorem does not 
apply to the pure Coulomb system. Therefore, it-«ias not clear how the system ( 5.2E ) behaves if the mass anisotropy 
1 — mp/rriz differs slightly from zero. Gutzwillerc23 had found strong evidence for an abrupt transition from regular 
to ergodic motion. His results and the question whether the spectral fluctuations change abruptly, too, led Wintgen 
and Marxeic£3 to a detailed numerical study of the classical anisotropic Kepler problem and its quantum analogue. 
At a mass anisotropy of 0.2, classical phase space is densely filled with remnants of tori, i.e. with Cantori. Thus, the 
system is only weakly chaotic. At sufficiently high excitation energies, the nearest neighbor spacing distribution agrees 
perfectly with the Wigner surmise. But the spectral rigidity follows the GOE prediction only up to an interval length 
of L ~ 7 and then grows linearly with L in a Poisson-like fashion. The speed of convergence to the GOE prediction 
is different in different regions of the spectrum. It is conjectured that the intermediate scale deviations and the slow 
convergence to the GOE predictions are connected to the pronounced Cantori structure of classical phase space. This 
example shows that, in its gross features, even a somewhat special system such as the anisotropic Kepler problem 
is consistent with the overall picture developed throughout this review: RMT type correlations become visible very 
quickly on short scales in the spectrum. On larger scales, however, there is stronger resistance to RMT correlations. 



H. Classical phase space and quantum mechanics 



We now leave the discussion of special systems and return to the general aspects: The connection between quantum 
chaos and RMT. How does the pStijucture of classical phase space manifest itself in quantum mechanics? About 
ten years ago. Berry and Robnikli^ conjectured that the spectrum of a mixed system should be a superpositioiL_Qf 
independent spectra, each associated with a chaotic (or regular) region in phase space. This is related to Percival'sEiZ 
picture, see Sec. V A. Under the crucial assumption of independence of all these spectra, the nearest neighbor spacing 
distribution and other fluctuation measures can be predicted. In the simplest case, one obtains the Berry-Robnik 
formula for the spacing distribution (Sec. IIIB). In a more realistic picture, boundaries partitioning the chaotic part 
of classical phase space must be taken into account. Such boundaries may, for instance, be due to Cantori. Classical 
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trajectories do pass such boundaries 
system. Bohigas, Tomsovic and Ullmcr^''' 



Ijlejfertheless, the existence of the boundaries defines a new time scale for the 
extended the Berry-Robnik surmise by accounting for this time scale in 
terms of the classical flux through the boundary. The ensuing random matrix model acquires block structure. Each 
region of phase space is represented by a Gaussian or Poissonian ensemble, as the case may be. The corresponding 
matrix blocks are located on the diagonal of the total Hamiltonian matrix. The diagonal blocks are coupled through 
blocks of random matrices. The strength (second moment) of the latte r is d etermined by the classical flux between 
the regions. The random matrix model for symmetry breaking (Sec. [II F) is a special case of this model. The 
mathematical concept is very similar to early work by Rosenzweig and Porter on the spacing distribution in complex 
atoms, see Sec. IVB 1. In the model of Bohigas, Tomsovic and UUmo, there exists, in addition to the coupling between 
different regions of the chaotic part of phase space due to classical flux, also a coupling between the regular and the 
chaotic blocks and among the latter which i s du e to quantum-mechanical tunneling processes. This relates to the 
idea of "chaos-assisted tunneling" (see Sec. VC) where separated regular regions in phase space are coupled via a 
chaotic region. 

One can view the Bohigas-Tomsovic-Ullmo model as an extension of the original Bohigas conjecture: Since Cantori 
lead to more than one intrinsic time scale the ensuing random matrix model acquires a more complicated structure. 



I. Towards a proof of the Bohigas conjecture 



The most remarkable feature of RMT is the prediction of universal statistical behavior of quantum systems. After the 
formulation of the Bohigas conjecture, it became a challenge to find analytical arguments linking classical chaos with 
RMT. Three approaches towards a formal proof of the B ohiga s conjecture are presented here: Periodic orbit theory, 
Berry's argu ment, and subsequent theoretical work (Sec. VII), a field-theoretic approach using the supersymmetry 
method (Sec. VI 2), and a group-theoretical and probabilistic argument based on structural invariance (Sec. fTHj ). 
All three approaches involve, in one way or the other, a semiclassical approximation to quantum mechanics which 
links quantum and classical behavior, i.e. formally, the limit ?i ^ is taken. 



1. Periodic orbit theory 



A natuEaLfcan 



Gutzwillei 
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chaos is provided by periodic orbit theory. Developed by 
,|493H500| g^j-^^ |-,y Balian and BlochE2J'L23, periodic orbit theory is based on the saddle-point approx- 
imation to Feynman's path integral—for ?i — > and is one of the means to implement the semiclassical approxima- 
tion. In an important paper, BerryEj used periodic orbit theory to investigate universal aspects of the A3 statistics 
(Sec. [II B 3| ). We recall that A3(i) is defined in terms of the staircase function 77(f). This function is the unfolded 
integral over the level density p{E), and A3(i) is obtained by minimizing the mean square deviation of 77(f) from 
a straight line over an energy interval of length L, see Eq. ( |3.57 ). Berry writes p{E) as the sum of a smooth and a 
fluctuating part. 



p{E) ^ (p{E)) + pa{E) 



(5.30) 



The smooth part {p{E)) is identical to the mean level density Ri{E), see Sec. IIIBl. Periodic orbit theory can be 



used to write the fluctuating part as the sum over classical periodic orbits ( "trace formula" ) , 



PfiiE) 



(5.31) 



where j labels all distinct orbits, including multiple traversals. The phase factor in Eq. (5.31 
classical action Sj{E) of the orbits. The amplitude Aj{E) is related to the monodromy matrix of the orbit 



is determined by the 
In an 



integrable system, periodic orbits form d — 1 parameter families filling d-dimensional phase-space tori. A chaotic 
system is de fined as an ergodic system in which all periodic orbits are isolated and unstable. It can be shown that 
in Eq. (5.31), this implies p, — (d — l)/2 for integrable and /it = for chaotic systems. The length of the averaging 
interval needed for a separation of {p{E)) and of pfi{E) must obey two conditions, (i) It must be small on the classical 
scale, i.e. small compared to the energy E of the system, (ii) It must be large compared to two intrinsic energy scales 
of the system, the mean level spacing D = l/Ri{E) and the energy h/Ty^in given by the period Tmin of the shortest 
periodic orbit. The associated energy DL^^x = ^/Tmin sets an important scale. Since D is of order and Tmin is of 
order ?i, we have D <^ ?i/Tmin in the semiclassical regime. The largest fluctuations in Eq. (5.31) stem from h/Tynin- 
The energy range DL is classically smaU, and we can write Sj (i? -I- e) ~ Sj (E) + eTj (E) where Tj (E) — dSj (E) / dE 
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is the period of the orbit labeled j. Ignor ing the e dependence of the amplitudes Aj and of the mean level spacing D, 
the energy average in the definition ( [3.571 ) of ^3 (^) can be performed trivially, resulting in a double sum over periodic 
orbits. Inspection of the energy scales allowed Berry to simplify the result further and to write it as an integral over 
all periods, 



A3(i.) - ^ 



dT (DT 



where the function 




S'l S j 



T--[T. 



(5.32) 



(5.33) 



is the averaged double sum over the periodic orbit contributions. The plus sign in the sum over j denotes the restriction 
to positive traversals, Tj > 0. The function 



G{y) = 1 - 



smy 



-3 



/ d sin 2/ 
\dy y 



(5.34) 



does not depend on individual orbits j. The shape of G{y) is very similar to (but G{y) is different from) the two-level 
correlation function X2{r) of the GUE. Because of its shape, G{y) selects from (p{T) only those pairs of orbits whose 
average period exceeds 2fi/DL. According to Berry, this feature reflects the fact that A3 (X]nieasures the deviations 
from the linear behavior of the staircase. Closer inspection of the steps leading to Eq. (5.33) shows that the linear 
behavior is determined by orbits with Tj < h/DL while the deviations are due to orbits with Tj > h/DL. Berry then 
argues that the two-point function ip{T) can be written in the form 



(5.35) 



Here b^{t) is the semiclassical approximation to the two-level form factor defined in Eq. ( [3.41 ) of Sec. IIIAf;, 
i.e. the Fourier transform of the unfolded two-level cluster function Y2{r). Collecting everything and introducing the 
dimensionless time t = DT/h as new integration variable, one arrives at the semiclassical result 



A3(i) = ^ 



dt 



(1 - bf{t))G{7:Lt) . 



(5.36) 



According to Eq. ( |3.36 ), the spectral rigidity can be obtained from a semiclassical approximation to the two-level 
form factor &|'^(t). 

It remains to show that the semiclassical approximation to b^(t) leads to an expression for A3(L) which is cons istent 
with RMT. To this end. Berry uses sum rules. The first sum rule for the diagonal part of the sum in Eq. ( 5.33|) , 



,{T)^(J2A^6{T~T,) 



(5.37) 



is due to Hannay and Ozorio de Almeidaci!^. The sum rule applies for large values of T. Periodic orbit theory shows 



that, in this limit, the density of periodic orbits increases, while the intensities Aj decrease algebraically for integrable 
and exponentially for chaotic systems. Hence the limiting relations 



2ttD 



nt 



integrable 
chaotic 



(5.38) 



follow for large T where t = DT/h is the dimensionless time of the periods. The second sum rule due to Berrj@ says 



2tiD 



(5.39) 



in the regime DT ^ h or t ^ 1. This sum rule guarantees that the amplitudes and phases of very long orbits in the 
trace formula correctly generate the mean level density. Comparison with Eq. (5.35) shows that the second sum rule 
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implies b^{t) for t ^ 1. This is equivalent to the vanishing of the two-level correlations on scales much larger 
than the mean level spacing. 

One further ingredient from periodic orb it th eory is still needed. It can be shown that for T 3> TmiiL ^-nd because of 



destructive interference, the diagonal sum ( 5.37 ) is a good approximation to the averaged double sum ( 5.33 ). We recall 
that Tmin is the pe riod of the shortest classical periodic orbit. In the regime tmin ^ i <C 1 where tmin = DT^^i^Jh, 
the limit relations ( 5.38 ) of t he di agonal sum can be used. In the case of integrable systems, the limit relation ( 5.38| ) 
coincides with the sum rule (5.3£) implying that the diagonal approximation is also valid in the regim e t 3> 1. Thus, 



U^{t) = is a good approximation for the two-level form factor down to values of tmin and Eq. ( ^.36 ) yields 



1 r°° rli T 



i2 



15 



(5.40) 



the random matrix result for Poisson regularity. For f ully chaotic systems, the diagonal ap proxim ation must break 
down in the regime t^\, because the sum r ulc dmi) is in con flict w ith the limit relation (|5.38| ). The off-diagonal 
terms enforce the phys ically required cutoff of the limit relation (5.38), expressed by W^{t) — for t':$> 1. In order to 



limit relation (5.38), implying 



work out the integral ( 5.3q ), Berry chooses a linear interpolation 1 — 6|^(t) cx t for t,„in < t < 1 as suggested by the 



^3W = ^ln2. + C0 



(5.41) 



in the regime 1 <C i <C i„iax — 1/^min- As usual we have (3 — 1 and 13 — 2 for time-reversal invariant and non- 
invariant systems, respectively. This logarithmic behavior is in agreement with the random matrix prediction ( 3.63| ) 
of Sec. [II B 3. Berry also calculates the numerical values of the constants cp. For /3 = 2, he finds exa ct ag reement 
with the GUE prediction. This is so because the linear interpolation coincides with the GUE result ( ^.42 ) for the 
two-le vel fo rm factor. For (3 — \, there is no numerical agreement with the GOE prediction. This is because the GOE 
result ( 3.42 ) differs form the linear interpolation. Periodic orbit theory predicts universal behavior of the spectxal 
rigidity only in the regime L <^ imax- Beyond this scale, the spectral rigidity saturates at a value A3(oo). BerrytS 
works out A3(cx3) and discusses examples. 

It is very difficult to go beyond Berry's semiclassical approximation to the two-level form factor, |i^.|-b^yond the 



diagonal approximation 



-ta 



periodic orbit double sum (p{T). In some special, non-generic cases 
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and for 

the RieiBapn ( functionE2ZI'E22l, such a step has been possible. Recently, progress has been made by Bpgoniolny and 
Keating^ in the general case. These authors use a rel ationship discovered by Andreev and AltshulerEi2l to connect 
the non-diagonal contribution in the double sum (5.33) to the diagonal one. The key assumption is that in generic 
systems and modulo exact degeneracies, the orbits up to a cut-off period of the order of h/D can be treated as 
statistically independent. Bogomolny and Keating point out that their results are closely related to the ones found 
by using the supersymmetric non-linear a model treated in the following section. 



2. Supersymmetric field theory 

We discuss two approacheJ^H based on semiclassical field theory. The central aim in both approaches is the same: 
To derive, within a semiclassical framework, a supersymmetric generating functional for conservative systems. For 
systems with fully chaotic classical phase space and in the long wave-length limit, this functional should yield RMT 
statistics for the eigenvalues. In addition, the derivation should display the limits of validity of RMT level statistics. 
Although based on a semiclassical approximation, both approaches avoid the use of periodic orbits or similar entities. 
The two approaches are technically demanding. Moreover, they touch upon difficult issues in ergodic theory and are 
still under discussion. Therefore, we restrict oursebies here to a discussion of the central ijie*LS. 



The approach by Muzykantskii and Khmelnitzkiio, related to work by the same authora£HI discussed in Sec. VIE 3, 
starts from a disordered system and considers the limit of vanishing disorder. While it retains the usual semiclassical 
condition kpl 3> 1 of Efetov's supersymmetry approach (where kp is the Fermi wave number and I the elastic mean 
free path), it does not use the long wave-length limit in its usual form, ql ^ 1. The wave number q is typical ly g iven 



by the inverse of the linear dimension Ls of the sample, and the paper focuses on the limit I ^ Lg. (In Sec. VI, the 



symbol L is used for the sample size. Here we use Lg to distinguish it from the symbol L for the metric used in the 



supersymmetry method. Apart from this, we use the same notation as in Sec. VP) 

The authors consider a supersymmetric generating functional (averaged over disorder) of the form of Eq. ( 3 
For a disordered system, the Lagrangean takes the form 



C{a) J d'^r trg(cr2) - ^ J d'^r trgln{~iK) (5.42) 
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with K = E — T—Xa + sL/2, where T is the operator of the kinetic energy and L is the metric defined in Sec. Ill C 1 . 
The source term is omitted. The authors circumvent the usual saddle-point approximation. Instead, they construct 
the Green function G{f,r'\a) of the operator K, a matrix-valued function in superspace. Let G{f,p) denote the 
Wigner transform of G. Integrating G{r,p) over the modulus \p\ of the momentum p = n\'p\ defines a function gft^r) 
for which a dynamical equation is derived. With vp the Fermi velocity, this equation reads 



2vFn 



dr 



-L - Act, gn 



(5.43) 



A functional <I> of gnir) is introduced with the property that the stationary points of $ (with r espec t to a variation of 
5n(^)) are the solutions of Eq. ( ^.43 ). It is shown that in the limit kpl 3> 1, the action of Eq. ( ^.42 ) can be rewritten 
in terms of the functional This technically somewhat complex procedure allows taking the limit kpl ^ ^ without 
implying Ls ^ I. Further confidence in the derivation stems from the fact that in the long wave-length limit, the 
resulting action £($) reduces to Efetov's form, Eq. ( 3.92|) . Moreover, it is found that £($) remains well-defined in the 
limit I oo. This suggests that in this limit, £($) yields the correct level statistics for systems without disorder. It 
is shown that for fully chaotic systems, limitations of the range of validity of Wigner-Dyson statistics are determined 



by properties of the classical Liouy 
The approach by Andreev et alt 
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perator. 

constructs a field theory where the effective action is associated with flow in 



classical phase space. Starting point is a supersymmetric generating functional containing the Hamiltonian operator 
H for a system without disorder. A Gaussian average over energy centered at E for the single system described 
by H replaces the ensemble average typical for disordered systems . It le ads naturally to the Hubbard-Stratonovich 
transformation, and to the introduction of the cr matrix, see Sec. IIIC. The resulting Lagrangean is given by (we 
again omit the source terms) 



trg-lnif 



(5.44) 



where K — E — H — Na + eL/2. Here, a depends on two sets of coordinates, trg^ indicates a graded trace as well 
as an integration over both sets, whil e N d enotes the number of levels (eigenvalues of H) in the averaging interval. 
We note the formal similarity of Eq. ( ^.42 ) and of Eq. ( 5.44 ). A saddle-point approximation based on iV ^ 1 leads 
to a saddle-point manifold and the occurrcpc;e of Goldstone modes. The resulting non-linear a model contains the 
classical Liouville operator. It is equivalentE^ to the model obtained in the zero disorder limit by Muzykantskii and 
Khmelnitzkii, although the two theories differ in form. 

If H is the Hamiltonian of a classically chaotic system, the non-linear a model requires regularization. This is 
achieved by adding a small noise to the classical Liouville operator. This procedure renders the classical motion irre- 
versible. In the limit of vanishing strength of the noise, the spectrum of the resulting time-evolution operator (known 
as the Perron-Frobenius operator) reflects intrinsic irreversiblity properties of the underlying classical dynamics. The 
spectral properties of this operator determine the statistics of the eigenvalues of H. If the Perron-Frobenius operator 
describes an exponential relaxation towards equilibrium, then its spectrum has a gap between the lowest and the next 
eigenvalue, and the spectrum of H displays Wigner-Dyson statistics in an energy interval determined by the size of 
the gap. Corrections to RMT can be obtained using the spectral properties of the Perron-Frobenius operator. 



3. Structural invariance 

In order to furnish the Bohigas conjecture with a formal justification, Leyvraz and SeligmanBEl take an alternative 
approach reminiscent of the use of probability theory in statistical mechanics. The three key steps of the argument 
are: (i) A given object is identified as a typical representative of some ensemble, (ii) This ensemble is known to have 
a particular property p with probability one. (iii) As a member of the ensemble, the given object possesses property p 
with probability one. Leyvraz and Scligman use this general probabilistic reasoning to establish a formal link between 
chaos and RMT. In this context, the three steps read: (i) A given classical system is identified as a typical member of 
a set E of classical systems which can be embedded in an ensemble E. (ii) Upon quantization, the members of E are 
known to possess random matrix fluctuations with probability one. (iii) Therefore, the given system also possesses 
random matrix fluctuations with probability one. We note that the term ensemble here has a meaning which differs 
from its use in RMT. 

The set E of classical systems is defined in terms of a number of characteristic properties common to all members 
of E. Such properties may be dynamical symmetries, behavior under time reversal, etc. The key concept in the 
construction of the ensemble E is structural invariance. It is based on a group-theoretical notion. Let G be the group 
of transformations which map a system in E onto another such system. If G possesses an invariant measure, then 
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G induces an invariant measure on S, and this defines the ensemble E. The properties defining S must be ergodic, 
i.e. hold with probability one for any element of E. 

Examples show that, in general, G has infinite dimension and, therefore, does not possess an invariant measure. To 
overcome this difficulty, Leyvraz and Seligman consider systems with compact phase space F and with phase-space 
volume |r|. The associated Hilbert space has finite dimension N — \T\/h'^ where d is the number of degrees of freedom 
of the system. For systems without any discrete symmetries, invariant tori etc., i.e. for the fully chaotic systems, [the 
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elements of G are given by the set S of all canonical maps of F onto itself. According to an observation by Dirac 
a unitary transformation can be assigned to every element in S. Thus, S is mapped onto the unitary group U{N) in 
N dimensions. This group U{N) possesses an invariant measure d^{U{N)) which is precisely the probability density 
of the Circular Unitary Ensemble (CUE). The third step is trivial and amounts to saying that quantization of any 
map C in S yields the random matrix fluctuations of the CUE for the eigenphases of the quantum system. Leyvraz 
and Seligman also show that the inclusion of time-reversal invariance as a relevant property leads to the Circular 
Orthogonal Ensemble (COE). Moreover, they apply the same line of reasoning to time-independent Hamiltonians and 
obtain random matrix fluctuations for the eigenvalues of the quantum system. A critical discussion of the difficulties 
related to the construction of the ensemble E, the quantization procedure, and the necessity to consider a finite 
dimensional Hilbert space, is given in Ref. pq. 



By constructing a surprising example, Leyvraz, Schmit and SeligmancU show that in this approach, symmetries are 
easily dealt with. They consider a billiard in the shape of an equilateral triangle. It has three-fold rotation symmetry 
and three mirror symmetries with respect to the three symmetry axes. The mirror symmetries can be removed by a 
proper non-symmetric rounding of the edges. The resulting billiard still possesses the three-fold rotation symmetry. 
The system is time-reversal invariant. This suggests that the suec.tral fiuctuations are described by the GOE. However, 
surprisingly, the CUE applies. Leyvraz, Schmit and SeligmpiEiil show this with the help of structural invariance. A 
semiclassical explanation was given by Keating and RobbinsEi3: The characters of the corresponding symmetry group 
are complex which leads to phase contributions in the traces of the Green function in the irreducible representation. 
Formally similar to a breaking of time-reversal invariance due to an Aharanov-Bohm flux, this yields CUE statistics. 

J. Summary: quantum chaos 

There exists overwhelming evidence that for fully chaotic systems governed by a single time scale, the Bohigas 
conjecture applies. A body of analytical arguments lends theoretical plausibility to this statement. However, a fully 
satisfactory proof of the conjecture is still lacking. For strongly chaotic systems with more than one intrinsic time scale 
(example: a chain of pairwise weakly coupled billiards, each fully chaotic), RMT in its pure form cannot apply. Such 
systems are kin to quasi one-dimensional disordered mesoscopic systems and possess the same statistical properties. 



A detailed discussion of such systems and their spectral statistics is given in Sec. VI , The situation is mo re difficult 
and less clear for the generic classical systems with mixed phase space. Here, the hypothesis of Sec. VH is likely to 
apply. However, a derivation of this hypothesis is lacking, and so is a non-phcnomcnological determination of the 
coupling between blocks. 

VI. DISORDERED MESOSCOPIC SYSTEMS 

The investigation of disordered systems in one, two or three dimensions is almost exclusively a domain of condensed 
matter physics. The motion of electrons in a crystal with random impurities provides a key example. Particularly 
important for our purposes is the mesoscopic regime to which we will restrict ourselves in the following. In this 
regime, the phase coherence length is the largest length scale of the problem. Phase coherence is lost by inelastic 
scattering (in the case of electrons, through scattering by phonons or by other electrons), while elastic scattering does 
not destroy phase coherence. Thus, is essentially given by the inelastic mean free path. For electrons, grows 
strongly with decreasing temperature. For typical sample sizes L in the regime (see Fig. |30| ), the condition L$ > L 
can be met at temperatures below 100 mK or so. Here, quantum coherence is a dominant feature of experiment and 
theory. Closely related coherence phenomena occur when classical waves (light or sound) pass through a disordered 
medium. The theoretical treatments of phenomena in these different fields of physics bear a close analogy. Unless 
otherwise stated, we confine ourselves to the case of electrons. 

Stochastic features enter into mesoscopic physics in two ways. The first source of randomness is provided by real 
spatial disorder. Schrodinger waves propagate through disordered media diff usivel y and/or show localization. Disorder 



is theoretically described in terms of a random disorder potential (see Eq. (2.14)) with a suitably chosen correlation 



length and probability distribution. Such stochastic modeling leads directly to a theoretical description in terms of 
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FI G. 3 0. Picture of a mesoscopic gold loop taken with a scanning transmission electron microscope (STEM). Taken from 
Ref. [sT^ . 



an ensemble of Hamiltonians and constitutes a natural extension of classical RMT. The essential difference to the 
latter is due to the central roles played by dimension d, and by the spatial extension of the sample. The second, more 
implicit source of randomness arises from elastic wave reflection at suitably shaped boundaries which in the classical 
limit would lead to chaotic motion. For electrons, this situation is realized in "ballistic systems" where the elastic 
mean free path i is larger than the sample size L. This source of randomness is the same as described in the preceding 
section. Again, dimension d and spatial extension of the sample play a key role. 

In Sec. Ill B 7 we have stressed the distinction between two averaging symbols, the angular brackets (. . .) for spectral 
average s and t he bar (. . .) for ensemble averages. The equality of these two averages can be proven in certain cases, 
see Sec. Ill B 7. In many other cases, however, the equality of an experimental average (obtained by averaging over the 
spectrum, an external magnetic field, or the Fermi energy) and a theoretical ensemble average remains a hypothesis. 



cf. Sec. VI C 1. In this section on disordered systems we mainly use the symbol (. . .) for average quantities, in spite of 
the fact that these quantities have typically been calculated by averaging over the random potential. In the few cases 
where we deal with a purely theoretical quantity which cannot be observed in an experiment (like, e.g., an average 
generating functional) we employ the bar. 

For a systematic approach to the properties of spatially extended mesoscopic systems we have to consider various 
relevant length and energy (or time) scales. We assume that the Fermi energy Ep is always the largest energy 
scale. The length scales £ and L were defined above. A third important length scale is provided by the localization 
length ^. Except for strictly one-dimensional samples, we always have i < and we assume in the following that 
£ <C ^. Related to the two length scales £ and L are two time (and corresponding energy) scales, the elastic scattering 
time T — i/vp and the time-of-flight tf — L/vp through the sample, with vp the Fermi velocity. Further relevant 
energy (and related time) scales are the single-particle level spacing A at the Fermi surface and the Thouless energy 
Ec = hV/L^ = hf^^ , where V is the diffusion constant and td is the classical diffusion time through the sample. It 
was already remarked in Sec. II C that Ec plays a central role in mesoscopic physics. 

Four different regimes are distinguished. 

(i) The localized regime with L 3> ^. The system size exceeds the localization length, and the amplitude for 
propagation of an electron through the probe is exponentially small. 

(ii) The diffusive regime with £ <^ L <^ ^. The system size is intermediate between the elastic mean free path and 
the localization length. Electrons are multiply scattered by random impurities and propagate diffusively. (Almost) 
all states of the system are extended and Ohm's law applies. In th is regime, we have a further inequality. The 
dimensionless conductance g is given hy g = Ec/^ S> 1, see Eq. ( 2.17 ). Hence, we also have A ^ Ec and, moreover, 
Ec ^ hr'^ (this defines the diffusive regime). Thus, the diffusion time through the sample is too short to resolve 
individual levels but (trivially) long enough for the electron to be multiply scattered. The particular significance of 
the inequality A ^ Ec is discussed further below. 

(iii) The condition L <C ^ or, equivalently r^^ ^ tj^ characterizes both the ballistic and the nearly clean regimes. 
The system size is smaller than the elastic mean free path. The Thouless energy is replaced by the inverse time of 
flight tj^ through the sample. The two regimes are distinguished by the degree of disorder. 
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The disorder, characterized by r is strong enough to 



The disorder is so weak that it can be taken into account 



(iii a) The ballistic regime where A <C hT~ <C htj 
thoroughly mix many energy levels of the system. 

(iii b) The nearly clean regime where hT~^ <^ A, 
by low-order perturbation theory. 

All subsequent discussions of mesoscopic systems make use of this classification scheme. It should be evident already 
that the existence of four mesoscopic regimes vastly extends the range of problems dealt with in classical RMT. For 
instance, spectral fiuctuation properties may differ in the four regimes. And the existence in d > 2 of a mobility edge 
separating localized and extended states requires special attention. 

In the following we discuss equilibrium (Sees. VI A| an d VI B) and transport (Sees. VIC, VI D, VIE, and VI F ) 
properties of mesoscopic systems, respec tively . Sec. VI A deals with the statistics of energy eigenvalues. Sec. VI B 
is devoted to persistent currents. Sec. VI C| discusses the importa nt cas e of qua si one -dimensional wires. This 
leads naturally to the investigation of random band matrices in Sec. VI D. In Sec. VIE we turn to systems in two 
and higher di mensio ns with special emphasis on the distribution function of conductance fluctuations in mesoscopic 
systems. Sec. VI F deals with the rather rece nt to pic of two interacting electrons in a random impurity potential. 
Some concluding remarks are contained in Sec. VI G . We emphasize those facts, phenomena, concepts, and theoretical 
developments which are closely related to Random Matrix Theory in its widest sense. We pay special attention to the 
role of dimension, and of the spatial extension of the systems under study. We do so at the expense of a systematic 
introduction into and account of mesoscopic physics. 



A. Energy eigenvalue statistics 



This and the following section are devoted to the spectral properties of isolated mesoscopic systems. Why has 
this topic found such wide interest? After all, transport properties have so far been the main source of experimental 
information on mesoscopic systemsL—And the study of the electrical polarizability of an ensemble of small metallic 
particles by Gorkov and EliashbergEJ in terms of spectral correlations was a rather isolated occurrence. 

The very strong interest in spectral fluctuation properties results from the intimate connection between transport 
properties and spectcal propertie s of m esoscopic systems. In a seminal paper, this connection was pointed out already 
in 1977 by ThoulessElJ, see Sec. II C, His insight lies at the heart of the modern scaling theory of localization and 
helped to understand and interpret numerous mesoscopic fluctuation phenomena. Altshuler and ShklovskiiE£j used 
the Thouless energy and a postulated connection to RMT to obtain a semiquantitative understanding of universal 
conductance fluctuations, one of the main manifestations of quantum coherence in mesoscopic systems. Finally, 
persistent currents in mesoscopic rings, which are the topic of Sec. VI B, measure the sensitivity of the spectrum to 
an external magnetic flux and provide a direct link between experiment and spectral fluctuation properties. 

In Ref. Eol, it was suggested that GRMT and Wigner-Dyson (WD) statistics in the form described in Sec. [II A 



might be used to also address the spectral statistics in small disordered metallic particles at low temperatures. This 
suggestion could, however, not have been correct in general since WD statistics contains no parameter related to the 
dimensionality (or even the spatial extension) of the system. Research on spectral fluctuations in disordered metals 
has therefore to a large extent been driven by the following questions: Under which circumstances does WD statistics 
apply, where should one expect deviations, and how can thes e be ca lculated? 

We approach the subject as follows. First, we recall in Sec. VI A 1 how the validity of WD statistics was established 
in the diffusive regime in some limiting case, and how corrections to this limit were calculated. Second, in Sec. VI A 2, 



we summarize attempts to go beyond diffusive systems, in the direction of both the ballistic and the localized regime 
Third, we deal with spectral s 
A recent review by Dittrich 
semiclassical approach to spectral statistics in (quasi) one-dimensional disordered systems 



sttistics in the proximity of the metal-insulator transition in Sec. VI A 3, 
£21 nicely complements our discussion in the present section in that it focuses on the 



1. Diffusive regime and Wigner-Dyson statistics 

The above-mentioned conjecture by Gorkov and EliashbergH was proved by Efetov@. Efetov showed that many 
statistical fluctuation measures of small disordered metallic particles can be calculated in terms of a functional integral 
over a field of supermatrices Q{r)- This "non-linear a model" was described in Sec. [II C. For instance, the two-point 
correlation fimction R{s) with s = lu/ A is - apart from an additive constant - given by 



R{s) (X Re / d[Q] (. . .) exp {-S[Q] 



(6.1) 
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where (with ?i = 1) 



S[Q] = y trg [V{VQ)^ + 2iLuLQ] d'' 



(6.2) 



Here, v = \/{V^) is the density of states (with V the volume and A the mean single-particle level spacing of the 
system), T) the diffusion constant, L a diagonal supermatrix, and Q a super matrix whose detailed structure depends 
on the symmetry class. The precise definitions can be found in Sec. I lII Cl , cf. also Ref. |4[ The quantity uj is the 
difference between two eigenvalues. The pre-exponential terms in Eq. (3.1) are not explicitly specified. They typically 
involve certain components of Q. In the context of Random Matrix Theory the correlation function R{s) is typically 
denoted by X2{r = s), see Eq. ( |3.39D . 

The "effective Lagrangean" S\Q\ comprises two terms, one with and one without spatial derivative. The gradient 
term owes its existence to spatial fluctuations in the Q field and would disappear if the system under consideration 
were point-like. The second or "symmetry-breaking" term cx trg[i(5] survives even in the zero-dimensional limit 
Q{r) = Qo = const. 

Efetov showed that in the zero-dimensional limit, his non-linear a model yields WD statistics for all three symmetry 
classes. He did so by reproducing the two-level correlation functions R{s) of GRMT from the symmetry-breaking 
term of the non-linear a model. This result established the equivalence of the zero-dimensional a model and RMT 
(here in the narrow sense of the three Gaussian ensembles) . Deviations from this limit are due to the spatial extension 
of the system. 

To determine the range of validity of GRMT, one has to compare the energy scales associated with the two terms 
in S[Q]. For the gradient term this scale is given by the Thouless energy Ec = V/L"^, while the symmetry-breaking 
term is proportional to the difference uj of two eigenvalues. For w <SC Ec the symmetry-breaking term gives the 
dominant zero mode, and one expects WD statistics, while for ui > Ec copections to WD statistics should arise. 

First corrections of this type were calculated by Altshuler and ShklovskiilHJ within the perturbative approach of the 
impurity diagram technique. (We briefly turn to this method in our discussion of transport in quasi one-dimensional 
systems, see Sec. VIC). Their study was partly motivated by the phenomenon of universal conductance fluctuations. 



i.e. by the fact that the variance (Sg'^) of-Lhe dimensionless conductance g is of order unity in mesoscopic systems, see 
Sec. VIC 1. The argument by ThoulesstiJ (to which we have already alluded in the beginning of this section) linked 
spectral statistics and the statistics of the conductance through the relation g — Ec/^- This relation is rewritten in 
the form 



g = {N{Ec)) 



(6.3) 



where (iV(w)) is the mean number of levels withi n an energy interval of size uj. In the diffusive regime, where A ^ Ec, 
we have g 2> 1 (good conductor). Through Eq. (6.3), the variance {Sg'^) became linked with the number variance 
(see Sec. HI B 3). Following commo n us age in much of the condensed matter literature we denote the number variance 
by {SN'^) in this section. Since Eq. (6^) limits the spectral range of interest to the Thouless energy Ec, WD statistics 



seemed appropriate. However, WD statistiqs-juplies {SN'^) (x hi{N), and the finite width of the energy levels due to 



the coupling to the leads had to be invokedt^J to reduce this value to (SN"^) 
of the perturbative analysis in Ref. 184 was 



Cd 



Ec) 



d/2 



1 as required. For uo ^ Ec the result 



(6.4) 



where Cd is a constant which depends on dimension d, where 13 — 1,2, and 4 for orthogonal, unitary and symplectic 
symmetry, respectively, where k is the number of independent spectra considered, and where s characterizes the 
degeneracy of the levels. This result shows that with increasing energy uj, the stiffness in the spectra of disordered 
metals is reduced and the fluctuations in the number of levels increases. The physical picture behind these results is 
the following. For energies smaller than Ec, i.e. for time scales larger than the diffusion time through the sample, 
the wave packet of a diffusing electron has reached the boundary of the sample and is, in a sense, equilibrated. The 
spatial extension of the sample is then irrelevant an d, the refore, WD statistics applies. This is precisely the same 
situation as in compound nucleus scattering, see Sec. [V A. In the opposite limit of energies larger than Ec we deal 



with a wave packet that has not yet reached the boundaries of the sample. The corresponding level statistics has 
therefore not yet attained the universal limit and depends on the dimensionality of the system. . — . 

Numerically, the crossover to the regime described by Eq. ( |6.4| ) was observed by Braun and MontambauxEi3, see 
Fig.|31 

in the diffusive regime could be refined in later investigations. 
Their calculation had focussed on the two-level correlation 



184 



The corrections found by Altshuler and Shklovskii 
in particular by avoiding their perturbative analysis. 
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FIG. 31. The number variance 5N^ for a system with 20^ sites versus the energy uj = E in units of the mean level spacing 
(open circles). The Thouless energy is approximately Ec ~ 2.5. For comparison, the RMT beha vior (dotted line), the 
asymptoti c E^ ^'^ behavior of Eq. (6.4) (full circles), and the full perturbative result derived in Ref. 
from Ref. Isisl. 



184 are also shown. Taken 



function as a necessary prerequisite to determine the number variance. In the regime 1 s <C o, t 
approachE£a was only capable of yielding the smooth, non-oscillating behavior of R{s). In two papersEij 



lerturbative 
Eij, corrections 



to R{s) were calculated in the non-perturbative framework of the non-linear a model. In the method used by Kravtsov 
and Mirlin, the parametrization Q = T^^LTq for a constant Q matrix was modified by the substitution L — > Q(r) 
with an ensuing non-trivial change in the integration measure of the supersymmetric functionaEj. Fluctuations of 



Q{r) around the origin L of the coset space (leading to contributions from the gradient term in Eq. (6.2)) were taken 
into account perturbatively and were integrated out in the spirit of a renormalization group treatment, see Sec. VI E 2 . 
For g ^ s this led to the result 



Ris) = 1 



(tts) 



(7rs)2 



+ 



a-d 

9 9 



sin^(7rs) 



(6.5) 



with Qd a constant depending on dimension. Equation ( p.SD holds for the unitary case. Expressions for orthogonal 
and symplectic symmetry are also given in Ref. 519 . Th e first two terms in Eq. (6.5) represent the result for the GUE, 
i.e. the universal limit. Since g « Ec/ see Eq. (6.3), the condition g ^ s means Ec S> uj. Hence, the third term 
in Eq. (6.5) is a very small correction to the zero-dimensional limit of Eq. (3.2) originating from the comparatively 
massive modes of the gradient term. Therefore, corrections to the result of cRMT are quite small in the entire diffusive 
regime. The smooth part of Eq. (|6^), 



Ris) = 1 



1 



ad 
27r2g2 



(6.6) 



had already been found in^-the perturbative calculationllEf 



Andreev and Altshuler&i2l rederived Eq. (q^) for 1 ^ s <C 5. They also show ed that for s ^ g the oscillations in 
R{s) are exponentially damped and only the perturbative corrections of Ref. 184 survive. Their calculation was based 
on a new and interesting technical point. Following Ref. 510 we consider the generalization of Eq. (|6.1[) and Eq. (|6.2|) 



to parametric perturbations of the impurity potential characterized by the strength parameter x, 



R{uj,x)^^ I d[Q]eM-Sj[Q]) 



,7=0 



Sj[Q] = J + 2iujLQ + iJLkQ - x^A{LQ)^/2] 



(6.7) 



The derivative with respect to J produces the pre-exponential terms omitted in Eq. (6.1), and is a diagonal matrix 
with elements equal to 1 and — 1 in the Boson-Boson block and Fermion-Fermion block, respectively. 

Let us focus attention on the case of unitary symmetry. The conventional treatment takes into-account the usual 
saddle point cx L of the effective Lagrangean. There exists, however, one additional saddle pointEi3. It has the form 
— kL and is well defined for any finite non-zero x. This saddle point breaks supersymmetry and had previously been 
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overlooked. Taking into account the conttibutions of both saddle points leads to Eq. ( [G.q ). The orthogonal and 
symplectic cases could be treated similarlyElEl. 

An ptjsresting observation concerning the corrections to WD statistics for s 3> 5 was made by Kravtsov and 
LernerEHil. We recall that s ^ g corresponds to a; ^ Ec, i-e. to the limit in whic h Eq . (6.4) is valid. In this regime, 
the general (smooth) result for the two-point correlation function derived in Ref. 184 reads 



Ris) 



Pgd/2\g\2-d/2 



(6.8) 



But in two dimensions we have hd ~ Q, and the next order in 5 ^ has to be invoked (weak localization corrections)! 
As a result, i?(s) for d = 2 is given by 



R{s) 



/3 



9'\s\ 



(6.9) 



where ri{g,(3) = (/3 — 2)^^ for 13 = 1,4: a,ud^{g, (3) = —1/2(7 for /5 — 2. Hence, in contrast to the number variance (|6.4|), 
the level correlation function was foundcHil to be totally governed by weak localization corrections in-Uais regime. 

Motivated by the . va L idit y of WD statistics in the metallic regime, Akkermans and Montambauxl££3 re-examined 
Thouless' argumentsE23£iII connecting dissipation with level statistics, and the Thouless relation (|6.3D. (In the original 
work, the influence of WD statistics had not been taken into account, and this had meanwhile been found to be 
manifestly incorrect). Let the closed system with eigenvalues En be subject to an external perturbation </?, and define 
the dimensionless quantity gc by 



1 



1/2 



(6.10) 



¥==0 / 



Obviously, gc measures the sensitivity of the levels En to an external perturbation. (The perturbation can, for 
example, be realized by a magnetic flux (j) with tp = 27r(/)/(/)o). Therefore, we may view Eq. (|6.1G| ) as a definitipn of the 
Thouless energy Ec such that gc — Ecj The statement equivalent to Eq. ( |6.3| ) is then simply g — gS^iA where g 
is the dimensionless conductance as given by the Kubo formula. Akkermans and Montambaux succeeded in deriving 
this "Thouless formula" . Using scattering theory, the Friedel sum rule, and very general assumptions concerning the 
number correlator {SN{Ef, ^p)5N[Ep, ip')), they could write g in the form 



1 d' 

4%) 



^{SN\Ef,p)) 



ip=0 



Assuming WD statistics for the energy levels gave the central result 



9 <^gc 



Thus, the Thouless formula was derived in a much more rigorous fashion. In addition, it was found thatE£2 




cx A < 



1/2 



(6.11) 



(6.12) 



(6.13) 



(with E a typi cal energy level). The bar on the l.h.s. of Eq. ( 6.13| ) denotes an average over all flux values. We note 
that Eq. ( 3.1s ) connects a flux average with a local quantity at 95 = 0. 

As the last item, we address the effect of time-reversal symmetry breaking in t he d iffusi ve r egime. This prob- 
lem arises in isolated mesoscopic rings threaded by a magnetic flux (j). In Rcfs. 524 and 152 , this problem was 
investigated and compared to the GOE GUE crossover transition first considered by Pandey an d Meht aa, who an- 



alytically caloilated all spectral correlation functions for a certain random matrix model, see Sec. HI F 3| . Dupuis and 
MontambauxE^il established numerically that the crossover transition is governed by the parameter {Ec / ^){4d4>oY ■ 
In the ergodic regime uj < Ec, the transition is well described by the Pandey-Mehta random matrix modelEj, see 
Eq. (2.13),_4irovided the parameter t used there is identified with the parameter 47r(£'c/A)(0/(^o)^- Altland, lida 
and Efetovll£3 calculated the two-point correlation function R{s) in the crossover regime analytically. The calculation 
used the supersymmetry method and a novel parametrization of the Q matrix, Q = T~^LT, tailored to the breaking 
of time-reversal symmetry. The matrices T were decomposed into two (Cooperon and Diffuson) parts. 
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T = TcTd 



(6.14) 



with 

[TD,r3]=0. (6.15) 

where T3 = diag(l,— 1) is the matrix which describes time-reversal symmetry breaking. With this construction, 
the symmetry-breaking term in the effective Lagrangean depends only on Tc- Thi s fa ct simphfies the calculation 
considerably. As a result, the effective Lagrangean in the supersymmetric functional (^^) for the correlation function 
R{s) has the form 

S[Q] = J trg [D(y, - i{27r/L){cj)/^o)[T3,Q]f + 2iuLQ\ dx . (6.16) 

Here, x is the longitudinal coordinate in the ring and A the cross section of the ring. In the regime lj <C Ec, i.e in 
zero-mode approximation, an explicit result for R{s) was derived, which coincides with the findings in Ref. 

This concludes our discussion of the diffusive regime. We have seen that in an energy range defined by the Thouless 
energy Ec, the spectral fluctuation properties (including the crossover induced by the breaking of time-reversal 
symmetry) are well described by the Gaussian ensembles. Deviations from this universal limit can be systematically 
calculated and are found to be generically small. 



2. Ballistic and localized regimes 



We summarize some important work on the crossover transition from the diffusive to either the ballistic or the 
localized regime, cf. the classification given at the beginning of this section. This crossover can be realized by 
changing either the system size or the strength of disorder. The extreme examples of a practically clean and a 
strongly localized system show that the regime chosen has a drastic influence on the level statistics. In the former 
case the levels are determined by the quantization conditions dictated by the boundary of the system while in the 
latter case the systeai-is composed of essentially independent localization volumes, and level repulsion is suppressed. 

Altland and GefenE^J addressed the crossover from the diffusive to the ballistic regime. They studied non-interacting 
electrons in a two-dimensional square geometry with a random white noise potential. Within a suitable perturbative 
framework an equation for the two-point level correlation function R{s] _Bi, B2) depending on two magnetic fields Bi 
and B2 was derived. 



-^a^Ytrli 



R{s- B,,B2) = ^^dl (^tr|ln[l - C^''^(^, B_)] 

+Hl~C(^Hu,B+)]-S^{Lo)J^ . (6.17) 

Here, B± = Bi zt B2, ln(l — x) is defined by the power series of ln(l — x) + x, Si{uj) is an essentially unimportant 
contribution and the coordinate representation of the (Gooperon and Diffuson) operators (^^'-^"f reads 

C(^)(u;,B_;r,r') = {E,, B,;r,r')G- {E2, B2;r' ,r) , 

C^^Hu;,B_;r,r') = ^G+iE,, B,;r,r')G- {E2, B2;r,r') , (6.18) 

ZTTT 

where G^ are averaged single-particle Green functions. The spectral properties are entirely governed by the eigen- 
values of the operators (^(^'^\ Both the diffusive and the ballistic regime can now be investigated. In the diffusive 
regime, three energy ranges were considered, Dl (0 < cj < Ec), D2 {Ec < ijJ < 1/t), and D3 (l/r < cj). It turns 
out that the range Dl coincides mith the domain of WD statistics established in Ref. In the range D2, the 
results of Altshuler and ShklovskilHil apply. These two cases have been treated in detail in the preceding section. 
In the range D3, we probe the dynamics of the system for times smaller than the elastic scattering time r. In this 
range the direction of the particle momentum is not yet completely randomized and the microscopic features of the 
random potential matter. For a standard Gaussian white noise potential the number variance was found to increase 
logarithmically. 
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(6.19) 



This result is non-universal since it depends on the details of the random potential. In the ballistic regime, the 
Thouless energy Ec loses its physical significance because the electron typically traverses the sample non-diffusively. 
The extension of the sample enters the description now via the time of flight tf through the system. Again, three 
energy ranges were considered: Bl (0 < a; < 1/r), B2 (l/r < a; < 1/t/), and B3 {l/tf < oj). The range Bl 
corresponds to very large times. The electron traverses the system many times and is multiply scattered in the 
process. This range is therefore similar to the diffusive range Dl. The range B3, on the other hand, corresponds to 
the case where the electron does not have the time to randomize its momentum or even to reach the boundary of 
the system. Therefore, B3 is analogous to D3. Finally, the range B2 is typical for the ballistic regime and has no 
analogue in the diffusive regime. Here, the electron has sufficient time to explore the whole system without undergoing 



complete momentum relaxation via scattering by the random potential, 
an important role. In the case of a two-dimensional square (or rectangle) 
given by 



-— ln(7r) 



7r2 1 + (Ery 



^refore, the boundary of the system plays 
] the number variance for the range B2 is 



(6.20) 



where 7 is a phenomenological level broadening of the order of A. Interestingly, in this regime the fluctuations in the 
level number decrease upon increasing the energy window E. A discussion of both, the difference betwee n en ergy- 
and disorder-averaging in ballistic systems, a nd t he effect of finite magnetic fields is also contained in Ref. 525. 

Another interesting point was made in Ref. 526. There, it was shown that several observables are still characterized 
by the Thouless energy Eq in the ballistic regime, although this energy scale can no longer be interpreted as the 
inverse transport time through the sawple. I — 1|- — . 

Building on ideas by OppermannCHJ, Altland and Zirnbauer showecEj'EZj that new universality classes arise in 



mesoscopic structures with normally conducting-superconducting (NS) interfaces. They found that the ergodic limit 
of a quantum dot in contact with superconducting regions (cf. regimes Dl and Bl above) is not characterized by 
the three Gaussian ensembles GOE, GUE, and GSE, which define WD spectral statistics. Instead, the NS system is 
described by four new ensemb les d ubbed C, D, CI, and Dili after the associated four symmetric spaces in Cartan's 
classification scheme, see Ref. ^28| . These four ensembles correspond to the four possibilities of co mbining good or 
broken time reversal invariance with good or broken spin rot^Jipn invariance. Shortly after Ref. 333 became available 
a microscopic model for class C was derived by Frahm et 
started from the Bogoliubov-de Gennes Hamiltonian 
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To justify their claims the authors of Refs. 333 37£ 



n = 



h A 

-A* -h^ 



(6.21) 



with the diagonal block hap — h*^^ and the pairing field Aap — —Apa- Depending on the symmetry class considered, 
further constraints on h and A are necessary. With the two additional assumptions that the phase shift for Andreev 
scattering van ishes on average over the NS interface, and that the classical dynamics of the N region is chaotic, the 
Hamiltonian (3.21) could be replaced by a random matrix of appropriate symmetry, whose independent entries are 
Gaussian distributed. Several properties of the ensuing four random matrix ensembles were derived in Ref. 379, in 
particular the spectral n-point correlation functions for classes C and D, and — for an open NS dot p^the weak 
localization corrections to the conductance which had earlier been conaidemi by Brouwer and BeenakkeiE^J. Surpris- 
ingly, some of these corrections persist in an external magnetic fieldEHj'E^. Whether or not universal conductance 
fluctuations in the presence pt^j^^reev scattering depend on time-reversal symmetry breaking seems to depend on 



the precise physical sit uati orr^*^ 
The authors of Ref 



379 



379 



argue that the four new ensembles together with the three Gaussian and the three chiral 
ensembles (see Sec. VII B 2) exhaust Cartan's classification scheme for symmetric spaces. Therefore they do not expect 
that additional universality classes will be found. 

The four ensembles just discussed apply to the case where the proximity effect, i.e. an excitation gap in the spectrum 
of the normal metal induced-by the superconductor, is suppressed. A RMT treatment of the proximity effect has 
been given by Melsen et a/.EI3. 

Having explored the properties of various ballistic or nearly ballistic systems, we now turn our attention to the 
transition to localization. In the localized regime, wave functions of nearly degenerate states may have an exponentially 
small overlap. Therefore, level repulsion is suppressed and in the strongly localized regime, one expects Poisson 
statistics for the eigenvalues. The study, of the crossover to the localized regime requires non-perturbative methods. 
In a numerical study, Sivan and ImryE^I employed a tight-binding model with diagonal disorder. 
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FIG. 32. Schematic drawing of the local density of states correlation func tion (normalized by the product rig of the density 
of states) as a function of r = \ f\ (in units of 5) for <C A. Taken from Ref. 531. 



H = J2h^\^){^\+Y.^^,\^){J\ 



(6.22) 



where hi is Gaussian distributed and Vij connects only nearest neighbors. According to the analytical results of 
Ref. it is expected that in the diffusive regime, the nearest neighbor spacing distribution P(s) should agree (in a 
certain energy range) with WD statistics. This was explicitly confirmed in one and three dimensions. In the localized 
regime, the authors investigated the local density of states correlation function 



\5{E - Ei)5[E - 




(6.23) 



which had earlier been calculated by Gorkov, Dorokhov, and PrigaraE3 for one-dimensional chains. This function 
contains information about the correlations of electronic states which are energetically separated by lo and spatially 



53 



531 



see 



separated by r = |r|. The general behavior of PEi^^Tr) for d = 1,2,3 can be characterized as follows 
Fig. |3^. For r — > Pe assumes a finite, a;-independent value, from which it decays to exponentially small values for 
£ < r < (level repulsion). At the scale the function crosses over to its dispManected part (no correlations). It 
was pointed out in Ref. |33l| that this behavior follows from earlier ideas by MottE^, who had already introduced the 
frequency-dependent length scale = ^ln(cA/a') as the typical tunneling range between almost degenerate states. 
Here, ^ is the localization length and c a constant. 

Analytical progress in understanding level statistics in the localized regime is possible with the help of suitable 
model systems. Here, we consider the quasi one-dimensional mesoscopic wire with unitary symmetry for which 
transfer matrix techniques should be-,useful. (This system is further discussed in the context of transport properties, 
cf. Sec. VI CI ). Altland and FuchsEj used the results of Ref. ^ and, in the spirit of the transfer matrix approach, 
reduced the calculation of i?(w, L) (see Eq. (6.1)) to the solution of the differential equations 



-dt + 0]Yo{\t) 
-dt + 0]Y^{X,t) 



0, ro(A,0) = l, 

yo(A,t), y_(A,o) = o 



(6.24) 



Here, A = (Ai,A2) are the radial coordinates for the Q matrix in the unitary case, t = r/^ with r the coordinate 
along the wire, and O = Ar/16 + V^(A) with the radial part of the Laplacian on the manifold of Q matrices and 
V{X) = —i{u} / IT /!^{){\x — A2) (Aj is the level spacing in one locahzation volume). The ratio w/A^ governs the relative 
importance of the tssiQ terms in O. The corre lation function R{u}, L) can be expressed in terms of the eigenvalues and 
eigenf unctions of In general, Eqs. ( 6.24 ) cannot be solved analytically, and one has to calculate these eigenvalues 

and eigenfunctions on a computer. The main results were as follows. For t < \ the WD and the Altshuler-Shklovskii 
regimes were recovered, albeit with superimposed oscillations on the scale A in the latter. This non-perturbative 
effect had not been calculated earlier. For i > 1 a gradual crossover to the Poisson limit {R{uj, L) = as L — > 00) was 
observed, obeying the scaling law R{uj, L) « (^/L)''/(w/Aj). The hmction f{x) is proportional to In a; for very small 
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frequencies (a: <C 1) and proportional to x~'^J '^ for larger frequencies [x. > 1). The latter behavior is reminiscent of 
the Altshuler-Shklovskii regime, see Eq. (|6.8|) . 

We have seen that in the various regimes relevant for disordered mesoscopic systems, a fairly thorough understanding 
of spectral fluctuations has been attained. The use of WD statistics frequently served as a reference standard which 
helped to identify and interpret relevant length and energy scales. The greatest challenge is probably still posed by 
the phenomenon of localization, in particular by the existence of a metal insulator transition to which we turn next. 



3. Critical distribution at the metal insulator transition 



For d > 2 (or, in the symplectic symmetry class, for d > 2) there occurs generically a metal insulator transition 
(MIT). It is characterized by the-existence of a mobility edge Em which separates extended and locaHzed states. With 
the help of the Anderson modeEj the mobility edge can be investigated as follows. For disorder values W exceeding a 
certain critical disorder Wm all states in the spectrum are localized. For W < Wm, however, extended states appear 
in the center of the band. This means that states in the band center are critical for W = Wm- We address the 
question: What are the properties of the energy eigenvalue statistics in the vicinity of or, in the thermodynamic limit, 
at the MIT? We use the index M to label quaatities which refer to the mobility edge. 

An early argument due to Altshuler et a/.E2j suggesting that the _MIT might significa ntly influence the energy 
eigenvalue statistics used the following interpretation of the result (6.4) obtained in Ref. 184 for ui > Ec- In the 
time h/uj an electron propagates over a distance — {pjioYl"^. This distance is smaller than the system size 
L = iV/Ecf/'^. Therefore, cubes of size possess independently fluctuating spectra, and {SN'^) is proportional to 
the number of such cubes. For d = 3, this yields 



oc 



UJ 



3/2 



(6.25) 



in keeping with Eq. (6.4). At the MIT, two important effects have to be taken into account. First, we have Eq ~ A. 



Therefore, the range of validity of WD statistics is confined to a few levels at most, and the argument leading to 
Eq. (S.25) applies practically to all energies. Second, at the MIT the dimensionless conductance g is expected to 
approach a critical value gM wich is independent of the system size L. Imposing this condition, one finds that the 
diffusion constant V beeomes scale-dependent, V = I?(L) with I?(L) oc 1/i for d = 3. Taking these points into 
account, Altshuler et alE^B could estimate the behavior of {SN'^), 



X 



0.25 . 



(6.26) 



This result was closer to the Poisson distribution (which gives {SN"^) — (N)) than to Random Matrix Theory (which 
gives ((5iV^) « In(iV)). The corresponding estimate for the nearest neighbor spacing distribution P(s) with s = uj/A 
gave 



P{s) (X exp(— s/x) 



(6.27) 



which again is reminisce nt of the Po isson distribution. It turned out, however, that these arguments were oversimplified 
and that the estiniates (3.26) and (6.27) had to be revised. 

Shklovskii et alH^ were the first to formulate the idea that the nearest neighbor spacing distribution Pm{s) at 
the MIT might be universal, thus representing a third possibility besides the Wigner-Dyson statistics Pwd{s) and 
the Poisson law Pp{s). In the band center of a three-dimensional Anderson model, and in the thermodynamic limit 
L oo, one expects that P{s) = Pwd{s) below the critical disorder {W < Wm) and P{s) = Pp{s) above it 
{W > Wm)- For W > Wm, this is because P{s) is the superposition of the contributions from infinitely many and 
statistically independent localization volumes. For W < Wm, on the other hand, the range of validity of Wigner- 
Dyson statistics is extended to infinity since Ec/A diverges in the thermodynamic limit. Precisely at the MIT thesa 
arguments do not apply since the localization length £,{W) diverges and Eq « A. This fact led to the postulateE2£l 
of a third "critical" distribution, which was believed to be a hybrid of Pwd{s) and Pp (s). Linear short-range level 
repulsion was expected to be followed by Poisson-like behavior, in agreement with Ref. |535| . 

T o che ck the hypothesis of a third universal distribution, an interesting test was developed and performed in 
Ref. ^36| . We consider the integral A = P{s)ds over the tail of P{s). We recall that s is the energy differenc uj in 
units of the level spacing A. Moreover, Pwd{-s) and Pp{s) coincide near s = 2. The quantity 
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FIG. 33. The quantity 7(W, L) as a function of W for different system sizes L from numerical diagonalization. Inset: 
schematic figure illustrating the smooth crossover behavior for finite system sizes. Taken from Ref. 536, 
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(6.28) 



vanishes for WD statistics, and equals unity for the Poisson distribution. In the thermodynamic hmit, 7(VF, L) exhibits 
a sharp crossover from 7 = to 7 = 1 as 14^ crosses the critical value Wm ■ (For finite L the crossover is smooth) . If a 
critical, size-independent distribution at the MIT were to exist, the curves of 7(W, L) as functions of W and for fixed 
but different L should all intersect at one critical point Wm (in Fig. |3^ this point is denoted by Wc). Furthermore 
these curves should obey the scaling law 



j{W,L) = f{L/aW)) 



(6.29) 



with $(W ) the correlation length of the metal insulator transition. These expectations were numerically verified in 
Ref. p36| , and estimates for both Wm and the critical exponent v of the localization length were given. | — -, 
Further numerical confirmation for the scenario developed in Ref. |536| was provided by Hofstetter and SchreibeitH 



In particular it was verified that while for W < Wm and W > Wm the function P{s) tends to the Wigner-Dyson and 
the Poisson distribution, respectively, as the system size increases, a size-indep ende nt third distribution em erges for 
W = Wm- This fact and the c ritic al behavior of the quantity 7 defined in Eq. ( 6.28 ) were exploited in Refs. 538 53£ 
to determine, as done in Ref J||6|, Wm and the critical exponent v^iffm the spectral statistics alone. The results 



{Wm = 16.5, v = 1.34 ± 
earlier independent findings 



54C 



and Wm = 16.35, 
A similar exponent. 



v = 1.45 ± .081^) were consistent with each other and, with 
v — 1.35 ± 0.10, was found by Berkovits and AvishaiEill in a 
This suggests that the Anderson and the quantum percolation 



three-dimensional quantum bond percolation system 
model are in the same universality class. 

Analytical work by Kravtsov et a/.El3 led to a first indication that the result (3.26) was not completely correct 



From the analytical derivation of the asymptotic behavior of the two-level correlation function 



R{s) cx s 



-2+7 



(.s » 1) 



where 7 = 1— (z^d) ^ it was concludedE^3 that 



(SN^) cx (iV)" 



(6.30) 



(6.31) 



instead of Eq. ( 6.26| ). The constants of proportionality in Eqs. ( |6.30 ) and ( |6.31 ) depend only on d and the symmetry 
class (unitary, orthogonal, or symplectic), thus confirming the univers alitv cv f the statistics at the M IT. The absence 
of a term linear in (N) was attributed to the sum rule R{s)ds = 0Ei3Eia (see also Refs. p^ , [l47| ), which together 
with 



~d{Ny 



[N) 



(N) 



R{s)ds 



(6.32) 
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impliftS-Lhat the coefficient of the Unear term vanishes for sufficiently large (N) . With the help of a certain "plasma" 
modeCfj, which re -int erprets the distijitiition of levels as the distribution of interacting classical particles in one 
dimension, cf . Eq. (E^) , it was possibleEl3 to deduce the asymptotic form of Pm (s) , 



Pm{s) oc exp(-cs^ (s > 1) 



(6.33) 



i36 



with c some constant. This-, was again at variance with previous claimsE^; 
Moreover, numerical workEl3 indicated the presence of both a linear term and a term proportional to (N)^ in the 



that Pm{s) should be Poisson-like. 
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Although valid (in the limit 



number variance. The situation obviously called for clarification. 

Progress was made when the above-mentioned sum rule was critically examinedE 
(N) — !■ oo) for any finite system size, the sum rule may be violateclE£ll in the thermodynamic limit. In other words, 
the limits (N) oo and L ^ oo do not commute. This insight invalidated the claim that there could be no linear 
term in {SN'^). The number variance at the critical point was therefore now expected to have the form 



{6N^) = A{N)+B{N)-' . 



(6.34) 



But why had earlier investigational misse d the non-trivial exponent 7? Some light was shed on this question by a 
transparent derivation of the relation ( 6.30| ) by Aronov, Kravtsov and Lerner who combined a semiclassical approach 
with scaling ideasLlZl. We consider the spectral form factor (cf. the closely related quantity b2{t) in Eq. (3.41)) 



K{t) - ^ y" Ris) exp( 



ist)ds 



This form factor can be related to the return probability P{t) for a classically diffusing particle 
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Kit) 



2tP{t) 
47r2/3 



(6.35) 



(6.36) 



This relation is quite powerful. We recall that td — fi/Ec is the diffusion time through the system. In the ergodic 
regime t ^ t^we have P{t) = const., K{t) oc t and hence R{s) oc 1/s^, which corresponds to Wign er-D yson statistics. 
In the diffusive regime t < td, on the-other hand, P{t) oc (Dt)''^^'^, K{t) oc t^-'^l'^ jV^I"^ and Eq. (jej), i.e. the result 
derived by Altshuler and ShklovskiitSJ, is recovered. As in Ref. ^35| , the transition from the diffusive to the critical 
regime was made with the help of the idea that the diffusion constant T) becomes scale-dependeirt. Close to the MIT, 
the dimensionless conductance scales as g{V) — gu(X + (^/O^^*^) ^it^ some critical value gt.^. On the other hand, 
g oc VU^^^ and, therefore, 



Vm^guL'"" l + (L/0 



(6.37) 



In Ref. 535 the approximation g[V) k, gj^^ was used, and the square bracket in the relation (3.37) was absent. This 
lead s to a time-independent spectral form factor and, asymptotically, to R{s) = 0. Therefore the predictions in 
Ref. 535 were close to the Poisson case. With the more accurate e xpres sion (3.37) fcjiiX'(L) both time dependence and 
the non-trivial exponent ly enter the form factor K{t), and E q. (|6.30 ) is recoverecElZl. In this way, the controversial 

issues associated with the two terms in the number variance (3.34) were resolved. 1 . 

Several numecical investigations added new aspects to the discussion of the critical level distribution. EvangelouElH 
and Varga et alE^ found that Pm(s) can be parametrized accurately by the function 



Pa/(s) = cisexp (-C2S^ , 



(6.38) 



with 7 = 1 — (vd)~^ as above and ci and C2 two 7-dep|endent normalization consta nts. This was in good agreement 
with both the expected short-range level repulsionE23 and the asymptotic form (6.33). (We note, however, that 
Zharekeshev and KramerEiil fitted numerical data with Pm{s) oc exp(— cs), with c some constant, and identified only 
the linear term in-j^A^^)). Detailed direct numerical calculations of the spectral two-point function R{s) by Braun 
provided the probably most complete picture of the behavior of this quantity. In the metallic 



and Montambaux 



lis 



phase both the random matrix regime and (for the first time) the Altshuler-Shklovskii regime could be identified (cf. 
Fig. ^l]) . At the mobility edge, the short-range correlations were found to be weakened and the ensuing power-law 
behavior for larger s was consistent with the picture of anomalous (scale-dependent) diffusion discussed above. Some 
evidence was found, however, that the linear term in the number variance might have a rather small, or even vanishing, 
coefficient. In Ref. 552 the asymptotic form ( |6.3S ) and the relation 7=1 — {vd)~^ were confirmed for the center of 
the lowest Landau band in a quantum Hall system. 



Ill 



Does the breaking of time-reversal symmetry affect the critical disttiiaition? This is a controversial issue. Wlule 
no effect of a magnetic field has been seen by Hofstetter and SchreibeiE£3, a recent investigation by Batsch et alxM 
reported a universal (i.e. size-independent) crossover behavior from the critical orthogonal distribution discussed 



so far to a new and distinct critical unitary d istubi 
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dimensional systems with spin-orbit scatterin^^ 
MIT, in contrast to two-dimqasional unitary or orthogonal systems 



tion. A third type of critical distribution was found in two- 
These systems have symplcctic symmetry and do exhibit a 



Chalker, Lerner, and SmithP^^ 
edge. For the model 



used a Brownian motion model to describe the energy level statistics at the mobility 



H{t) = Ho+ f dT'V{T',r) 
Jo 



2m 



C/(r) , 



(6.39) 



where both U{'r} and V{t, r) are random white npise potentials, one can derive a Langevin equation governing the 
parametric dependence of the eigenvalues £"„ on tE^, 



dr 



Cn.n+l{T) 



(6.40) 



Here, S,n{'r) is a random force and the coefficients c„m(T), which are given by Cnm{T) = L''- J d'^r\tpniT,r)\'^\4'm{T,f)\'^ , 
contain iiiformation on eigenfunction correlations. By solving Eq. ( 3.40| ) approximately, a generalization of the ex- 
pression ( 6.36 ) for the spectral form factor could be derived, linking spectral statistics with correlations in the wave 
functions (through the coefficients c„m). The two main results deriv£d^ within this approach were an asymptotic power 
law for the parametric two-point function R{s, A cx r^) at the MIT|££3, 



E(0,A)cxA2/(i+''/'*) 



and an exact result for the spectral compressibility!^ 



d{6N^) 
d{N) 



2d 



m » 1) , 



(6.41) 



(6.42) 



i.e. the coefficient of the linear term in Eq. (|6.34 ). Here, rj = d — d2, where ^2 is the multifractal exponent governing 
the behavior of the inverse participation ratio. These results demonstrate that spectral statistics at the MIT are 
influenced by the multifractal properties of critical eigenstates. 

In spite of considerable progress, the eigenvalue statistics at the mobility edge must, at least in its details, still be 
considered an open question. 



B. Persistent currents 



An isolated mesoscopic ring threaded by a magnetic flux (f) carries a persistent current / as a thermodynamic 
equilibrium property. This amazing fact comes about as follows. An electron moving once around the ring picks up 
a phase factor exp(2iTT(f)/(j)Q) where c/jq = hc/e is the elementary flux quantum. Therefore, all observables depend 
periodically on cj). This applies, in particular, to the free energy F = lntrexp(— /?i/), so that dF/dcf) differs from 
zero. The equilibrium current / is then given by the thermodynamic relation 




(6.43) 



The current does not decay in time, hence the name "persistent current" . 

Persistent currents have played a central role in mesoscopic physics, for several reasons. First, their existence 
obviously hinges on the condition that the wave function of the system be coherent over a length scale given by 
the circumference L of the ring. This must be true even in the case of multiple scattering by impurities. At the 
beginning of the mesoscopic era, the existence of phase coherence in the diffusive regime was a controversial issue. 
The positive answer to this question pave d the way to experimental and theoretical investigations of a number of 
interference phenomena. Second, Eq. (|6.43|) shows the close connection between the persistent current, the sensitivity 
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of eigenvalues to boundary conditions, and energy level statistics, putting the study of the persistent current at the 
heart of mesoscopic physics. Third, the problem of persistent currents brought to the fore the important differences 
between open and isolated (closed) systems. It turned out, in particular, that the grand canonical ensemble commonly 
used in the calculation of transport properties is inappropriate to describe persistent currents. The grand canonical 
ensemble has to be replaced by the canonical ensemble, and this caused technical problems. Fourth, experimental 
values of the persistent current could not be explained in the framework of theories for independent electrons. This was 
unexpected since theories neglecting the electron-electron interaction had been very successful in modeling transport 
properties of mesoscopic systems. Seemingly, electron-electron interactions are more important in closed than in 
open systems. A satisfactory theory with interactions that both reproduces the measured properties of the persistent 
current and explains why interactions are less critical for open systems is still lacking. 

After explaining the early insights and ideas leading to the theoretical prediction of persistent currents, we describe 
the three experiments performed up to now. In a third part we review analytical calculations neglecting interactions. 
In this section, aspects of Random Matrix Theory come into play. Therefore, we devote considerable space to this 
discussion. Finally, we briefly summarize the present status of th eorie s which include the interaction between electrons. 
A more comprehensive review of the topic can be found in Ref. 55£ . 



1. Early theory, and the three experiments 



It has been realized a long time ago 



560,561 



that persistent (dissipationless) currents occur in ideal 



rities and interactions. This fact was rediscovered and reformulated more than twenty years laterK£2 



£11, 



js-free of impu- 
Expanding 

on our introductory remarks above, we consider an ideaLone-dimensional ring threaded by a magnetic flux 0. The 
magnetic field can be gauged away from the IIamiltoniar££3 at the expense of introducing a twisted boundary condi- 
tion for the wavefunction, ip(x + L) = exp(2i'!T4)/ (j)o)'4>{x) , where x is the coordinate along the ring. The eigenfunctions 
at zero field are given by exp(2iTTmx / L) , and the corresponding eigenvalues are (?i^/2me)(27r/L)^m^, where m is the 
quantum number of the z component of angular momentum (perpendicular to the plane of the ring). At finite field 
we have to replace m by m — 4>/4>o- This leads to a quadratic dependence of the single-particle energies on magnetic 
fiux. Equation (3.43) shows that at zero temperature, the persistent current is given by the sum over all occupied 



single-particle levels of the flux derivatives of the single-particle energies E„ 



E 



(6.44) 



This relation explicitly shows the close connection between persistent currents, energy level statistics, and the sensi- 
tivity of the spectrum to an external perturbation alluded to above. 



Interest in this topic was greatly enhanced by a seminal paper of Biittiker, Imry, and LandauerE^j. These authors 
claimed that persistent currents exist in normal-metal rings even at finitt: temperature and irL_s»ite-,of multiple 
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rings 



with 



elastic scattering. Their work was followed by a series of papers on and multichannel! ' 

non-interacting electrons. These investigations tried to assess the chances to actually observe persistent currents in 
experiments by considering the influence of channel number, temperature and disorder. The main results of these 
papers can be summarized as follows. In ideal Id rings with a fixed number A'' of particles, the persistent current is a 
sawtooth-shaped function of (/> jumping from —Iq = —evp/L to -|-/o (^^-F being the Fermi velocity) at even (N even) or 
odd {N odd) multiples of ±4>o/2. The typical current /typ = {P)^/'^ is given by IqVM, i.e. it grows with the number 
M of channels. The relevant energy scale for temperature effects is the single-particle (rather than the many-particle) 
level spacing A. In the presence of disorder, the Fermi velocity vp in the expression for Iq is replaced by the diffusion 
velocity L/td, and the dependence on the channel number vanishes, /typ = Igi/ L. The average current, on the other 
hand, was found to decay exponentially with L on the scale of the elastic mean free path £. 

Bouchiat, Montambaux et oLEZB showed that this last assertion is incorrect, for a very fundamental reason. For 
closed systems in the mesoscopic regime, it is of vital importance to keep the particle number in the system exactly 
constant as one averages over the disorder configurations. Thus it is necessary to employ the canonical ensemble. 
The exponentially small currents found in Ref. 568 were shown to be an artifact produced by the use of the grand 
canonical ensemble, i.e. by keeping the chemical potential (rather than the particle number) fixed in the averaging 
process. The thermodynamic limit does not apply to mesoscopic rings, and the two ensembles are not equivalent. By 
a combination of analytical jacguments and extensive numerical simulations, the following results for an ensemble of 
isolated rings were obtainedEl3. The typical current /typ = ((/))^^^ is independent of channel number M while the 
average current decreases with increasing disorder and channel number like (/) — AIL)^/'^ . Furthermore, the 
persistent current was found to be periodic in the flux with period 0o/2. This period halving comes about because 



the ensemble considered contained rings with even and odd particle numbers. The most important result of Ref. 57C 
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FIG. 34. The second (top) and third (bottom) zero-temperature harmonic of the magnetic moment (induced by persistent 
currents in an ensemble of 10^ copper rings) versus the dc magnetic field. The Fourier decomposition was made with respect 
to the frequency of a small ac component in the field. One fiux quantum through a single ring corresponds to 130 G. The 
magnitude of the oscillatory moment is estimated to be roughly 10~^^ Am'^. Taken from Ref. 571. 



was the comparatively large value for the average current. Experimental confirmation of the theoretically predicted 
phenomenon of persistent currents suddenly seemed to be within reach. 

who used an ensemble of 10^ copper 



et 



571 



The first experiment on persistent currents was performed by Levy 
rings mounted on a single wafer. For technical reasons, these rings were actually squares, with a circumference of 
L = 2.2/im. With L 3> ^, the experiment probed the diffusive regime. A magnetic flux with a small, slowly varying 
ac component was applied to the sample and the resulting magnetization measured. The ac component allowed for 
an effectivei-background reiection. The measured current was indeed (/)o/2-periodic, in agreement with the numerical 
simulation£I3, see Fig. The average current per ring was 0.4 nA, corresponding to 3 x 10~^evF/ L. This first 
observation of persistent currents was a striking confirmation of the theoretical ideas dev eloped earlier. However, the 
current was roughly one order of magni tude larger than the values estimated in Ref. 57C . 

Two more experirrieets followecCl3i£I3. Both provided interesting additional information that went beyond Ref. 571 



Chandrasekhar et alxI3 investigated three single gold loops. Two of these actually were rings with diameters of 2.4 /xm 
and 4.0 fim, respectively. The third loop was a rectangle of dimensions 1.4 /im x2.6 fim. Transport measurements for 
gold films fabricated like the loops gave an elastic mean free path ^ = 70 nm. Therefore, all three probes were in the 
diffusive regime. The observed current was flux-periodic with period (j)Q. The measured amplitudes at a temperature 
of 4.5 mK were in the range 0.2 — 3.0 evp/L. The absence of period halving is an immediate consequence of measuring 
the response of single rings. No averaging over even and odd particle numbers as in the previous experiment was 
involved. The large amplitudes, however, pose a serious problem. Even when compared with the theoretical estimates 
for the typical current cited above, these values are larger by one to two orders of magnitude. In comparison with the 
theoretical average current the discrepancy becomes even worse. 



The third persistent current experiment by Mailly, Chapelier, and BenoitEl3 poses less of a problem for theory. In 
this experiment, the magnetic response of a single mesoscopic GaAlAs/GaAs ring was measured. This ring had an 
internal diameter of 2 /im and an elastic mean free path £ = 11/im. It was therefore in the ballistic regime. In contrast 
to the previous two experiments, where the channel number M was of the order of 10^, M was quite small, M = 4. 
A very interesting feature of the semiconductor ring was the possibility to connect it via an electrostatic gate to two 
external leads. A second gate was placed on one of the arms of the ring, making it possible to suppress all interference 
effects. With this unprecedented control over the ring it was possible to measure transport and thermodynamic 
properties in the same system. The current observed in the ring had the value Iq = evp/L, exactly as expected for 
an almost clean sample with very few channels. 

In summary, the persistent currents predicted theoretically were observed in three independent experiments. In the 
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diffusive regime, the measured values exceeded theoretical expectations by at least one to two orders of magnitude. 
This poses a serious challenge for theory. 



2. Analytical theory for non-interacting electrons 



The need to calcu 



canonical) ensemble 
Altshuler, Gefen, a nd ImryP ^^ 



iate the disorder average for the persistent current within the_canonical (rather than tt 



rand 

led rto, three almost simultaneous publications by SchmidElj, v. Oppen and Ricdc]£Z3, and 
The calculations for the average persistent current used the impurity perturbation 



technique. In Refs. ^74 576 , the constraint of constant particle number N was met by letting the chemical potential 
fluctuate, fi — p, + 5fi^ and by choosing Sfj, in such a way that - to first order in Sfj, — N remained fixed. In 



Ref. 575, this approximation was avoided by relating the average current to the typical fluctuation of a single level, 
and by calculating_t-h£_Latter quantity using standard Green function techniques. Strictly speaking, the perturbative 
results derived inEZj EIj are divergent at zero temperature T and for vanishing flux (f>. However, this divergence is 
regularized either by finite values of T, or by the energy scale l/r^ set by inelastic processes. Both of these scales 
can realistically be assumed to be at least of the order of the single-particle level spacing A. With this assumption, 
all three investigations yielded for the first even harmonics Im of the persistent current the values 



LM 



M' 



(6.45) 



where A « hvp/LM 
average current behaves as 



At first sight this seemed to contradict earlier numerical resulta£I3 according to which the 
(J) « Jo(£/LM)i/2. However, it was pointed out in Ref. |576| that the first yjEc/^ 
harmonics contribute to the current provided the regularizing cutoffs discussed above are of order A. (Here, as 
always, Eq = hV/L^ is the Thouless energy and V the diffusion constant). With Eq/^ = 3 = Ml/L and g the 
dimensionless conductance, these considerations led to a maximal amplitude of 



~17 



ML 



(6.46) 



in good agreement with Ref. 570, Unfortunately, t hese analytical results did not remove the discrepancy between 
theory and expeciaient: As stated above, the result ( |6.46 ) is too small by one to two orders of magnitude. 

Altland et aLtZZI used Random Matrix Theory and the supersymmetry method to calculate the persistent current 
non-perturbatively at zero temperature in the model of independent electrons. In this work, a novel approach was 
used to calculate the impurity-ensemble average within the canonical ensemble. The condition that all rings in the 
ensemble carried an integer (but not the same) number of electrons was imposed. The resulting expressions turned 
out to be equivalent to those obtained from the first-order expansion in referred to above. The non-perturbative 
treatment removed the divergence typical fo£ perturbative results and yielded the current at T = 0, where all cutoffs 
lose their physical significance. This worktlJ also contained the first calculation of the crossover from orthogonal to 
unitary symmetry within the supersymmetry formalism. The crossover occurs as the flux increases from = (where 
orthogonal symmetry applies) to non-zero values. In keeping with the scope of our review, we discuss this application 
of Random Matrix Theory in more detail than previous work. 



The persistent current /(</>) can be expressed as follows. 



m 



n=l 



dE' 



(6.47) 



The factor 2 accounts for spin degeneracy. To account for the constraint of fixed particle number iV, the upper 
integration limit E has to be adjusted as a function both of fiux and of disordc£,realization. This is impossible in 
practice. The difficulty is avoided as follows. We recall that the first experimentEIJ used a wafer with 10^ rings. It is 
natural to expect that the particle numbers on these rings, although integer, were different. This suggests averaging 
/ over a range K of particle numbers centered at some value iVg 3> K . The associated eigenvalues Ej^ defining the 
upper limit of integration lie in an energy interval 5, 



K 



dE 



dE' 



Y,5{E^ 



E 



N 



.N=l 



(6.48) 



Here, E^ is the energy for which there are exactly N electrons on the ring. The second i5 function with infinitesimal 
positive increment e in Eq. ( |6.48 ) guarantees the discreteness of the particle number in the ensemble of rings. At first 
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sight nothing has been gained, the problem of adjustiag E has just been replaced by the problem of adjusting the 
full interval S. However, as is explained in detaiHnElJ, the dependence of S on flux and disorder can be neglected 
for K ■> 1. 



Expressing the S functions in Eq. (6 
persistent current 



in terms of Green functions we get for the ensemble-averaged 



2 

K 



[ dE [ dE'g{E,E') 
Js Jo 



dH 



E'+ -H 



tr 



E- 



H 



(6.49) 



This is equivalentEIZl to the expression (/) = A90(Jg^ dEtT:[6{E — i/)]) employed in Ref. 576 (apart from a sign error 
in Ref. ^ 

In Ref. |577j, the model Hamiltonian (cf. Sec. |ll C|), 



2m \ / 



V{x) = 0; V{x)V{y) 



-Vix) 
1 

2t:i>t 



S{x-y) 



(6.50) 



was used. Here, v — 1/AV is the density of states (with V the volume of the ring) and r is the elastic scattering 
time. (Instead of a Gaussian random white noise potential as in Eq. (6^501 ), the Hamiltonian could have been chosen 
as a chain of coupled GOE matrices, see the IWZ model in Sec. VI C 3[ Both models lead to the same non-linear a 
model). Introducing a supersymmetric generating functional for the Green functions as well as for the flux derivatives 
of H, one can write the average current as 



1 



dE 



dE' 



j=0;rps=<Px 



+ C.C. 



,j] = J d^ exp(^^ J d^x^\x)L{D+jh)^{x: 



(6.51) 



The definitions of the supersymmetric quantities appearing i n Eq. (6.51) can be found in Ref. 577. For the present 



purpose the following explanations hopefully suffice, cf. Sec. [II C. The inverse propagator D is basically given by 
E — H with suitable additional matrix structure to account for (i) the different energy arguments E, E' and (ii) the 
necessary extension to the 8-dimensional superspace. The quantities (jisTfj^x ^-""^ arguments of those "copies" 

of H which are associated with the Boson-Boson block and the Fermion-Fermion block, respectively. The matrix I2 
is diagonal with elements 1 and —1. After the usual steps (averaging, Hubbard-Stratonovich transformation, gradient 
expansion) we obtain the following non-linear cr model. 



1 ^ e /■ ^ ^[g] trg[QJ2] trg[VQ [K, Q]] 

S JQ 



X exp 



^ J trg[V {VQf + 2AE LQ]d'' 



(6.52) 



where if is a suitable source matrix, where AE = E — E', and where V ~ — i9+(e(/)/L)[T3, -Jee is a covariant derivative 
with the gradient d and the tangential unit vector eg . We note that Eq. ( |6.52| ) is of the form o f Eq. ( O ) except for 
the redefinition Q ~iQ. The matrix T3 = diag (1,-1) introduced at the end of Sec. VI A 1 breaks the symmetry 
between those parts of the 8x8 supermatrix Q that are connected by the operation of time reversal. As in the case of 
the spectral fluctuations discussed there, this matrix reflects the necessity to calculate the crossover from orthogonal 
to unitary symmetry for flux values near = 0. The divergence in the perturbative approaches discussed above 
originates from this crossover, more precisely from the "zero mode" in Eq. (6.52) (i.e. from the contribution with 
Q = Qq = const.) which cannot be treated adequately in a perturbative framework. Actually, symmetry breaking in 
this zero mode also poses a technical problem in the context of the supersymmet ric fo rmulation. The problem arises 
from the term trg([T3(5o]^) in the covariant derivative, cf. the exponent in Eq. (3.52). This problem was overcome 
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by a trick which is a precursor of the parametrization of the T matrix in Eq. (6.14). Focussing attention on the zero 
mode, one gets 



(6.53) 



with 



K{y) ^ Vy J d.x J dlQo] exp (y trg [QqTsQqTs] 



trg \Q^L\ 



trg [Qo^2] (trg [QorgQoAl - 4 



c.c. 



(6.54) 



where y = ti{Ec / ^) {(p/ M^ an d a; = tt AE/A. 
by the expression (/) = {y/EcA/(j)Q) {Kiy/y/{l-\ 

of /max ~ ^■'i\/EcAI(j)Q, in agreement with the estimates given in Ref. |576| . The modes with spatially vaiijijng Q fields 
can be treated perturbatively and added tOpthe zero mode result to obtain a full picture of the current 



After the final integration over Qo the result can be well parametrized 
K2y)) with Ki « 2.25 and K2 ~ 12.40. This gives a maximal amplitude 
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In a closely related study, Efetov and lidatla calculated the persistent current from a dynamic response. This point 
of view has the advantage that the dynamic response is not sensitive to the use of the canonical or the grand canonical 
ensemble. Within the model ( 6.50| ) of non-interacting electrons in a ring threaded by a magnetic flux and with a 
slowly varying field 

B{t) ^Bq + B^ cos(wi), (6.55) 

the density of the oscillating current can be written in linear response as 

j„ = K{u;)A^ . (6.56) 

Here, K(lu) is the current-current correlation function and is the vector pote ntial corresponding to the magnetic 
field B^. At first sight it is plausible that the current calculated from Eq. (6.56) in the limit of vanishing frequency 
w — !■ should be basically equivalent to the thermodynamic current (see, however, the discussion below). The quantity 
K{uj) is essentially given by the correlator 



R{u;)=prG+{r,r')pr.GE_Jr',r) 



where pr 
can be e 
matricesE 



with 



(6.57) 

(l/m)[— iV + eA] is the velocity operator and the retarded (advanced) Green function. This correlator 
ressed in the framework of the supersymmetry method as a functional average (. . .)q over a field of Q 



- / (...)exp(-5[Q])I?Q 



S[Q] = " Y / ^^f^^ ~ ^''^f^' + SzcjLQ) dr 



(6.58) 



(6.59) 



This is, of course , abs olutely analogous to Eq. (|6.52| ). Without specifying the precise form of the terms in the angular 
brackets in Eq. (6.58) we confine ourselves to saying that the procedure is analogous to the one explained above in 
the context of the thermodynamic approach. Again, the calculation may be restricted to the zero mode, i.e. to a 
spatially constant Q field . The final result for the current has a maximal amplitude of the order of \/EcA/ (pQ, in 
agreement with Ref. |377| . However, the shape of the current as a function of the magnetic flux differs considerably 
from the one found in the thermodynamic calculation. 
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The relation between the thermodynamic and the dynamic approaches was addressed by Kamenev and Gefen 
These authors investigated a whole variety of averaging procedures, differing (i) in the initial preparation of the 
syst em u nder study and (ii) in the constraints imposed while the external field is varied adiabatically. According to 
Ref. |379| , the thermodynamic calculation corresponds to the situation where both the initial occupation of levels and 
the evolution of the system with varying flux are determined within the canonical ensemble. The dynamic response, 
on the other hand, corresponds to a particular procedure: The initial occupation of levels is defined grand-canonically 
but is then held fixed as determined by the canonical ensemble. Hence there is no reason why the persistent currents 
calculated in both cases should coincide exactly. On physical grounds, however, one does not expect drastic (order- 
of-magnitude) discrepancies. . . i . 

The same authors also investigated the magnetoconductanceE£3 and the conductance distributionEfiJ of isolated rings 
in the quantum regime, where the level widths are smaller than the level spacing. Significant differences between the 
canonical and the grand canonical ensemble were found. 
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3. Theories with electron-electron interaction 



After it had generally been recognized that the experimental values for the persistent current could not be explained 
in the framework of theories which neglect the electron-electron interaction, numerous investigations appeared which 
addressed the role of these interactions. A detailed discussion of this vast body of work is completely beyond the 
scope of the present review which focusses on Random Matrix Theory. We restrict ourselves to a brief enumeration 
of relevant work. The difhculty in attempts to treat both disorder and interaction lies in the fact that disorder 
alone poses severe theoretical problems (witness the present section) while interactions add the full complexity of the 
non-relativistic many-body problem. 



In an_e^ijlji-, paper by Ambegaokar and Eckern 
problem 



38; 



(actually preceding the full solution of the non-interacting 



np74H577|-j ^ ^j^g grand potential of a mesoscopic normal metal ring including electron-electron interactions was 
calculated to first order in the interaction. Evaluating both the Hartree and Fock diagrams, the authors found that 



the average persistent current is parametrically given by Ec/(t>Oi in apparent agreement with Ref. p7l| . The same 
result was later derive d in Ref. 574 from the condition of local charge neutrality. Also, the temperature dependence 
of the result, see Ref. 585 , was closer to experiment than obtained in theories without interactions. However, dia- 
grams of higher order in the interaction renormalize tbe-jpooper channel and were estimated to reduce the result|-ta 
roughly one order of magnitude below measured valued^. A calculation, of the typical current along similar linesE^ 
resulted in a very large vakie, /typ « evp/L, but was later correctedP^I to /typ ~ evpi/L'^ = Ec/4>o- Work using 

also led to relatively large currents of order Ec/4'aj b ut th e absence of renormalizing. 

Recently, the results of Ref. 582 could be reproduced within 



density functional theory 



higher-order corrections could again not be establi^ 
a simple (non-diagrammatic) Hartree-Fock picture 

In a series of paperSy-the persistent current problem was approached from the point of view of Luttinger liquid theory. 
From very early workE23 it was known that in a Luttinger liquid the effect of a single impurity is exponentially enhanced 
(suppressed) for repulsive (attractive) interactions. It was possible to generalize the formalisnp_to include the c ase o f 
twisted boundary conditions necessary to describe a clean mesoscopic ring in a magnetic fields (see also Ref. 591). 
Nevertheless the Luttinger liquid, predicting enhanced impurity scattering for interacting electrons, did not seem to be 
a promising candidate for explaining the discrepancy between theory and experiment. Interacting Fermions in elean, 
one-dimensional rings were also investigated in Ref. 592 by means of the Bethe ansatz. In a refined treatmentE23 of 
the effect of impurities which improved on the work of Ref. 589 by going beyond simple perturbation theory for the 
disorder, spinless Fermions in one dimension and with repulsive interaction were investigated. An algebraic (rather 
than exponeatial) decay of the current with the ring circumference was found. On the other hand, Monte-Carlo 
simulationg^ indicated that for a strong impurity potential, |±he current may be enhanced. A significant new aspect 
was contributed-tp the discussion by Giamarchi and ShastryL£3, who took into account the spin degree of freedom. 
In earlier workE^^ on the localization properties of one-dimensional disordered electron systems a combination of 
the replica trick (to average over disorder) and renormalization group methods was used. The renormalization group 
equations derived in Ref. 596 were employed in Ref. 

(see Ref. f. 



j to prove that repulsive interactions can enhance the persistent 
current, provided the carriers have spin (see Ref. ^97| , and also Refs. f398|599 ). This work emphasized the important 
role of the additional spin degree of freedom and (indirectly) gave rise to the interesting question whether a second 
channel (i.e., a model beyond the strictly one-dimensional Luttinger liquid) would play a similar role. It was pointed 
out in Ref. 60C that .tiie enhancement just mentioned does not lead back to the value for the clean ring. 

Another approachE£ll invoked the classical electromagnetic energy associated with charge fluctuations and long- 



range Coulomb forces to derive a very large average current of the order of evp/L. The critiqueli2il leveled against 



this work basically points out that the assumed coexistence of large fluctuations and long-range forces is highly 
implausible. 

A new mechanism explaining why the Coulo mb in teraction might indeed counteract the influence of the disorder 
potential was suggested and investigated in Ref. |603| . The key point was a phase-space argument: By mixing many- 
particle states in a rather large energy interval, the Coulomb interaction redistributes the strength of the impurity 
potential to high-lying configurations, thus reducing the influence of impurity scattering on the ground state relevant 
for the persistent current. Numerical simulations supported this claim, but the relation of the model used to real 
physical systems remained controversial. 

Much important work used computer simulations of lattice models of interacting particles. Small one-dimensional 
systems of spinless Fermions could |be,toated by n umer ical diagonalization of the Hamiltonian, but no enhancement 
of the persistent current was foundEjt23. In Ref. this fact was (at least partly) attributed to the onset of the 
Mott-Hubbard transition which sets in as the interaction strength increases. These results were confirmed in Ref. 608 
in the framework of a Hartree-Fock approach. j-Similar conclusions were also reached in a recent study using tha 
density-matrix renormalization-group algorithnfSj. Numerical investigations of one- and three-dimensional r ingsE l2l 



which included first-order corrections due to interactions, found (among other results) agreement with Ref. 582 
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the diffusive regime. 

Exact diagonalization is possible only when the system sizes are severely restricted. It is an important task to 
devise reliable numerical approximation schemes capable of dealing simultaneously with interactions.. and disorder. 
One step in this direction was the development of the self-consistent Hartree-Fock method (SHF)EilH£ij. Through 



a self-consistency condition, higher-order ter ms in the interaction are effectively resummed. Therefore, the method 
goes beyond the analytical calculations in Ref. 582. With this methocL-aji enhancement of the persistent current has 
been found in three-dimensional rings and for long-range interactionsEla. A similar enhancem ent w as observed after 
exact diagonalization of small two-dimensional cylinders with long-range interactions in Ref. 613. For short-range 
(on-site_and nearest-neighbor) interactions in two dimensions, on the other hand, spin again seems to be an important 



factoilHiil: the current was found to be strongly suppressed in the spinless case but to be significantly enhanced once 
spin was included. 

Why do interactions affect the piersistcnt current but not the conductance? This very important question was 
addressed by Berkovits and AvishaiEi3. The authors expressed the conductance as the compressibility of the system 
times the flux derivative of the ensemble-averaged persistent current. This formula leads to the plausible scenario 
that an enhancement of the persistent current is compensated by a corresponding reduction of the compressibilty, 
with zero net effect on the conductance. 



C. Transport in quasi one— dimensional wires 

The main experimental information on mesoscopic systems is derived from transport studies: Each such system is 
connected to voltmeters and/or external voltage differences by a number of leads, and both the resistance tensor and, 
by implication, the conductance tensor are measured. Historically, these experiments raised questions of a conceptual 
nature. What is the meaning of a transport coefficient like the conductance in a system where inelastic effects and, 
hence, energy dissipation are absent by definition? This is not the place to review the heated discussion of nearly 
a decade ago. An overview over this subject is given in an article by Stone and Szaferrj4 Suffice it to say that 
there are two approaches to quantum transport in mesoscopic-systems, the Kubo form ulaElJ based on linear response 
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see Eqs. ( 6.60| ) and ( 6.61 ) below. The problem of 



theory, and the scattering approach pioneered by Landauer 
dissipation in mesoscopic transport was mainly discussed in the framework of Landauer's ideas. The key issue here 
were the so-called reservoirs, fictitious sources and sinks for electrons. These reservoirs were introduced to represent 
the macroscopic contacts attached to the mesoscopic probe. Energy dissipation occurs in, and irreversibility is caused 
by, these reservoirs. In this way, the conductance of a mesoscopic system could be meaningfully defined even though 
neither dissipation nor any irreversible processes occur in that system itself. This result can be seen as another 
manifestation of quantum coherence in mesoscopic systems: The wave function is coherent in the entire domain 
connecting the reservoirs. 

The study of electron transport in quasi one-dimensional (Id) wires is particularly interesting, for several reasons. 
In contrast to strictly Id systems, these wires possess a genuine diffusive regime. At the same time, they share many 
properties with strictly Id systems. This is true, in 
methods. In the last decade, both the DMPK equatio: 



lar, for the applicability of jtuj^ttperturbative analytical 

have been successfully 



and the non-linear a modclcf 



14C 



used to describe such wires. This has led to an (almost) complete understanding of the physical properties of these 
wires for all length scales L. 

By definition, the transverse dimensions of quasi Id wires are large enough to accomodate a number (A) of transverse 
quantized modes (often referred to as channels) below the Fermi energy. Typically, A is of the order 10^ or 10"^, hence 
A 1. At the same time, the transverse dimensions are small enough (i.e., of the order of the elastic mean free path 
£) so that no diffusion takes place in the transverse direction. The ballistic regime L < £ and the localized regime 
L > ^ (with ^ = A^) are separated by the diffusive regime i < L < where Ohm's law applies. 

In a first part we briefly discuss the phenomenon of universal conductance fluctuations. This phenomenon triggered 
most of the interest in mesoscopic physics and quasi Id systems. Subsequently, we describe the two non-perturbative 
approaches mentioned above. Both originate from or are at least intimately related to the concept of Random 
Matrix Theory. Lastly, we review the development leading to the insight that these two approaches, in spite of their 
considerable technical dissimilarity, are in fact equivalent. 



1. Universal conductance fluctuations 



In 1984, peculiar fluctuations in the conductance of small metallic wires 



621 



622 



and of small metallic rings 



323 



i26 



were observed experimentally, see Fig. ^. These fluctuations occurred as a function of an external magnetic fleld. The 
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FIG. 35. Top: The dimensionless conductance g (i.e. the conductance in units of /h) of a mesoscopic gold loop versus 
magnetic field. Bottom; The Fourier transform of the data in the top figure. Peaks in the spectral weight are ab serve d near 
l/AH = (UCF), 130/r (principal Aharonov-Bohm periodicity), and 260/r (higher harmonic). Taken from Ref. |l|. 



same phe nome non was found in quasi Id MOSFETsE£Zrl£^ as a function of gate voltage. The phenomena are reviewed 
in Refs. |8, |631 . The fluctuations occurred at Kelvin temperatures in systems that were much larger than the elastic 
mean free path but smaller than the phase coherence length L^, i.e. in what became known as the mesoscopic 
regime. Most strikingly, the amplitude of the fluctuations at low T was of the order of e^//i, independent of the 
mean conductance of the sample and of sample-specific details like length, material or geometric shape. Therefore, 
these fluctuations were dubbed "universal conductance fluctuations" (UCF). The fluctuation pattern turned out to 
be typical for a given sample and reproducible in consecutive measurements at fixed temperature, hence the name 
"magnetofingerprints" . This observation ruled out any explanation in terms of time-dependent fluctuation processes. 
In rings like the one shown in Fig. a superposition of UCF and periodic oscillations of pjcincipal frequency h/ e was 
observed, see Fig. |3^. This was a demonstration of the mesoscopic Aharonov-Bohm effectEl. 
UCF can be qualitatively explained by estimating the level number fluctuations, see Sec. 



VI A 1 



but compared 

with expectations based on classical physics, the UCF are abnormally large: From Ohm's law and in d dimensions, 
we have (17) (x L'^~'^ for the dimensionless mean conductance {g). UCF implies var(g) « constant. Therefore, the 
relative fluctuations va,T{g) / (g)^ of the conductaace behave as L^'^"''^. For a network of classical resistors of size L in 
d dimensions, on the other hand, one can showE23 that the relative fluctuations var(g)/ (g)^ of the conductance behave 
as L~'^: The relative fluctuations vanish as the system size goes to infinity. This is referred to as "self-averaging". 
The existence of UCF implies that there is no self-averaging for d = 1,2. 

Theoretical investigaljiojis by Altshuler, Lee, and Stone revealed that these fluctuations were due to complex quan- 
tum interfei£|njce-|effectsE23 typical for the diffusive regime. The amplitude was indeed found to be universal and of 
order e^/ftHJt^El. Shortly thereafter, ImryE£3 further elucidated the origin of UCF by assuming that the long-range 
stiffness in the spectra of Gaussian Random Matrix Theory carries over to certain parameters Xj characterizing the 
transfer matrix of a disordered segment. With this assumption the universality of the conductance fluctuations fol- 
lowed immediately. While the assumption was not quantitatively correct, it helped to develop a simple and intuitive 
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understanding of UCF (cf. the discussion of Ref. 184 at the beginning of Sec. VIAl) 
much in common with but are different from Ericson fluctuations, cf. Sec. IV A, 



We mention that UCF have 



The analytical modeling used an ensemble of impurity potentials of the kind described in Sec. |II Q. A general 
problem of stochastic modeling (first encountered in RMT in the context of nuclear physics, see Sec, p A|) resurfaced 
in the present context: To compare ensemble averages with data, an ergodic hypothesis had to be invoked. It states 
that an ensemble average over the impurity potential is equal to the running average (taken over a range of values 
of the magnetic field strength or of the gate voltage) on a fixed member of the ensemble (i.e., the phvsical sample). 
This assumption is discussed in some detail in the comprehensive paper by Lee, Stone, and Fukuyama£23. 

For a quantitative analysis, the multichannel Landauer formula has been the most useful starting point. This 
formula has acquired considerable importance in the interpretation of transport properties of mesoscopic systems. It 
expresses the dimensionless conductance g in terms of the quantum-mechanical transmission amplitudes through the 
mesoscopic device. 



To derive this formula from linear response theory, i.e., from the Kubo formulcJ£i3, we consider a finite quasi Id 



disordered region in d dimensions with volume V = L"^ ^L. Infinite ideal leads with identical cross sections L"^ ^ are 



attached to both ends of this rod of length L. 
conductance reads 



In this model geometry, the zero temperature Kubo formula for the 
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5{Ef - Ek)5{EF - El) 



(6.60) 



Here, Ep is the Fermi energy, -0^ are the eigenstates of the system (including the leads) and E^ the corresponding 
eigenvalues. The integral extends over the disordered region, and the deriv atives are to be taken in the longitudinal 
direction of the quasi Id rod. Lee and Fisheil£23 have shown that Eq. ( |6.60 ) is equivalent to 
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(6.61) 



(4?) with the left one (L) 
It establishes a direct 
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where 5^^^ and S'^jf are those ele ment s of the scattering matrix that connect the right 
and vice versa, respectively. Eq. ( 6.6l| ) is known as the multichannel Landauer formulaEM 
link between the conductance and scattering theory, and has been extended to the case of many external leads by 
Biittikei^lj. The proof of equivalence_a£, the Kubo and the Landauer approach was further generalized by Stone and 



SzafeilHi3 and by Baranger and StondHld. (In the first of these papers, there are some misleading statements about 



the lack of unitarity of th e scattering matrix which are due to an incorrect normalization of the wave functions). 

At first sight, Eq. (|6!6l|) seems absolutely obvious: Aside from a factor 2 for spin, g is given by the total quantum- 
mechanical transmission probability through the mesoscopic device. At second sight, one begins to wonder, however: g 
is expressed in terms of the scattering matrix. This quantity describes the dissipationless passage of electrons through 
the sample. How is it possible, then, that g is a transport coefficient which account s for dissipation? This is the issue 
discussed at the beginning of this subsection. Here, we only emphasize that Eq. (6.61) is another manifestation of 
quantum coherence in mesoscopic devices. Because of this coherence, it is problematic to define a conductivity, which 
would require local dissipation in the probe. Rather, properties of the entire device enter into the definition of the 
conductance. 

The actual calculations employed impurity perturbation theory. An early overview is given in Ref. 632. This 



technique is tailored towards the calculation of (products of) Green functions, and the conducta nce m ust first be 
expressed in teems of such functions. This can be done either by expressing the S matrices in Eq. (6.61) in terms of 
such functionslll3, or by using in Eq. (|6.60| ) the identity 



\G+iE) - G-iE)\r') ^ -27:iJ2i^lir)Mr')SiE - E,) , 



(6.62) 



where G^{E) = [E^ - H)-\ The resulting expression for g is bilinear in the Green functions. After averaging over 
the ensemble, the only non-vanishing contribution has the form G+(r, r'; Ep)G^ (r, r'; Ep)- In essence, the calculation 
of such a term uses a n expansion of the Green functions in powers of the impurity potential V{r). (For the definition 
of V{r), cf. Eq. 2.14). The ensuing perturbation series is well defined in the diffusive regime and can be reordered to 
yield a systematic expansion in powers of the disorder paramjeter {kpt)~^. To leading order in {kp^)~^, the Fourier 
representation of a single averaged Green function is given b; 
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G+(p,p') 



-p^/2m + i/2r 



(6.63) 



The average Green function acquires a finite lifetime r = (./vp (the elastic mean free time). In coordinate space, tliE 
Green function decays on the scale of the elastic mean free path. Again to leading order in {kp£)~^ one can showEfj 
that the expression G^{r, r'\ Ef)G~{t, r'; Ep) is given by the diffusion propagator n(r, r'), a solution of the equation 

TX'An(r, r) ^ S{r - r'). (6.64) 

Here, D — v\t j'i is the diffusion constant. Calculating higher moments of the conductance amounts to calculat- 
ing averages of higher p roduct s of Green functions and becomes increasingly complicated. For the variance of the 
conductance it turns outE^il'E^ that 



var(5) (X d^r d^r' U{r,r')n{r' ,r) =trn^ 



(6.65) 



For a quasipid wire without spin-orbit scattering and obeying time-reversal symmetry, Eq. (6.65) yields the universal 
result 8/15E23. For all three symmetry classes with /3 = 1,2,4, the result is ya,T{g) — 8/ (150). 

The impurity perturbation technique sketched above cannot give a complete picture of the transport properties of 
quasi Id systems because it fails (as does any perturbative approach) in the localized regime. It is therefore necessary 
to consider alternative, non-perturbative approaches. This is the program for the remainder of this section on quasi 
Id transport. 



2. Dorokhov-Mello-Pereyra-Kumar equation 
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A first non-perturbative approach deals directly with the transfer matrix M of a disordered conductor. This matrix 
is defined as follows. We consider a disordered sample connected to two ideal leads. The number of channels in each 
lead is denoted by A. The matrix M expresses the A-dimensional vectors 0J„ and 4)'^^^^ in one lead (which describe 
the incoming and outgoing wave amplitudes in that lead) in terms of the corresponding A~dimcnsional vectors (0in 
and 0out) in the other lead, 

(6.66) 

The matrix M differs from the scattering matrix S. The latter connects the outgoing wave amplituds in either lead 
with the incoming ones. 



(6.67) 



The two matrices M and S are, of course, not independent but are connected by a non-linear equation not given 
here. Both matrices yield equivalent descriptions of the scattering process. The virtue and usefulness of the transfer 
matrix lies in a multiplicative composition rule: The transfer matrix of a number of disordered regions arranged in 
series and pairwise connected by ideal leads, is the product of the transfer matrices of the individual regions. This 
property is used in the construction of the transfer matrix in the local approach described below. It relates directly 

to the scaling theor y of localiz ation . 

Combining Eqs. (6.66) and (6.67) with the Landauer formula ( |6.61 ) one can show that the conductance is given in 
terms of the radial "eigenparameters" \i (to be defined below) of A4 as 



4>ont 


= s 


4>in 









2V^— ^2yr, 



(6.68) 



where we have defined the transmission eigenvalues Tj = 1/(1 + A^). The task is then to determine M and, thus, (g) 
or higher moments of g. 

Every microscopic realization of a disordered quasi Id wire is associated with a particular transfer matrix M. This 
fact suggests the basic idea of the transfer matrix approach: To define an appropriate ensemble of transfer matrices 
that correctly reflects the transport properties of an ensemble of disordered wires. There are two diffe¥ewt-|Ways 
to do so, the global and the local approach. In the global approach developed by Pichard, Stone et a/.El5Tla, the 
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statistical properties of the full transfer matrix are determined in a single step: The maximum entropy approach 
is used in conjunction withr^ysically motivated constrainjts-jbo determine an ensemble of transfer matrices. In the 
local approach by DorokhovElS, Mello, Pereyra, and KumarEHSl, the maximum entropy approach is employed to define 
an ensemble of transfer matrices for a small (but still macroscopi c) piec e of wire. The decomposition of the wire 
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The full 



associated with this model is similar to the one employed in Sec. VI C 3 for the IWZ model, see Fig. 
ensemble of transfer matrices for the entire system is then obtained by putting many of these small pieces in series, 
i.e. by multiplying the corresponding transfer matrices. This procedure defines a Brownian motion model for the 
transfer matrix and leads to a Fokker-Planck equation for its "eigenparameters" A^. This is the Dorokhov-Mello- 
Pereyra-Kumar (DMPK) equation . In the following we focus attention on this latter theory. The global approach 
has been reviewed in detail in Ref. |646. 
We briefly sketch th e d , ^n\ 



-ation of the DMPK equation. We follow a formulation in Ref. 647 which was applied 



by Frahm and Pichardci§E13 in a slightly different context, namely for a Brownian motion model for the S matrix. 
We restrict ourselves te-the case of unitary symmetry (/? = 2). The relevant symmetry of M is dictated by current 
conservation and readsElS 



where E^ =diag(l, —1) in the block representation defined by Eq. (6.66). Putting M = exp(X) this implies 



X 



a h 
fot d 



(6.69) 



(6.70) 



with = —a and = —d. 

Using this symmetry, we now consider Af (x) as a function of a variable x which describes the length of the wire. 
We wish to find a differential equation for M{x). We define a random process by 



M{x + Sx) = e^^^^M{x) 



(6.71) 



where 5M is a random matrix which must have the same symmetry as X. For simplicity, we identify 5M with Xj-ajid 
introduce the following statistical assumptions (which can be justified in terms of a maximum entropy approachEHJ) : 
5M has a Gaussian probability distribution with vanishing first moment and uncorrelated matrix elements a, 6, d. The 
second moments are given by 



tr(ata) = tr(dtd) = Wfk^Sx 
tr(6t6) = WbK^Sx. 



(6.72) 



We recall that A is the number of channels. The quantities Wj and Wb define the relative strength of the diagonal 
and non-diagonal elements, respectively. 

It is useful to decompose the transfer matrix into radial and angular degrees of freedom. 



M{x) = Ue"V , M{x + 6x) = Ue 



H+SH 



(6.73) 



where U = diag(ui, 1*2), V = diag(wi, V2), and H — vYix (and similarly for U , V , and 5H). Here Ui and Vi are unitary 
matrices, u is a. diagonal matrix of "radial" parameters, and T,x is the first Pauli matrix. The quantities Ui are related 
to the "eigenparameters" \i in Eq. ( 6.68| ) through — smh^{vi). It is the aim to express the variation 5H in the 
radial paramters as a function of the statistical input ( 3.72| ) for the random process (3.71). This is achieved by an 
expansion to second order in the small quantities h and . The quantities of central interest are the increments 5vi 
of the radial parameters. Their detailed properties follow from Eq. (6.72). For (3 — 2 the result reads 



Si'j — ^WbSx j ^ (coth(z/j 



i^k) + coth(i^j + I'k)) + 2 coth(2i^j) 



1, 



5vj5vk = -Wb5x5jk 



(6.74) 



This defines a standard Brownian motion process leading immediately!!^ to a Fokker-Planck equation for the distri- 
bution function p{v, x) of the radial parameters (DMPK equation) 
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dor:p{iy, x) 



J V fe(#i) 



'j - Vk) + coX\v{vj + Vk)) 



-2 coth(2i'j) \p{:^, x) 



(6.75) 



The difFeeejitial operator on the r.h.s. of Eq. ( 6.75 ) is the radial part of the Laplacian on the space of transfer 



we get an alternative form of the 



matricesLlil. Introducing as new variables the "eigenparameters" Xi = sinh 
DMPK equation, 



dMX,x) = -^9A,J(A)A,(l + A,)aA,J-i(A)p(A, 
j 



With J(A) = nj<fe ~ '^fel''; the definition for the elastic mean free path £ 

/?), Eq. (6.76) is valid for all thrpp..s3rmmetry classes. 

in the unitary case (/? = 2) 



(6.76) 



1/(1^6 (A + (2 - 13)/ 13)) and the 



localization length ^ = £{PA + 2 

The DMPK equation has been solved by Beenakker and RejaeiP^*^ 



It is obviously 
motivation for this 
and diagrammatic 



of considerable interest to have an exact solution for the distribution function p{\, x). ThCpactua 
work had another source, however: A puzzling discrepancy between the global approachEi5l£i 
perturbation theory. In the global approach it is assumed that all correlations among the eigenvalues A^ stem from 
the Jacobian J{X) introduced above. (Formally, this is just the square of the Vandermonde determinant discussed in 
Sec. [II A 2). Therefore the distribution function must have the form 



Pglob 



(6.77) 



irithmic two-body repulsion u(Xi,Xj 



In I A; — Xj\ coming from the Jacobian. It was shown by 



with the 

BeenakkeiM3, however, that Eq. ( |6.77 ) leads to var^g) — 1/2/3 (instead of the correct value 8/15/?), irres pecti ve of 
the form of the confining potential V{Xi). Hence the logarithmic repulsion of eigenparameters in Eq. ( 6.77 ) had 

to be incorrect Ihi; correct interaction between the A^ was obtaine d wit h the help of a variant of the Sutherland 

transformationE£3E£i 
time. For (3 = 2 



This transformation maps the DMPK equation (3.7£) onto a Schrodinger equation in imaginary 



it has the form 



- (H - u)^ 



with 



n 



27 ^ 



1 



sinh 2i 



(6.78) 



(6.79) 



^ = (3A + 2~ (3, and U = -A/27 - A(A - l)(3/j - A(A - 1)(A - 2)(3^/6j. The Hamiltonian in Eq. ( |6/79| ) is the 
sum of single-particle Hamiltonians. The corresponding single-particle Gre en fun ctions can be explicitly calculated 
and combined to give G{v,x\^), the many-particle Green function of Eq. ( |6.78 ). From this function, one obtains 
jAp5oy65i| Simplifying this expression for the metallic regime £ < x < S,, and transforming back to the Ai, one 
findsE 



.5C 
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p{X, x) cc e 



u{X^,Xj) = -ln|Aj - A,|/2-ln 



A£ 

V(Xi,x) = — arsinh^ 
2x 



arsinh^ 



kil + 0{A-')) 



Xj — arsinh^ 



/2, 



(6.80) 



As the transmission eigenvalues Ti = 1/(1 + A,) go from 1 to 0, the Ai go from to 1, and the "two-body interaction" 
term crosses over from — ln|Aj — Ai| to half that value. This shows that it is the failure of the global approach to 
correctly describe the behavior of weakly transmitting channels which is responsible for the slight discrepancy in the 
UCF. 



The exact solution p{X, x) was used by FrahmPl to calculate all m-point correlation functions 

A! 



Rm{Xl, . . . , A„i, x) — 



(A - m)! J, 



dX 



m-f-l ■ 



.dXAp{X,x) . 



(6.81) 
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This was possible with the help of a generalization of the method of orthogonal polynomials^. With m, n, j = 1, . . . , A, 
p(A, x) could be written as the product of two determinants of matrices of dimension A, 

p{X,x) cx det[W„_i(Aj, a;)]det[/im_i(Aj, x)], (6.82) 

The functions Wn and hm are defined in Rcf. |653| and fulfill the biorthogonality relation Jp°° dX Wn~i{X, x)hm~i{X, x) = 
6nm- Defining the functions 

A-l 

Ka{X,X;x) = J2 W,n{X,x)h,nCX,x) (6.83) 

m=0 

one finds that the m-point functions have the form of a determinant, 

i?m(Ai, . . . , Xm, x) = det[KA{Xi, Xj; x)i<i^.j<rn] ■ (6.84) 

From Ri and i?2, FrahmE£j calculated explicitly the first two moments of the conductance g — J^i 1/(1 + ^i)- The 
results turned out to be equivalent to those obtained in the framework of the non-linear a model described in the 
next section. i — . 

Extending this formalism, Frahm and Miiller-Grocling^ calculated in the unitary symmetry class the autocorre- 
lation function {Sg{L)6g{L + AL)) for all length scales. Within the framework of the DMPK approach, this was the 
first calculation of a four-point correlation function. Explicit analytical results were obtained in the diffusive regime 
and in the strongly localized regime. In the diffusive regime where t = <C 1 and for large channel numbers 

A — > oo the correlation function is given by a squared Lorentzian, 

{6g{t)5g{t + At)) = ^^j^^ + 0(1) . (6.85) 

This result can be viewed as a generalization of the universality of va,r{g). Equation ( ^.85 ) is independent of any 
absolute length scale, and the scale on which the correlation function decays with At is set by the system size t itself. 
In the strongly localized regime i. At ^ 1, on the other hand, one gets 

{Sg{t)Sg{t + At)) oc (At)-3/2i-3/2g-Atg-t gg) 

In this limit the localization length ^ sets an explicit scale for the decay of the correlations. In the crossover regime 
between metallic and localized behavior the analytical expressions derived in Ref. 654 had to be evaluated numerically. 
Examination of these results explicitly confirmed the view that a wire of length L ^ ^ can be thought of as being 
composed of independently fluctuating segments of length ^. 



3. Non-linear a model for quasi Id wires 

The second approach to transport in quasi one-dimensional systems uses statistical properties of the Hamiltonian 
of the system under study rather than of the transfer matrix. For this reason, it is sometimes called microscopic, in 
contrast to the macroscopic DMPK approach. We prefer another terminology. We will refer to the DMPK approach 
and the a model approach also as to the random transfer matrix approach and the random Hamiltonian approach, 
respectiiifilji In the latter approach, ensemble averages are calculated with the help of Efetov's supersymmetry 
methodoo, see Sec. [II C . This is close to Efetov's original applicatiem of his method. In fact, starting from a 



single-particle Hamiltonian with a random white noise potential, Efetovcil proved — among other things — that all 
wave functions in infinite quasi one-dimensional systems are localized for all three symmetry classes. The first model, 
however, to properly take into account the geometti' discussed above including the coupling to the two leads, was 
introduced by lida, Weidenmiiller, and Zuk (IWZ)E12l. We briefly describe its main features. 

The disordered region is modeled as a chain of K segments, each roughly of the size of the mean free path see 
Fig. The leads attached to the right and the left of the disordered region support Ai and A2 channels, respectively. 
Without the leads, the system is described by the Hamiltonian i/^-^, where the indices i, j refer to the segments, while 
the indices /i, v denote the N states per segment. As usual, the limit iV — > 00 is taken. The elements of H are real 
(/3 = 1), complex (/3 = 2), or quaternion (/3 — 4) numbers. States within one segment labelled i are represented by 
the matrix with the probability distribution 



P{W') cx exp ( -^tr(ff")2 ) . (6.87) 
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FIG. 36. Schematic illustration of the IWZ model. The disordered region (shaded) is divided into K segments. Ideal leads 
are attached to the right and the left of the disordered region. 



States in adjacent segments are coupled by the matrices H^^jj {\i — j\ ~ 1) with the probability distributions 



P{W^) cx exp 



[3N^ ■ - ■ 
2u2 ^ 



(6.88) 



Matrix elements H^J^ with 
are uncorrelated 



i~ j\ > 1 vanish identically. Matrix elements carrying different upper indices ^ {k, I) 
The Hamiltonian of the entire disordered region, a matrix of dimension KN, is denoted by Ti. 
The coupling to the leads is effected by a fixed (non-random) rectangular matrix W = Wi + W2 of dimension 
KN X (Ai + A2). It has elements W^„, where i and ^ identify a segment and a state, respectively, in the disordered 
region and where n refers to the channels in the leads. It is assumed that only the first (the last) segment couple to 
the left (the right) lead, repectively. Thus the elements of Wi are non-zero only for i = 1 and 1 < n < Ai, while the 
elements of W2 are non-zero only for i = _ftr and Ai < n < Ai + A2. For this model, the scattering matrix S can be 
written down explicitly. 



S = l-2m W\E -n + iTTWW'^)-^W . 



(6.89) 



The ensemble of Hamiltonians defines a n ens emble of scattering matrices. The latter determines the statistics of the 
conductance via the Landauer formula ( 6.61 ). 

The super symmetric generating functional for a product of effective propagators [E — Ti. ± ittWW'^)'^ appearing 
in Eq. (|6.8S|) has the form 



z[j] ^ J d[n]p{n) 

J Di, exp (^ijl:^L{E + inWiWlL + inW2W^L + irjL + J)^p^ . 



(6.90) 



After averaging. Hubbard-Stratonovich transformation, integration over the ip-iields and saddle-point 
approximationlllJ, the generating functional takes the form of a generalized non-linear cr model. 



Z[J] = J D[Q] exp |^||^trg[g,Q,+i] 

-iTrgln(S -Q + inWiWlL + mW2WlL + J)^ 



(6.91) 



Setting E — Q the matrices Qi obey the constraint = The matrix Q is block-diagonal, with diagonal entries 
Qi, Q2, . . . , Qk- The symbol Trg implies a trace over the segment label i and the state label /z. 

The functional ( |6.91| ) has served as the starting point of several papers dealing with the diffusive regime and/or 
the localized regime of quasi one-dimensional mesoscopic syste ms. In the diffusive regime, where the dimeasjonless 
conductance g is much larger than unity, the functional ( 6.91 ) can be evaluated perturbatively as foUowailJ. The 



saddle-point manifolds of the matrices Qi, i = 1, . . . , K are parametrized 
variables. Terms of second order in these variables are proportional to g 



14C 



erms of a suitable set of independent 
and are kept in the exponent. The 
exponential containing all terms of higher order than the second is expanded in a Taylor series. This reduces all 
integrations to an application of Wick's theorem. The expansion generated in this way is an asymptotic expansion 



in inverse ipawers of g. In this way, conductance fluctuations were investigated in the orthogonaliU, unitary and 



symplecticE££l symmetry classes. Phase breaking processes could be taken into account in a phenomenological way 
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The influence of a magnetic field on the conductance was studied in ring structures bjp^^alculating the weak localization 



correctior 



65' 



as well as the auto 



:orrela|tian function versus-magnetic field strengtht^j. Resistance fiuctuations were 



investigated in detail in three-l2£j, four-E£2l and multi-leadE£2l devices. Some, but not all, of the results in these papers 



have been obtained earlier by means of the impurity perturbation technique (see Rcf. 632 and references therein). The 



126 



perturbative evaluation of the supersymmetric functional for the IWZ model is involved but conceptually relatively 
simple. In its results, it is equivalent to the impurity diagram technique. 

A non-perturbative treatment requires considerably more effort but leads to results which go beyond the domain 
of applicability of the impucity diagram technique. The appropriate technique, Fourier analysis on supemianifolds, 
was developed by ZirnbaueiE£3. This technique was used by Zirnbauer to calculate-the mean conductancaiid and by 
Mirlin, Miiller-Groeling, and Zirnbauer to calculate the variance of the conductanceE£3 in quasi one-dimensional wires 
for all length scales and for all three symmetry classes. We now sketch the calculation for the orthogonal symmetry 
class. 

For Ai A2 = A and in the limit of large channel number A 3> 1, the first two moments of the conductance can 
be expressed^s integrals over the coset space of the Q matrices (with the redefinition Q ^ Q' = iQ/vi and omitting 
the prime )E£3, 



Ml = (.9) = Y / ^[Q] Qi'^ 



exp 



M2 = {9^) 



A 



A^ 



trg[(gi + Qk)L]^ exp ^ trg(Q,+i - Q,f^ , 



D[Q] Ql'QfQl^Q'j^ 



exp (^-|trg[(gi + Qk)L]^ exp ^ trg(g,+i - Q,f^ 



(6.92) 



The superscripts on the preexponcntial terms indicate the appropriate element of the 8x8 supermatrix Q. We have 
introduced the quantity — 8(w^/u|)^. By comparison with Ref. H it can be identified with the localization length 
for the orthogonal case. Integrating over all Q matrices except for those referring to the first and the last segment, 
Qi and Qk, we obtain the heat kernel 



W{Qi,Qk; = dQ2... dQK-i exp 



^trg(Q, 



i+l 



(6.93) 



where L = K£ is the system size (not to be confused with the supermatrix L occuring, e.g., in Eqs. ( |6!90| ) pd (|6Jll)). 
In the continuum limit and with the metric defined by the length element trg(c?(3(i(5)/16 one can showE£^ that W 
fulfills the heat equation 



— W^(Q, Q'; s) = AqW{Q, Q'; s); lim W{Q, Q'; s) - 5{Q, Q') 
as s-*o 



(6.94) 



Here, s = i/2^, S{Q,Q') is the S function and Ag the Laplace-Beltrami operator (Laplacian) on the coset space. 
It turns out that all the information about the first two conductance moments iii and 112 is contained in the heat 
kernel. Using for the Q matrices the parametrization Q = exp(Ar)L exp(— A"), one obtains the following expansion of 
the heat kernel in powers of X, 



rtrr X ^ 1 trgX^ 1 ArgX^ 

W^(e^Le-^, L; ,s) - 1 - ^t^i^^ + gM2 ( ^ 



(6.95) 



We notice that the coefficients of the two leading terms in this expansion are the first two moments of the conductance. 

Fourier analysis was invented to solve the heat equation and is expected to work here as well. Equation (6.94) 
presents a particularly complicated case, however, since it is defined on a curved supermanifold. Nonetheless, the 
basic idea remains the same. Here, we only give the result. For GOE symmetry, one finds 



fJ-niL) = 



dX tanh2(7rA/2)(A2 + 1)" Vn(l, A, A)T(1, A, A) 



+2* / dAidA2/(?^ - l)Aitanh(7rAi/2)A2tanh(7rA2/2) 

ie2N+i "^^ 

xp„(/,Ai,A2) Yl {-l + crl + iaiXi+ia2X2r^T{l,Xi,\2), 

(7,0-l ,(72 — ±1 



(6.96) 
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1 2 3 4 5 6 



FIG. 37. The variance of the conductance var(p) for the GOE (sohd hne), GUE (dashed hne), and GSE (dotted hne) versus 
L/i. 



where T(/, Ai, A2) = exp(-2A(;, Ai, A2)i/40, A(/, Ai, A2) 



P + + \l and 



Pi(^Ai,A2) = A(;,Ai,A2) , 

P2{1, Ai, A2) = {\\ + A^ + + ZP{Xl + A^) + 2^ ~ \l 



\\ - 2)/2 . 



(6.97) 



Corresponding results for the GUE and GSE were also calculated in Ref. 663. While var((7) — [i2 — 
exponential localization as a function of system length for GOE and GUE symmetry, the curve for the GSE case 
approached a finite limiting value as L/^ 00. This suggested, that for the GSE there is no localization. A similar 
behavior had also been obtained for the mean cpjiductanceclil. However, as discussed below, this unusual result 
turned out to be,du<f tr,! a subtle technical mistakcESJ. In Fig. we show the correct behavior of va,r{g) for all three 



symmetry classesE£^ — 



4- Equivalence of non-lmear a model and DMPK equation 



The coincidence in both approaches of the first two moments of the conductance for the GUEEi 
a very close connection between the two methods. Furth er ev idence in this direction was provided in Ref. 665 
the average density of transmission eigenvalues (see Eq. ( |6.68 )) in quasi Id wires, 



suggest ed a t least 
Here 



piT)^{J2S{T-T,)) 



(6.98) 



was calculated foiiJ? = 2 within the a model approach. The result was identical with the one obtained from the 



DMPK equationlHHfl. This effectively extended the equivalence of the two approaches for the GUE to the average of 



all linear statistics, i.e. of all quantities A that can be written as ^ = J^i^C^i)- the other hand, the surprising 



results for g and va.T{g) obtained in the symplectic symmetry class within the non-linear a model 
striking disagreement with results obtained from the DMPK equation (which ruled out any delocalizationE^) 
a clarification of the relation between the DMPK equation and the a model for all (5 was of considerable interest. 




were m 
Thus, 
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This problem was solved by Brouwer and Frahml^ who proved the equivalence of the two approaches for all three 
symmetry classes. We give a brief account of the main steps in the proof. 

Before doing so we point out that the claimed equivalence holds only for the distribution function of the conductance 
but not for all parametric correlations of g (like the autocorrelation function versus an external magnetic field, or the 
weak localization correction). This is because the DMPK approach is more limited than the cr model approach, for 
the following reason. Within the random Hamiltonian approach, the calculation of parametric correlations is always 
possible, at least in principle, via a suitable modification of the random Hamiltonian (the actual calculation may 
be very cumbersome, of course). In contradistinction, the calculation of parametric correlations within the random 
transfer matrix approach leads to principal difficulties: In general i|— Ls-jaot clear how to implement a parametric 
dependence into the transfer matrix in a dynamically meaningful waycfjcl^ . 

The main idea of the proof consists in defining a suitable generating functional Z{9, A) which combines the key 
quantities of both methods, namely the eigenparameters Xi of the transfer matrix and the radial paramters 9j of the 
supersymmetric Q matrix. The latter are defined by 



Q = T-^LT , 



T 



"u-i ■ 







6/2' 




'u O" 


v-^ 


exp 


J/2 







V 



where 9 =diag(6'a, Ob) and 



Ob 



(6.99) 



(6.100) 



Additional symmetry restrictions are imposed on the 9j for j3 — l,2,4l££il. The proof of equivalence proceeds by 
showing that Z{6, A) obeys both, the DMPK equation ( |6.75| ) with respect to the variables A, and the heat equation 
(3.94) with respect to the variables 9. If in addition Z{9, A) fulfills the proper initial conditions, the proof is complete. 
A variant of the supersymmetric generating functional for the Green functions of the IWZ model serves this purpose. 



Z[Q] 



J exp Q#t2,(^; „ 7^ + I-kWiWIQ + iTrM^aVFji + ieL)tl) 



(6.101) 



The precise definitions of the quantities involved here can be found in Ref . 364 . It can be shownlEEj that Z depends on 
Q only through 0. Moreover, the dependence of Z on the Hamiltonian Ti and on the coupling matrix elements VFi, W2 
can be replaced by a dependence on the transmission eigenvalues Ti — 1/(1 + Thus, Z has the required form 
Z = Z{9,\). Furthermore, all transport quantities that can be obtained within the minimal a model (i.e. without 
increasing the dimension of Q) can be generated from Eq. (6.101) by taking proper derivatives with respect to the 9j. 

We average Z over the ensemble of Hamiltonians Ti, and denote the result by a bar (Z). We then use the heat 
kernel W{Qi, 



, Qk] s) defined in Eq. (3.92), and we define the functions 

fl{2){Q: Ql{K)) 



exp 



^trgln(l + x„(5Qi(i^)) j , 

n I 



(6.102) 



with d — 1(1,2) for /3 — 1(2, 4). T he quantities a;„ are essentially the eigenvalues of W\W\ (for /i) and W2W2 (for 
72), respectively. As in Eq. ( |6.9S ), the functional Z can be expressed as an integral over the two Q matrices which 
refer to the first and the last segment, respectively. 



Z[Q] 



dQi / dQK fiiQ,Qi)f2{L,QK)W{Qi,QK;s) . 



(6.103) 



Because of the important symmetry property Aq'/i((5, Q') ~ Aq/i((5, Q'), the averaged supersymmetric functional 
Z also fulfills the heat equation with the radial part of the full Laplacian Ag, 



^^Z{§, A) = AqZ{9, A) = AgZ{9, A) 



(6.104) 



We now onsider another average of the generating functional Z{9, A), defined by the use of the probability distri- 
bution p(A, s), a solution of the DMPK equation ( 6.76| ), as weight factor. This average is indicated by the superscript 
T, 
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Z(0,A) 



dXi...dXN Z{9,X)p{X,s) 



(6.105) 



It is obvious that Z obeys the DMPK equation, 

d 



z{e,x) ^{2/j)D^z{e,x) 



where D\ is the differential operator on the r.h.s. of E- 
To prove the identity of both approaches, it is showi*^"^ 



6.7q ) (without the factor 2/^). 
that 



AgZ{e,X) cx DxZ{9,X) . 



(6.106) 



(6.107) 



Substituting this result into Eq. ( |6.106 ) and interchanging the average over A and the differentiation with respect to 



T7 , TtT 



casest 



one.&ids that Z and Z obey the same differential equation (6.104). Consideration of the initial conditions in both 

establishes the equivalence of both methods. 

This insight implies, however, that the results for the GSE in Refs. 141 663 are incorrect. (We recall that these 
results differ from those of the DMPK approach). Inspection shows that the finite (i.e., non-zero) limiting value s 
{L o o) fo r the first two moments of the conductance are technically due to a zero mode of the Laplacean ( 3.94 ). 



In Ref. 664 it was shown that in the GSE case, this zero mode is not a single-valued function on the space of Q 
matrices, and that it does not exist wh en the K ramers degeneracy is correctly taken into account. Therefore, the 
contribution due to this mode in Refs. 141 663 to the Fourier expansions and to the expressions for the moments 
of the conductance, has to be omitted. In this way, corrected expressions for the symplectic symmetry class were 



obtained in Ref. 664, These expressions show localization as expected from the DMPK equation. 



D. Random band matrices 



Originally, Random Matrix Theory was introduced by defining a number of matrix ensembles which describe 
generic features of many microscopically different systems. An important ingredient was the postulated invariance 
(orthogonal, unitary or symplectic) in Hilbert space. This concept was shown to have enormous power: Physical 
systems are grouped into few universality classes characterized by very general symmetry properties. Many examples 
were given in the previous section where the three Gaussian ensembles played a prominent role. It is natural to ask 
whether generalized ensembles of random matrices exist from which the generic properties of extended systems can 
likewise be generated. These ensembles must, of course, contain the linear dimensions of the system in parametric 
form. The IWZ model described in Sec. VIC 3 suggests that such ensembles do indeed exist, at least for quasi Id 
wires, and that they differ from the classical ensembles by relinquishing the requirement of (orthogonal, unitary or 
symplectic) invariance. We now show that quasi Id wires can be modeled by an ensemble of random band matrices 
(RBMs) . Early investigations of RBMs are summarized in chapter 20 of Mehta's booka. 

A band matrix is characterized by the dimension N and by the bandwidth b. The latter defines the distance from the 
main diagonal beyond which the matrix elements become either zero or are negligibly small. An ensemble of RBM's 
is obtained by assuming that the matrix elements within the central band are uncorrelated Gaussian distributed 
random varibles with zero mean and a variance which effectively defines the energy scale. As long as b ^ N the REM 
ensembles are clearly equivalent to Wigner's Gaussian ensembles, while for b = 0(1) we deal with an almost diagonal 
matrix with uncorrelated eigenvalues and strongly localized eigenfunctions. This shows that RBMs repres ent one way 
to interpolate between chaotic systems with Wigner-Dyson statistics and Poisson regularity (see Refs 
for another possibihty). The wish to descr 
led Seligman, Verbaarschot, and ZirnbauerE 
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of these ensembles by Casati et al. and Wilkinson et al. followedE£3 E£ 



intermediate level statistics was indeed the original motivation which 
to the investigatioi3_of REM ensembles. Many numerical investigations 



In Sec. VI C 3 



As mentioned above, this Hamiltonian, 



we have introduced the Hamiltonian of the IWZ modelE 
although endowed with some fine structure, has the general form of a rjan doai band matrix. Another physical system 
that has been mapped on a random band matrix is the kicked rotorcZlO'ESZl. It has been arguedcZl that in a certain 
basis the evolution operator 5* connecting values of the wavefunction before and after a single kick, exhibits the 
structure of a RBM. For the kicked rotor, one classically expects unbounded diffusion in angular momentum space 
once the strength of the kick exceeds a critical value. Quantum mechanically, however, "dynamical localization" 
sets in and the diffusion is eventuall y sup pressed, see Sec. VB. A first connection between dynamical and Anderson 
localization was established in Ref. 33C. Recently, the correspondence between the kicked rotor and RBMs (and 
hence the|-correspondence between dynamical and Anderson localization) has been made more exact. Altland and 
ZirnbauerLZ3 have developed a field theory for the time-dependent Hamiltonian 
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H{t) = — + kcos{9 + a) 



(6.108) 



which defines the quantum kicked rotor. This approach is still under discussion, see Ref. 671. The quantities I and 



9 are the operators corresponding to the angular momentum I and the angular coordinate 9, k determines the kick 
strength and r its period, and a is a symmetry breaking paramete r sim ilar to a magnetic field. Using a novel variant 
of th e Hub bard Stratonovich transformation the authors of Ref. |670| claim that the long wave-length behavior of 
Eq. (6.108) is described by the one-dimensional non-linear a model. As we will see, the same is true for RBMs. 
These two examples suffice, to show how much insight can be gained by analysing RBMs. 

Numerical simulationa^ have shown that the fluctuation properties of observables derived from RBMs are governed 
by the scaling parameter x = b'^ /N. For completeness we mention that a second scaling parameter arises if the-diagonal 
elements of the RBM are allowed to increase linearly in size with increasing indexE£3. Fyodorov and Mirlir£23 studied, 



RBMs analytically and derived a non-linear a model which turned out to be identical to the one found by EfetovKl 
for non-interacting electrons in a quasi Id wire. This proved the close correspondence between RBMs and random 
quasi Id systems. If one associates the matrix size N with the length L of the sample and uses the result (see below) 
that the localization length f scales like 6^, it becomes clear that x is proportional to the conductance g — £,/L. We 
now sketch the proof. 

The ensemble of N x N real and symmetric band matrices H has independent Gaussian distributed random elements 



Hi 



Hji with zero mean value and variance 



Hi 



(6.109) 



Here, Aij decays (sufficiently fast) on the scale h. The asymptotic behavior for large — m| of the two-point correlation 
function 



Kim = 



(E + ie- H) 



{E-ie-ny 



(6.110) 



defines the localization length ^. With the help of the averaged supersymmetric functional 
W\= j d[cT] exp(-5[(7,J]) , 
S[<y. J] = ltrgJ2M^~^)^j<^j + ^trgJ^HE - (Ti + ieL + Ji) 



(6.111) 



the average of the correlation function Kim can be expressed as 

1 <92Z[J] 



AdJldJl 



(6.112) 



In Eq. (6.111), the ai {i — 1. . . . , N) are a set of 8 x 8 supermatrices (not yet restricted to the saddle-point manifold) 
and J is a suitably definedll23 source field with elements ± J;*-^'^-* (^ = 1, . . . , N). The saddle-point approximation is 
justified because A'' ^ 1 and 6^1. In the continuum limit one defines x/d = |^ — m\ where d is some suitable small 
length scale, e.g. the lattice constant and arrives at 



K, 



S[Q] J + 2iujLQ] dx. 



(6.113) 



Here v is the density of states per unit length. To define the diffusion constant V, we write Aij = a{\i — j\) — a{x/d), 
define B2 = ( 1/2) a(r)r^ cx an d hav e T> = nvdB2. The precise form of the preexponential term F{Q{Q),Q{x)) 
( |6.113[) can be found in Ref. 139. The 8x8 super matrix Q belongs to the saddle-point manifold discussed 
. tl4y46| . Thus, the one-dimensional a model of Eq. ( 6.113 ) is identical to the one of Ref. 44, The localization 
length for this model has been calculated in Ref. and is given by 



in Eq. 

in Rcfs 



hoc ^^/d = AnvD/dcx 



.114) 
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Invoking the one-parameter scaling hypothesisEZ3 we see that the scaling properties of a RBM can depend only on 
the ratio of localizatioa length and matrix size N. According to Ref. 13£, this explains the scaling parameter b'^/N 
found num erically inE^ . 

the investigation of RBMs was exten ded to the statistical properties of the corresponding 

First, Fyodorov and Mirlin showed how to formulate 



In Refs. |7|-|7|,|98 



67e 



eigenf unctions. The main results are summarized in Ref. 
various statistical observables involving eigenfunctions in the framework of the non-linear cr model, i.e. for arbitrary 
dimension of the disordered sample. Second, they solved the a model in one dimension and calculated the distri- 



bution functions of the following three quantities for arbitrary system length L: the nth component 4'n 
eigenfunction, the inverse participation ratio 



(fe) 



(fe)|4 



of the kth 



(6.115) 



and the product r{L) = I'lpo''^ tI'l''^ \^ of amplitudes taken from opposite ends of the wire. The distribution of r{L) 
turned out to be log-normal in the insulating regime. This implies a Gaussian distribution for the localization lengths. 

Technically, these results were derived by expressing the desired observable, in particular its moments, in terms of 
arbitrarily high products of Green functions. Employing the supersymmetry formalism these moments could then be 
expressed in terms of (the discrete variant ofV-tte a model in Eq. ( 6.113| ). The one-dimensional chainlike structure of 
the Q matrices suggested the use of a methodEl3 patterned like the transfer matrix approach. Tliis,le4rta,a recurrence 



relation and eventually to a comparatively simple differential equatior 
generalizations of this method were used. 



In subsequent papersEl3E£al£l3 appropriate 



E. Transport in higher dimensions 



Many of the rigorous results reviewed so far in this section on transport properties are restricted to quasi one- 
dimensional systems. This is mainly due to the fact that the a model has been well under control in the one- 
dimensional case but not in higher dimensions. Very recently, however, important progress has been made, and 
interesting information was obtained, from the a model for d = 2 and d = 3. It is useful to briefly recall the history 
of the non-linear a model and of scaling theory prior to a discussion of this development. We thereby extend the 
historical remarks of Sec. [IC. For simplicity of notation, and deviating from former usage, we use in the present 



subsection g for the average conductance and 6g for the difference between the conductance and its average value. 



1. Scaling theory and distributions 



In Sec. [I C it was mentioned that early scaling ideas by ThoulessH were developed into a one-parameter scaling 
theory by Abrahams et al£I3. This theory received strong support from perturbative calculations by-Anderson, Abra- 
hams, and RamakrishnanElj, Abrahams and RamakrishnanElj, Gorkoii, Larkin, and KhmelnitskiiEEj, and from field- 



theoretical considerations invob«|i|g-|£wjpp=liii6ar a model by WegnerE£ll. His field-theoretical approach, subsequently 
developed in a series of papersEME^C^j^ESj, iaa|rked the beginning of a development that led to the omnipresence of 
the a model (now in its supersymmetric formEj) in modern discussions of disordered systems. 

Scaling theory determines the dependence of the dimensionless conductance g{L) on the linear dimension L of the 
system. The initial condition is set by the strength of the disorder as measured by the conductance go = g{i) at the 
scale of the elastic mean free path i. The following general picture emerged. For large g the f3 function has the form 



ding L dg a 

Pig) = -TT—F = -77 = 2)-- 

d In L g dL g 



(6.116) 



where the constant a is of order unity. The /3 function is seen to depend on g as the single parameter, hence the 
term one-parameter scaling. For (3{g) > Q the conductance increases with increasing system size and we deal with a 
conductor supporting extended electron states. For /?(<?) < 0, however, the conductance scales to zero with growing 
L, and we are in an insulating regime with localized eigenfunctions. As long as d < 2, /3(.g) is always negative and one 
expects all states to be localized. In three dimensions, however, the asymptotic value of g depends on the initial value 
go of the conductance. We introduce (for 0? = 3) the critical conductance gc = a, which is defined by the condition 
(i{gc) = 0. For g^ > gc we have a conductor and for go < gc, an insulator. The point go = gc defines the mobility 
edge or metal-insulator transition. This picture is qualitative but in a nutshell represents today's view of disordered 
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systems. However, reasons have emerged to call into question the basic tenets of one-parameter scaling, 
come about as follows. 



This has 



Altshuler, Kravtsov, and LernerE53~E23 emphasized that the transport properties of a disordered sample cannot be 
characterized by the mean conductance g alone for which the above-mentioned scaling theory had been formulated. 
Instead, anomal ously l arge sample-to-sample fluctuations have to be accounted for even in the wea k loc alization 
regime (see Sec. VI C 1 on universal conductance fluctuations, UCF). It was therefore proposed in Ref. |687| to study 
the whole distribution of the conductance, and of the density of states, and to develop a scaling theory for all 
moments of rtiifts&i quantities. Before we briefly outline the method used to pursue this program we summarize the 
on conductance fluctuations some of which contradict the one-parameter scaling hypothesis. 



main resulti 



687 



We focus attention on the nth cumulants ((^G)") of the conductance G = [e^ /K)g. For n < \t was found that 



(6.117) 



The first cumulant is equal to g itself and changes with L according to Eq. ( 6.116| ). The second cumulant, i.e. the 
variance of G, does not depend on g and therefore stays constant in the metallic regime (UCF) . Higher moments are 
small by powers of and can be neglected for g ^ 1. Hence, for not too large fluctuations 5g and for 5^1, the 
distribution function is almost Gaussian, 



f{5g) cx exp [-{5gf 



(6.118) 



and one-parameter scaling applies: The distribution function is completely determined by the mean conductance 
Close to the localized regime with g sa 1, however, all higher mo ments ar e of comparable size and the distribution 
function is strongly non-Gaussian. 



687y689| that this picture is not entirely correct 

Thus, 



It was emphasized in Rcfs. 
because it neglects certain classes of perturbative corrections to the high-order cumulants of the conductance, 
deviations from the Gausssian form (6.118) must occur in the distant tails of the distribution even in the regime of 
weak localization where (7 3> 1. In these tails, the distribution turned out to be logarithmically normal. 



fi^a) « exp 



1 

4u 



■In^ 



6g 1 

77a 



(6.119) 



where u = In (cto/ct), where a is the conductivity of the system with linear dimension L, and where ctq is the classical 
(Drude) conductivity. (We recall that r is the elastic mean free time and A is the average single-particle level spacing). 
In two dimensions, a is identical t o the conductance g{L) while (Tq corresponds to g^. 

The non-Gaussian tails in Eq. ( |6.119 ) can be traced back to additional contributions to the cumulants of g arising 
from the above-mentioned perturbative corrections. 



2n-d 



(6.120) 



For n < go these terms are insignificant but for n > g^ they dominate those in expression (6.117) and lead to the 
log-normal tails in the expression (6.119). The tails dominate the distribution function (i) in the metallic regime 
(7 3> 1 for fluctuations 5g > and (ii) in the rep ion nf s trong localization for fluctuations 5g > yfgo/lngo. Exact 
results for the distribution function in one dimensionE£3n££3 coincide with formula ( 6.119 ). An important point in this 
expression is the dependence on u, i.e. on both cr and ctq. This introduces another microscopic parameter in addition 
to the scale-dependent conductance g — aL^^^. This is at variance with the hypothesis of one-parameter scaling in 
its strict form. We briefly return to th:|s-i{isue later. A formally similar violation of one-parameter scaling had earlier 



been observed by Kravtsov and LerneiCHj in their investigation of the frequency dependence of the diffusion constant 
v. With the subs titutio ns 5g — > 61^ and g ^ (ly), the asymptotic form of the distribution of the density of states is 
also given by Eq. (3.119). 



2. Renormalization group analysis 



First formal investigations employed the replica trickES described in Sec. |II C| . We recall that this method circum- 
vents the problem of normalization of the generating functional for the Green functions by considering k replicas of 
the system under study. At some pfju^t in the calculation the limit /c ^ is taken. This procedur e is fully justified 



only within perturbative treatmenta23. This, however, suffices for the present purpose. In Refs. 687 ^89 , [694 -697 
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moments of both the conductance and the density of states were considered. For the former, the rephca functional 
reads 



(G") (X n tr 



1=1 



92 Jd[Q]exp{^S[Q,h]) 



dh^ J d[Q]cxp{-S[Q,h = 0]) 



h=0,k=0 



S[Q, h] = \j tr {vQ - ^[h, Q] j d^r 



(6.121) 



Here, — irvT) /S oc g, Q is a matrix field in replica space containing commuting entries. The matrix Q is analogous 
to the supermatrix Q in p revious sections, and /i is a source matrix with components h^. The detailed structure of Q 
and h is given in Ref. 687. The moments of the density of states are represented analogously, 



d j d[Q]exp{-S[Q,u:]) 



f}^duj,jd[Q] exp(-5[Q, 

1 f d'^r 
S[QM^-,^ j tr(c.LQ)-^ . 



0]) 



u;=0,fc=0 



(6.122) 



The components LOi of the source matrix oj are defined in Ref. p87| . The replica matrix Q in Eqs. (6.121) and (6.122) 
is subject to the same constraints as its supersymmetric counterpart, namely = \ and trQ = 0. The combination 
of the two actions in Eqs. ( |6.121 ) and ( |6.122 ) yields 



S[Q,h,Lo]^ j tr 



d'^J 



(6.123) 



Both formally and in physical content the action S in Eq. ( |6.123 ) corresponds to the supersymmetric action ( 6.16 ) in 
the presence of a magnetic field. T he so urce matrix h plays the role of the symmetry-breaking term oc ra, and lo is 
analogous to the frequency in Eq. (6.16). 

Eq uations (|6.121) to (6.123) are based on the usual gradient expansion (long wave-length limit). The authors of 
Refs. 687 689y694 697 made the important observa tion t hat additional higher order terms, in particular higher-order 
gradient terms, have to be included in the action (6.123). To define the basic structure of these terms we introduce 
the covariant derivative 



(6.124) 



where the index a refers to the direction i n coor dinate space. We suppress details of the spatial dependence. Then 
the additional contributions to the action (6.123) are given by 



and 



Sn.m — 



tr [{VQf'\ujLQfd'^ 



(6.125) 
(6.126) 

(6.127) 



with certain (bare) coupling constants 2„, Y„n and z„_m. 

The perturbative analysis of the replica functional proceeds a s indic ated after Eq. (6.91) for the supersym metric 
functional. In the perturbation series generated from the action ( 6.123| ) without the additional terms in Eqs. ( 6.125| ) 
to ( |6.127 ), a certain class of terms appears. In two dimensions, these terms are logarithmically divergent (in L/tj. In 
principle, such terms can be summed effectively with the help of a renormalization group analysis of the generating 
functional. This would lead to a change of the prefactors of the vertices in Eq. ( |6.123D . However, conside ration s 
involving particle number conservation, the Einstein relation, and the continuity equation prove that the action ( 6.123| ) 
does not change its form under renormalization . It thoeefore depends on the single parameter cx g. This result 
is consistent with the one-parameter scaling hypothesis^. However, higher moments of both the conductance and 
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FIG. 38. Schematic current response of a disordered conductor to an electric field of the form E{t) — EO{t), where G(t) 
is the step function. For times greater than the diffusion time td, highe r qu antum corrections lead to log-normal (rather than 
exponential) decay towards the equilibrium value Ea. Taken from Ref. [7O4 



the density of states are determinedESZIfi23 by the higher-order vertices ( 6.125D , (|6.126 ), and (3.127) which introduce 
a large number of parameters, z„, Km, and Zn,m - The additional contributions ( 6.12C ) to the higher moments of the 
conductance and, therefore, to the asymptotics (3.119) of the distribution function for g are due to such higher-order 
terms. The number of diagrams originating from these terms is so high and their structure so complicated that a 
direct summation appears to be hopele ss. Th er efore, one ha s to p erform the renormalization group analysis for the 
extended a model including the terms ( 6.125| ), ( |6.126 ), and ( 3.127 ). 

The principle of such an analysis is the following. In order to distinguish between slow and fast variables, the Q 
matrix is parametrized in the form 



Q = U'fQaU = U^U^LUaU 



(6.128) 



Here, the fast variables are given by Qo — U^LUq and the slow ones hy Q — U^LU. Integration over the fast variables 
yields a functional of the slow modes Q alone which serves as a basis for the next iteration of this procedure. Lowest- 
order perturbation theory for the fully renormalized functional results in an effective summation of the higher-order 
terms in the expansion of the "bare" fua&tictfial. 



Using the results obtained in this wayE: 



i87 
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several authors 



;87 



68£ 



598 



roc , 343 



have addressed the question whel-he ' 



or not one-parameter scaling applies to mesoscopic fluctuations. To some extent this is a question of definition 
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As we have seen, the asymptotic tails of the distribution functions for g and j/ depend on the bare conductivity co 
an additional microscopic parameter. Therefore, these tails are not determined by a (or g) alone and one might say 
that one-parameter scaling is violated. It turns out, on the other hand, that renormalizati on of t he parameters Zn, 
Ym, and Zn,m in the higher-order terms does not influence the coupling constant 1/t in Eq. (6.121). One could argue 
that this is the essence of one-parameter scaling. A more detailed discussion can be found in Ref. 



The mesoscopic fluctuations just discussed are intimately related to current-relaxation processe3i2ji££3. This is 
seen by considering the distribution function of the time-dependent conductance G{t) which describes the response of 
the current to a (5 function pulse (in time) in the potential. This distribution function also exhibits log-norm al tails 



as in Eq. ( 3.119 ), cf. Fig. BSl We return to this point in the context of the supersymmetric a model, see Sec. VIES . 

The local density of states i>{f, e) = —lmG^{v, r..F)lT:, of particular interest for the metal-insulator transition, was 
investigated by Lerner, Altshuler, and KravtsovEH^L^J. In the metallic regime the distribution of i'{'r, e) turned out to 



be Gaussian with log-normal tails, as discussed above for the conductance and the density of states |LtLlhe vicinity 

of the metal-insulatae^transition, however, the distribution was found to be completely log-normalI£3'E£j. Recently, 
McCann and LerneiEHJ showed that this log-normal distribution is linked to multifcactal exponents for the cumulants 
of the local density of states. Multifractal analysis had been pioneered by WegnerE£3 who found a whole set of critical 
exponei 



Pelitil 
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;^ts for the moments of the inverse participation ratio at the metal-insulator transition, and by Castellani and 
who suggested that the electron wave functions at the transition are multifractal. We now describe recent 
work which has brought multifractal analysis and properties of asymptotic distributions within reach of the non-linear 
a model. 
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3. Supersymmetry approaches 



Muzykantskii and KhmelnitskiEid introduced the novel idea that a non-trivial saddle-point configuration of the 
usual cr model in Eqs. (6.1) and ( |6.2| ) determines the asymptotic tails of the distribution of mesoscopic quantities in 
one, two, and three dimensions. Starting from Ohm's law in its time-dependent form, 



I{t)= dt' G{t~t')V{t') , (6.129) 
these authors expressed the average time-dependent conductance G(t) in terms of the usual supersymmetric functional, 

G{t)^ J ^cxp(-icj<) J d[Q]P{Q)cM-S[Q]) , (6.130) 



where the action S[Q] is given by Eq. (|6.2| ). The classical (Drude) term has been suppressed. The next steps can 
probably be best understood when viewed as arising from a saddle-point approximation with respect to both Q and 
uj of the combined action 



^comb 



[Q,Lj] ^ J trg[D{VQ f + 2iujLQ]d'^r 



+ iujt . 



Variation of Eq. ( 6.131 ) with respect to uj yields the "self-consistency equation"'^^-' 

d'^r 



V 



■trg[LQ] 



4tA 

TT 



(6.131) 



(6.132) 



Variation with respect to Q under the constraint = 1 leads to an equation reminiscent of the Eilenberger equation 
for dirty superconductors. 
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2DViQVQ) +iuj[L,Q] = 



(6.133) 



This sad dle-point approximation should not be confused with the one necessary to derive the a model of Eqs. (6.1) 
and (6^). While the latter restricts the Q matrices to the coset space wi th = 1, the prese nt one fixes the spatial 
variation of the Q matrices within this coset space. The niatrix equation ( 3.133| ) as well as Eq. ( |6.132 ) can be reduced 
to two equations involving only one scalar function d{r)LH. Boundary conditions on 6 determine the solutions for 
d — 1,2 and 3. 

Two different regimes are distinguished by values of the parameter tA which defines the size of the r.h.s. of the 
self-consistency equation ( |6.132 ). Physically, tA determines whether individual states in the mesoscopic probe can 
be resolved. For tA 1 and with to the diffusion time, G{t) is proportional to exp{—t/tD), irrespective of the 
dimensionality. In the opposite limit tA^l the results depend on d. For d = I one finds G{t) cx exp{-g\n{tA)) 
and for d = 2, G{t) (x {tA)~^. Here g is the dimensionless conductance. These results do not apply foip-aj|bitrarily 



long times because beyond a certain limit, t > t* , the diffusion approximation was found to break downEiiJ. In this 
extremely asymptotic regime the function 9 ffuctuates on a scale exceeding the elastic mean free path: The spatial 
derivative obeys 9' > 1/i, and this contradicts the conditions under which 9 is constructed. Therefore, the ultra-long 
time limit in d = 1, 2 and the regime-,tA ^ 1 in d = 3 seemed to be inaccessible and the comparison with the results 



of Altshule 



Kravtsov, and LernerE 



;89 



was inconclusive. 

MirlinCHZI observed, howev er, tha t the regime t > t* can be reached if the additional constraint 9' < l /£ is taken 
into account in solving Eqs. ( 6.132 ) and ( 6.133| ). This modifies the boundary conditions employed in Ref. 511. For a 
two-dimensional disk of radius R Mirlin found the following asymptotic behavior in time. 



G{t) cx exp 



TTf3g In^jt/gr) 
4 ln(i?/^) 



(tA » {R/£)^ 



(6.134) 



This expression agrees exactly with the (slightly amended) result of Ref. 389 



The calculation of eigenfunction statistics, in particular the distribution of eigenfunction r'nmpnTipnt^ in tVip framp. 



work of the supersymmetric non-linear tr model has been pioneered by Fyodorov and Mirli nP^'^lf"^1 ^K"1' l^'"'l - K"-^ We 
have already mentioned some of their work in Sec. VI The main results for the distribution function f{u) of the 



eigenfunction amplitudes u = \^{ro)\ are the followingliH:^. We consider the function 
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Y{Qo) = 



d[Q] exp{~S[Q]) 



(6.135) 



Q{fo=Qo 



where Q{fo) = Qq is held fixed at the observation point tq, and the action S[Q] is essentiahy given by Eq. (3.2) (seelI22 
for the precise notational conventions). In the hmit of vanishing frequency uj, and for both orthogonal (/3 — 2) and 
unitary (/3 = 1) symmetry, this function depends on Qo only via the ra.djal p a,ra,meter Ai, Y{Qo) Y{~2j3ivuj\i 
In terms of Y{z) the desired distribution functions can be expressed a££; 



(•08 



2\/2 (P 



u/2) 



(/3 = 2) , 
(/3 = 1) , 



(6.136) 



where V is the volume of the system. These general formulas are valid for arbitrary dimension. In the limit of 
a constant supermatrix Q (zero mode approximation) the functional Eq. (6.135) becomes equivalent to Gaussian 
Random Matrix Theory, see Sec. VI A 1. In this case we obtain the Porter-Thomas distribution discussed in detail in 
Sec. Ill E 11, 



/(") 
f{n) 



y exp(— uF) 



V 

2'KU 



exp(-uF/2) 



(/3 = 2) 
(/3=1) . 



(6.137) 



For quasi Id systems, the integral in Eq. (3.135) can be solved exactlyE^S. With x = L/^ <C 1 the ratio of system 
length and localization length, and the coefficient a = 2(1 — 3X-, L.i:/L?),„w\\ere L_ and are the distances from tq 
to the sample edges, the distribution function for y ~ uV reads 
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f^P=^\y) ^ eM~y) l + ^(2-4y + 2;2) 
L 6 



exp(-y/2) 




1 + -±(3/2 -3y + 2/72) 
6 



6 



f{y) « exp 
f{y) cx exp (^~2Py/^^ 



(y < x-i/2) , 
(y < x-'^') , 

(:e-i/2 <y<x^^) 



(6.138) 



In d > 1 dimensions only approximate methods to evaluate Eq. (3.136) are available. Let us define the parameter 
K = 'Y^^{2TTv'Dq^V)^^ , where the summation extends over the eigenmodes of the Laplace operator in the sample. 



This sum-depends strongly on dimensionality. A perturbative treatment of the non-zero modes in Eq. (6.136) leads 
to resultsE23 identical to the first two lines in Eq. ( 6.138 ) with ax/Q replaced by k. I — . 

For large amplitudes y > perturbative methods are no l onge r admissible. Falko and EfetovEld employed a 



saddle-point approximation similar to the one introduced in Ref. 511 to derive the following result for d = 2, 3, 



n 

f{y) cx exp ( -(-y + + . . .) 



/(y) oc exp 



#ln'(«;y) 



[k-^'^ <y<K-^) 
(y > ^^~^) ■ 



(6.139) 



Here, k = hi{L / 1) / Att'^vT) iox d — 2 and k, oc {kp£)'^ for d = 3, where kp is the Fermi momentum and £ the elastic 
mean free path. In particular it was possible to investigate the inverse participation numbers m„ — f{u)du. 
By studying the dependence of these quantities on system size one can address the question of multifractality of the 
wave functions. In two dimensions and for system sizes L smaller than or of the .order of the localization length, the 
multifractal nature of the wave functions had been established numericallyElilEij, with the result 



T{n) — {n ~ l)d*{n) . 



(6.140) 



The fractal dimension d*{n) ^ 2 had been found to depend on the moment considered. In Ref. 710, this fractal 
dimension was derived analytically. 
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together with the corresponding power law decay in the tails of the wave functions 



(6.141) 



(6.142) 



In E g. (671411 ) the order n of the moment is restricted by the requirement that d*{n) > 0. 
Eq. ( 6.1421 ) is smaller than unity and varies from wavefunction to wavefunction. 



The exponent /i in 
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4©r of f{y) is again logarithmica ll^fj i no rmal, in close analogy to 
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and for the density of statesP ^P^^ discussed above. What 



We see from Eq. ( 6.139| ) that the asymptotis 
the distribution functions for the conductance!: 
is the origin of all these log-normal tails? Already in the metallic regime, they appear as an early manifestation of 
localization, and they become more pronounced as one approaches the localized regime. This suggests the following 
interpretation. Even in the metallic regime there exist rare states which are localized. As we approach the localized 
regime, there occur rare states with abnormally strong localization. The log-normal tails are due to the occurrence 
of such "atypical states" at any value nf q.-- This connection between atypical states and asymptotic distribution 
functions is an active field of researchEHSEl^ lIj. 

In conclusion it is satisfying |to-|See-|how recent progress in the evaluation of the a model helped to provide strong 
support for earlier calculationsESlTESSI of mesoscopic distribution functions based on a combination of perturbation 
theory and renormalization group methods. 



F. Interaction— assisted coherent transport 



In 1990, DorokhovCl^ considered particles moving in a strictly one-dimensional random potential. He showed that 
the localization properties of a pair of particles bound tightly by a harmonic potential differ from those of non- 
interacting particles. In particular, he predicted a sizeable enhancement of the pair localization length for the case 
where the pair energy is sufficient to excite high-lying modes of the two-particle system. Four years later, it was 



suggested by ShepelyanskyClZI that the wavefunction of two interacting particles in a one-dimensional disordered 
chain might extend over a length scale ^2 much larger than the one-particle localization length ^1, irrespective of 
the sign of the two-particle interaction. Shepelyansky's result indicated that interactions among electrons might 
significantly alter or modify our present understanding of transport and localization properties of mes oscop ic systems. 



This important development should be seen in connection with the persistent current problem in Sec. VI B. We recall 
that this problem has led to the general belief that interactions are vital for the understanding of the equilibrium (i.e. 
ground state) properties of mesoscopic rings. 

Technically, the problem of two interacting particles in a random potential can be mapped onto an effective Hamil- 
tonian which turns out to be a random band matrix with strongly fluctuating diagonal entries. Matrices of this type 
had not been studied previously, and the two-particle problem is, therefore, also interesting from the point of view of 
Random Matrix Theory. 



1. Idea and scaling picture 



ShepelyanskyLl3 considered the following Schrodinger equation for the two-particle wavefunction ^„ 
dimension. 



\-^7ii ^712 ^^nin2]^nin2 

V'^ii — l,n2 



"2 + 1 



"2-1] 



(6.143) 



Here, ni und 712 are the (discrete) coordinates of the first and second electron, respectively, i?„^ and i5„2 are on-site 
energies drawn randomly from the interval [—W, W], U characterizes the strength of the Hubbard interaction, and V 
is the hopping integral. All lengths are measured in units of the lattice spacing and are, therefore, dimensionless. For 
U = 0, and not too strong-dasorder, the one-particle localization length ^1 in the middle of the energy band is roughly 
given by ^1 « 25(F/W^)^Li3L£2l. We define the two^articlc localization length ^2 as the typical scale on which the 

^^^'i that in the interacting case. 



two-particle wavefunction decays. It was predicted 



(6.144) 
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FIG. 39. Time dependence of the second moments a+ and (t_ de fined in the text for W = 0.7 and V = 1 and (from top to 



bottom): (/ = 1 (cr+), (7 = 1 (cr_), and [/ = ((t+). Taken from Ref. 
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provided ^ 1 and U/V — 0{1). This result is noteworthy in two respects: First, for sufhciently large (i.e. 
sufficiently weak disorder) one can have a si gnifica nt enhancement of ^2 as compared to ^1. Second, since the 
interaction strength U enters the expression ( ^.144 ) quadratically, the effect does not depend on the sign of the 
interaction. 

A first q ualitative numerical confirmation of this effect came from the study of the wave packet dynamics for 
Eq. ( 6.143| ). The time-dependent quantities (t+ = ((|ni| + |n2|)^)/4 and a- — {{\ni\ — \n2\)^) (characterizing center 
of mass and relative motion, respectively) are shown in Fig. ^ (The angular brackets denote an average over the 
wave packet p robab ility distribution at a given time t). An enhancement effe ct is clearly visible. 

The result ( |6.144| ) was obtained in two rather independent ways. In Ref. |717| the problem was mapped onto the 
above-ment ioned random band matrix with strongly fluctuating diagonal elements which was studied numerically. 



The result ( 3.144 ) was obtained from a fit to numerical data. ImryE^^, on the other hand, invoked a generalization of 
Thouless' famous scaling blo ck pic ture to rederive Eq. ( |6.144 ). We treat both approaches in turn. 

It is useful to rewrite Eq. (6.143) in a basis defined by the single-particle eigenfunctions of the non-interacting part 
of the system. This yields 



Hij^ki — {fi + ij)SkiSji + Qij^ki , 
Qi],ki = U^(pi{n)(pj{n)(pk{n)(pi{n) . 



.145) 



In this representation the Hamiltonian is naturally decomposed into two pieces: a diagonal matrix carrying the 
eigenvalues ei e [—B, B] of the non-interacting system with bandwidth B w 2{2V + W), and a non-diagonal matrix 
Qij,ki originating from the i nter action operator and defined by the overlap of four eigenfunctions ipi. A typical matrix 
element Q can be estimatedtlZl as Q « U/^^'^ . 

Since the wave functions Lpi are localized the Hamiltonian (|6.145 ) possesses band structure. Shepelyansky used the 
crucial assumption that all elements of the matrix Qij^ki in Eq. (3.145) can be chosen as independent random variables 
centered at zero. In this way, the Hamiltonian in Eq. (3.145) is replaced by an effective random Hamiltonian. The 
latter is the sum of two random matrices: (i) A random band matrix with bandwidth and Gaussian distributed 

elements with variance U/^^'^ . (ii) A random diagonal matrix with Gaussian distributed elements having variance 
B = 2(2 V + W). The addition of the random diagonal matrix to the random band matrix defines a new class of 
random band matrices. This new class differs significantly from an ordinary random band matrix if the diagonal 
elements fluctuate much more strongly than the off-diagonal elements. This condition is met in the present case since 
5i ^ 1 and U is typically of the order of V . Studying the localization properties of the eigenfunctions of this effective 
Hamiltonian by means of the transfer matrix method, Shepelyansky arrived at the result (6.144). 
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In an alternative approach, ImrylI22l generalized the ideas of Thoules^Hl , see S ec. [II C| , to the two-body problem. 
He divided the system into blocks of size £,f. The interaction operator ( 6.145 ) couples the two-particle levels of 
one block with those of its neighbor. The generalization of the Thouless argument then says: If the "two-particle 
Thouless energy" E^'' is larger (smaller) than the two-particle level spacing A2 in each of the blocks, the system 
is conducting (localized), respectively. Using Fermi's golden rule and the estimate Q ~ U/^^^"^ given above, Imry 



obtained E, 



(2) 
C 



/ /S.2 ~ V^/B^i. Here, B = A2^i is the bandwidth which for ^ ^ 1 is proportional to V . In 



analogy to the one-electron case, Imry defined a "two-particle conductance" 32 by 



52(6) = 



E. 



(2) 



A, 



;b2?i- 



(6.146) 



For a ^ 1 one can clearly have 32 3> 1 and the system is far from being localized for electron pairs. Assuming 
that 52 as a function of the length L of the system behaves like a proper conductance, i.e. that 52 (-^) oc L^^ in one 
dimension, and using 52(^2) ~ 1 as the definition of a, Imry obtained finally 



(6.147) 



Apart from numerical factors which cannot be determined in this approach, the result (6.144) has been reproduced 
in a few lines. 



2. Microscopic approaches and refinements 



Both approaches described above rest on rather important assumptions and approximations. We mention, in 
particular, the statistical assumptions of the effective random band matrix approach (which are also implicit in the 
scaling picture, and which neglect all correlations among matrix elements), and the assertion that (72 has the scaling 
behavior of a-^oper conductance. Therefore, the work of Shepelyansky and Imry was fo llowed by a number of 
investigationaSiSJ all of which started from the microscopic problem defined by Eq. ( |6.143| ); 

Frahm et aliBn employed the transfer matrix method to solve the Schrodinger equation ( 3.143| ). These authors 
found that in the parameter range considered, V ^ U ^ \ and W — 0.7. . .2.0, the two-body localization length 
behaved as ^ ^1 with a — 1.65. This was the first direct confirmation of the enhancement effect. The exponent 
a differed from the predicted value (a = 2), however. In Ref. 722 this discrepancy was attributed to the strongly 
non-Gaussian distribution of the interaction matrix elements Qij^ki in Eq- ( 6.145|) . We will see later, however, that 



These 



the discrepancy may also be an artifact of fitting an exponent in the crossover regime from ^ ^ fo ^ 

A very direct demonstration of interaction-assisted coherent pair propagation is due to Weinmann et alL^ . 
authors considered a strongly localized, one-dimensional, disordered ring threaded by a magnetic flux. The idea was 
to identify coherently propagating electron pairs by the periodic flux dependence of their eigenvalues. The period 
should be given b y h/ 2e instead of h/e, the value for single electrons. Indeed, many states with h/2e admixtures 



were found in Ref. 723, some of them with almost perfect h/2e periodicity. The associated wave functions showed the 
characteristic "cigar shape" expected when a pair of typical size ^ travels coherently over a distance ^2, cf. Fig. 
This result provided compelling evidence for Shepelyansky 's eflEecjt. 

A Green function approach introduced by v. Oppen et all33 made it possible to investigate in a very efficient 
way the dependence of the two-particle localization length on the interaction strength U. For the problem defined 
by Eq. (6.143), a new scaling parameter could be identified. Irrespective of the symmetry of the two-body wave 
function (Bosons or Fermions), it was found numerically that the ratio ^2/^1 depends exclusively on the parameter 
combination | U \ £,i/V, 



1 |f/L 



(6.148) 



where c is a num ber of th e order 10^^. It is remarkable that the dependence on U is linear inst ead of quadratic as 
predicted in Refs. 717,721. Attempts to explain this result are discussed furt her below. Equation ( |6.148 ) implies that 
asympto tically , ^ oc in contrast to the exp onent a = 1.65 found in Ref. 722. The obvious explanation suggested 
by Eq. ( 6.148| ) is that the results of Ref. [^221 apply only in the crossover region where the dependence of ^ on ^ 
changes from linear to quadratic. 

It would be very desirable to have information on the enhancement effect in d > 1 dimensions. Because of the 
metal-insulator transition and the question how the mobility edge might be affected by coherent pair propagation. 
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FIG. 40. A particular two-electron wave function (left) of a one-dimensional, disordered ring and the corresponding local 
current distribution (right) demonstrating interaction-assisted coherent transport. In the left figure, dark and bright regions 
indicate high and low probability density, respectively. In the right figure, dark and bright regions indicate local currents in 
the direction and against the direction of increasing electron coordinates ni, n2, respectively. Taken from Ref. 723, 



data for d > 2 dimensions would be of particular interest. However, direct simulations for d — 3 run into severe 
numerical difficulties since the size of the basis grows with the linear dimension N like N^. The only numerical 
ielocalization effect for c? > 1 comes from simulations of the kicked rotor model by Borgonovi and 



information on. 

ShepelyanskyL^^Ef3. If in a Id model, the time dependence of the perturbing kick is modeled as the superposition 
of ly periodic oscillations with incommensurate frequencies, the resulting problem corresponds to a hopping model in 
d = v +1 dimensions. A similar correspondence for the case of two interacting kicked rotors can be used to study two 
interacting particles in higher dimensions. The gain in numerical efficiency is impressive. It amounts to a factor NiI^B. 
Two cases were investigated. They co rrespond to an interacting pair in effective dimensions des = 2 and c?off = 2.5, 



•respono 

respectively. The main results of Refs. 723,726 can be summarized in terms of the behavior of two quantities, a+ and 
cr„, defined as the distance travelled by the pair and as its typical size, respectively. For dcs — 2, a saturation of (t+ 
as function of time was observed. In the case dcff = 2.5, however, cr+ grew without saturation even in a regime where 
single particles are localized. This was a fir st numerical indication that pairs might be d eloca lized earlier than single 
particles. The numerical data in Ref. 726 also confirmed qualitative arguments in Ref. 725. It had been predicted 
that the size of the diffusing electron pairs grows logarithmically with time, while their motion is, correspondingly, 
slightly subdiffusive: the diffusion constant is inversely proportional to In'^ t, with ^ of the order of 1. 

The linear dependenpe-,(6.148|) of ^2 od th e inte ractio n strength U was addressed again in a recent study by 



the two-particle Thouless energy Analytical arguments and numerical simulationstl^ show that for system 



Weinmann and Pichardlila. Equations (6.146) and (6.147) show that it suffices to investi gate the [/-dependence of 



(2) 

sizes of the order of ^1, there are two regimes for : a linear 
crossover occurs for ^ « A2 . Unfortunately, this result does not directly lead to tl 



U) and a quadratic one (i?^' oc U'^). The 
ppropriate scaling parameter 
. Analytical investigations-of 



|C/|^i/y, and additional statistical assumptions are necessary to explain Eq. (6.148) 
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this problem in the framework of a suitable random matrix model were performed by Guhr and Miiller-Groelin^£2 
who derived rS—fiovel analytical expression for the spectral two-point correlation function. Jacquod, Shepelyansky, 



and SushkovEHU have pointed out that the linear [/-dependence should only apply close to the band center of the 
two-particle problem. In all other regions of the spectrum they predict an essentially quadratic dependence of ^2 on 
U. 

We have seen that the problem of two interacting particles in a random potential naturally leads to a random band 



matrix with strongly fluctuating diagonal elements. This class of random matrices generalizes tlie. 
band matric^s_$tudied inpt-bfi-context of chaotic quantum systems and transport in quasi Id wiresli22 



¥■ 

573|j674|,t398 



led to partlyLi3 and fully 



729 



andom 
It has 



analytical work on the properties of the following ensemble of matrices, 



= rinSnn' + (nn' / V 2b + 1 {n, n' = I , . . . , N) 



(6.149) 



Here, b is the bandwidth and rjn and Cnn' are uncorrelated random variables. In Ref. 728 the 77„'s were dra wn from the 
interval [— W{,, Wt] and the Cnn''s from [—1, 1] provided that \n — n'\ < b. Otherwise, Crm' = 0. In Refs. 729,730 the 
distribution of the 77„'s was rather arbitrary but characterized by a strength Wb while the Cnn''s had a zero-centered 
Gaussian distribution with variance \Cnn' P = (1 + ^nn'iP ~ 2))yl„„' /2. Here Ann' differs from zero essentially only in 
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the interval |n — n'| < b where it has the typical value unity. In both cases, the typical size of the variables is given 
by the parameter Wb and by unity, respectively. 

In Ref. 728, two main results for the regime were established by analytical arguments and numerical 

simulations: (i) For a fixed unperturbed state with energy rjn, the local density of states Pn{E) — {l/TT)Gtn{E) is 
always of Breit-Wigner form, 



PniE) 



r/27r 



(i?-77„)2 + r2/4' 



(6.150) 



where F = ir/SWb- (ii) The scale defined by the localization length ^ — b^/2W^ differs from the one set by the 
i nverse participation ratio ^ipr = {{J2n |■'/'A(?^)|'*)~^)A = b'^/'iW^, where ipx{n) is an eigenfunction of the Hamiltonian 
( |6.149 ) and (...)a denotes a spectral avera ge. T his means that typical wave functions have very strong site-to-site 
fluctuations (We recall that the ensemble ( |6.149 ) is of interest,only if Wb ^1). 



Simultaneously and independently, Fyodorov and MirlinEHEl and Frahm and Miiller-GroelingL£2l investigated the 
ensemble ( |6.149D by means of the supersymmetric non-linear a model. In these papers, the findings in Ref. 72S were 
analytically confirmed and extended. In addition to the localization length ^ and the local density of states pn{E), the 

full set of generalized inverse participation ratios Pq ~ J2n iV'n^'' P'^i and the distribution of the eigenvector components 
were calculated. These latter quantities were show m l i b e connected with those for ordinary random band matrices 
by an appropriate rescaling with a factor pjJE) / f£2B\l22, where p is the average density of states. Specialization of 
these results to the cases considered in Ref. [728| confirmed all major results obtained there. 



A variant of the Hamiltonian ensemble ( 3.149[ ) was used by Frahm, Miiller-Groeling, and PichardE^yH^S to investi- 
gate the pair dynamics in arbitrary dimension. Generally speaking, the main result of these papers was the analytical 
proof that the concepts familiar from transport theory of non-interacting electrons also apply mutatis mutandis to the 
case of electron pairs. A supersymmetric non-linear cr model for the two-point function of the effective Hamiltonian 
was derived. Under omission of source terms, the result is 



>5'pair['5] — 



d[Q] exp(-S'pair 

F^B. 



m 



(6.151) 



8Bi 



dRtrgiVnQf - i^uj h ] po{E) 



dRtrgiQL) 



Here, Bq and B2 are numbers characterizing the band structure of the Hamiltonian, po{E) is the density of unperturbed 
(non-interacting) states, and F is the interac tion-i nduced spreading width of these states at the scale ^1. The function 



h{T/uj) is defined in Ref. 731,732, Equation ( 6.151 ) must be compared with the corresponding expression for transport 



of non-interacting electrons in metalala introduced in Sec. VI A 1 



Z = J d[Q]cxpi-S[Q]) , 
S[Q] = / trg [V{\7Qf + 2iu;LQ] dr 



(6.152) 



Here, the scaling parameter of localization theory is the conductivity a = vV. It is clear that Eqs. ( |6.151 ) and ( 6.152 ) 
are very closely related. This led to the following statements: (i) The effective "conductivity" (Tcfr — Vcfi{'-^)E>cs{^) ~ 
U^^i/W^r-oii\ie pairs plays exactly the same role as the one-p article quantity a. This rigorously justifies Imry's scaling 
approachLZll. For d — 1 one has (Tcft oc ^2 so that Eq. (6.144) is recovered, (ii) The mean quadratic displacement of 
the pairs increases weaker than l inearly . {R^{t)) ex t/ \a{TtY for some time scale so that the pairs move subdiffusively. 



This confirms numerical 



;r tnan l inearly . 
findingsSS 



(1'] 

discussed above, (iii) It is possible to define a pair Thouless energy Eq ' below 

(2) 



which the spectral statistics of the diffusing -psur states is of Wigner-Dyson type. For energy scales larger than 
one recovers the Altshuler-Shklovskii regime.^®'' 



In summary, we have seen that in its essentials, Shepelyansky's discovery, the phenomenon of interaction-assisted 
coherent transport of pairs of particles, has been corroborated by a wealth of subsequent work. 



3. Finite particle density 

The problem of two interacting particles addressed in the previous paragraph is academic, at least for electrons. 
Indeed, in the many-body case the exclusion principle may prevent virtual transitions into states which are essential 
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for coherent pair propagation. Hence it is necessary to study coherent pair pro paga tion at finite particle density. Only 
two papers have so far (partly) addressed this important issua!H^II23. In Ref. 733, von Oppen and Wettig considered 
two interacting quasiparticles above the Fermi surface in one dimension. Formally, the only difference to previous 
work was the blocking of all single-particle states up to the Fermi energy Ep. The interaction of particles-s 



/ithin the 

Fermi sea with each other and with the two quasiparticles was not taken into consideration. It is arguedE23 that this 
procedure amounts to a low-density approximation. It was found that slightly above Ep, the quasiparticle pair was 
localized on the scale ^i. With increasing excitation energy the enhancement effect was eventually recovered, but the 
energy scale for this to happen is given by the bandwidth. This result appears to rule ottLthe possibility to observe 
coherent pair propagation in an experiment at low temperature in one dimension. ImrylI22l has emphasized that the 
situation might be more favorable in higher dimensions. He argued that for d = 3 the mobility edge for pairs could be 
located below the mobility edge for single particles. Let e^i and em2 be the excitation energies of the mobility edges 



for single particles and pairs, respectively. Then, according to Ref. 721 



9d/2 

em2 oc e„ji 



(6.153) 



where i> is the critical exponent defined by (x Invoking the Harris criterionLiil, Dd/2 > 1, it is clear that 

em2 ~^ faster than e^i, as claimed. 

Much more work is necessary to clarify the phenomenon of interaction-assisted coherent transport in many-body 
systems. The whole field is rather new anjdHprogresses rapidly. The most, recent developments include a detailed 
study of the enhancement mechanism in ldE2a, a numerical investigatijanESa of two quasiparticles in 2d and 3d, and 



an unfortunate controversy concerning the role of finite size effectaI23'E2£ 



G. RMT in condensed matter physics — a summary 



To conclude our overview over developments in condensed matter physics where RMT has played a significant role 
we now try to summarize and judge the importance and prospects of RMT in this field. 

The most direct and therefore also historically first application of RMT in solid state theory was to spectral 
fluctuations. Roughly, we can distinguish two periods: One in which research focussed on proving the validity of 
Wigner-Dyson (WD) statistics for some range of parameters, and a second one where efforts were concentrated 
on identifying deviations from this universal limit. Thus, WD statistics was first established as a valid means of 
description and then used as a standard of reference. Identifying the limits of validity of WD statistics in the 
description of spectral fluctuations has turned out to be very fruitful. It has led to a better understanding of the 
various regimes (clean, ballistic, ergodic, diffusive, critical, and localized) in mesoscopic physics. In this context the a 
model has served at least two purposes. First, it provided the proof that an ergodic regime with WD type of spectral 
correlations exists and, second, it turned out to be the proper tool to calculate a number of corrections to this result. 
We have seen that such corrections were also discovered with the help of diagrammatic perturbation theory and/or 
scaling arguments. The discovery of a third class of spectral statistics at the mobility edge (different from both RMT 
and Poisson statistics) poses an interesting challenge: The construction of a stochastic Hamiltonian which reproduces 
critical spectral fluctuations. Although experimental verification of the theoretical predictions seems to be out of 
reach for years to come, finding such an ensemble would undoubtedly improvje-aur understanding of the mobility edge. 
An interesting recent step in this direction is due to Kravtsov and Muttalibl22j. 

Persistent currents in mesoscopic rings are closely connected with spectral fluctuations. It is therefore natural to 
expect RMT to play an important role in this problem, too. However, the contribution of RMT to the persistent 
current problem has been comparatively moderate so far, for several reasons. Initially, one of the main problems was a 
conceptual one: How to calculate averages in the canonical ensemble. When this question had been answered and first 
perturbative results had become available, non-perturbative calculations based on RMT did provide the complete and 
singularity-free solution of the persistent current problem for non-interacting electrons at zero temperature. This was 
an interesting technical achievement, but it did not alter the discrepancy between theory and experiment. Moreover it 
is now widely held that the important effect to be understood is the interplay between disorder and electron-electron 
interactions. Unfortunately this task is at present beyond the scope of RMT. One may speculate that the embedded 
ensembles investigated some 20 years ago in nuclear physics could one day prove useful. 

Applications of RMT to transport in quasi Id systems have been particularly successful. The paradigm "quasi Id 
wire" has united three formerly separate research activities, the random transfer matrix approach, the random Hamil- 
tonian approach of the IWZ model, and random band matrices. Within well-defined limits these three approaches 
are indeed equivalent. The random transfer matrix method illustrates that RMT is not restricted to modeling the 
Hamiltonian of a system. This fact has been known at least since Dyson introduced the circular ensembles of S 
matrices. For spectral problems the distribution of eigenvalues and, thus, a modeling of the Hamiltonian are of central 
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importance. In transport problems, on the other hand, it is the distribution of transmission coefhcients that matters. 
These coefficients are directly related to the eigenparameters of the transfer matrix. The ensemble of random transfer 
matrices corresponding to an ensemble of disordered quasi Id wires therefore appears to offer the most direct approach 
to transport properties. However, an important and sometimes decisive advantage of the Hamiltonian formulation is 
its great flexibility. Any modification of the system under study is defined in terms of its Hamiltonian and there is 
absolutely no question about how to incorporate this change into the Hamiltonian formalism. It is far less obvious 
how the transfer matrix has to be adapted to such a modification. The autocorrelation function of the conductance 
versus magnetic field strength illustrates this point. This quantity can easily be formulated within the Hamiltonian 
approach and has been calculated in the diffusive regime. A similar treatment is, unfortunately, still missing in the 
framework of the transfer matrix approach. 

Techniques of the a model have proven to be particularly valuable. Both the equivalence of the transfer matrix 
approach and the IWZ model, and the relation between random band matrices and quasi Id wires were established 
with this technique. Random band matrices are found to play the same role for quasi Id systems as do the Gaussian 
ensembles for zero-dimensional systems like atoms, molecules, nuclei, or quantum dots. It is of interest to ask whether 
generic ensembles of random matrices exist which model properties of higher-dimensional systems. 

Problems in d > 1 dimensions have taken center stage in recent work on the non-linear a model. A systematic 
improvement of techniques has led from the zero-dimensional case (with perturbative corrections) to exact solutions 
in quasi Id systems and, via the recently discovered non-trivial saddle-point solutions, to substantial progress in 
the understanding of two- and higher-dimensional systems. It has been possible to establish contact with, and to 
reproduce results of, earlier perturbative renormalization group calculations. This is the most recent success of a 
program which goes ever further beyond the universal limit of the Gaussian ensembles. 

Another step towards more general matrix ensembles has been taken in the context of interaction-assisted coherent 
pair propagation. The effective Hamiltonian describing two particles in a Id random potential turned out to be a 
random band matrix with strong fluctuations on the diagonal. The necessity to introduce a new matrix ensemble 
originated from the presence of both disorder and interactions. The disorder defines the diagonal entries (localized 
states) while the interaction induces couplings between these basis states. Again, the a model turned out to be the 
appropriate tool to investigate the newly defined ensemble. Differences and similarities between ordinary band matri- 
ces and those with strongly fluctuating diagonal elements could be identified, leading to an improved understanding 
of coherent pair propagation. It would be desirable to extend this work and to construct a matrix ensemble which cor- 
rectly accounts for generic features of Hamiltonians with one- and two-body operators. The improved understanding 
of the interplay between disorder and interactions might also be helpful in the persistent current problem. 

We have seen that RMT has found wide applications in condensed matter physics. These applications go far beyond 
the scope of the original Gaussian ensembles. In this development, the supersymmetry method has been an invaluable 
tool. Mapping a random matrix model or a microscopic, effective Hamiltonian onto a non-linear a model reduces the 
physical content to its very essence: Seemingly dissimilar models turn out to be equivalent, at least in certain regimes. 
Several examples were mentioned above. The supersymmetry approach is also useful to establish the correspondence 
between dynamical localization in the kicked rotor and Anderson localization in a thick metallic wire, or to show that 
interaction-assisted propagation of pairs can be described in terms similar to one-particle diffusion. The list can be 
continued. Still, there are many open questions. We have mentioned phenomena for which no adequate matrix model 
has been constructed up to now. Doing so remains a challenge for the future. 



VII. FIELD THEORY AND STATISTICAL MECHANICS 



In previous sections (Sees. || to |H^ of our review we have dealt with the history and with mathematical aspects of 
RMT. With this insight into the foundations and the scope of RMT the subsequent applications to many body physics 
(Sec. IV), quantum chaos (Sec. and disordered systems (Sec. VI) probably came as no surprise. In the present 
section we discuss the importance of RMT for fields of physics which at first sight seem to have little in common with 
the more obvious fields of applica tions j ust mentioned. In par ticular we summarize the relation of RMT to inte ractin g 
Fermions in one dimension (Sec. VII A ), to QCD (Sec. VIIB ), and to field theory and quantum gravity (Sec. VII C| ). 
The existence of these "exotic" relations once again demonstrates the universality and ubiquity of RMT. 



A. RMT and interacting Fermions in one dimension 

A deep-lying connection exists between classical Random Matrix Theorii-and special systems atipteracting Fermions 
in one dimension. This fact was first demonstrated in work by CalogeroLl3 and by Sutherlandlij. Recently, Simons, 
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FIG. 41. Connections between various branches of physics. Taken from Ref. 743 



Lee, and Altshuleiil23'Ll2l have extended this result to the case of correlation functions. This important work has led to 
a whole network of connections between different branches of physics. Moreover, it has made it possible to calculate 
the (hitherto unknown) time-dependent correlation functions of such Fermionic systems using RMT. 
We consider the iV-particle Hamiltonian 
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(7.1) 



where the position of particle i with i = 1, . . . , TV in one dimension is given by A^. It was shown by Calogerdlld that 



He is integrable provided the potential is Gaussian, V{Xi) oc Xf. Moreover, for this choicexif V the ground state of H, 



defines a probability distribution P;v/3({Ai}) of the particle positions A,j which coincidesLlHI with the joint probability 
density PN^ii^i}) for the rescaled eigenvalues (see below) with i = 1, . . . , iV of the three Gaussian ensembles with 
/3 = 1,2,4. The positions A^ have to be measured in units of the mean interparticle distance. There is a certain 
freedom in defining the statistics of the particles described by Eq. (7.1). Without entering into a detailed discussion 
we will think of these particles as spinless Fermions. 

Putting the confining potentistLV (Xi) equal to zero and constraining the motion of the N particles to a circle leads 
to the Sutherland HamiltoniarJIli 
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(7.2) 



The square of the ground-state wave function of Hs is equal to the equilibrium distribution of Dyson's circular 
ensembles. In the limit N ^ oo the correlation functions of the Hamiltonians (7.1) and (7.2) are expected to coincide. 
We focus attention on the Sutherland Hamiltonian. 



of RMT, see Sec. [IIH2 



To formulate the conjecture made in Ref. 18!; , 742 we recall some results concerning parametric correlation functions 
We consider the random Hamiltonian 



H{U) = Hi + UH2 



(7.3) 



where Hi belongs to one of the three Gaussian ensembles, and where H2 is a fixed traceless matrix drawn from the 
same ensemble. The dimensionless parameter U measures the strength of the perturbation H2. The eigenvalues Ei of 
H are obviously functions of this strength, Ei ~ Ei{U). To display universal aspects of the correlation between the 
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eigenvalues, it is necessary to rescale both U and the Ei. This is done by defining the rescaled eigenvalues = Ei/ ^ 
where A is the mean level spacing, and the rescaled strength 




(7.4) 



The resulting universal expressions for the le.vel.-density autocorrelation functions have been given in Sec. |1IIH2| , see 
Eq. (3.160). Simons, Lee, and Altshulcrll^illa conjectured that these universal functions coincide with the time- 
dependent particle density correlation functions of Hg. To establish such a connection, one must identify differences 
in imaginary time r and position A with those in perturbation strength u and energy lo according to the rules 



= A . 



(7.5) 



The first evidence for the conjecture came from expansions of the time-dependent particle density correlation functions 
fc^(A, t). To leading order in r and 1/t, respectively, these functions were shown to agree with tlie.|Corresponding limits 

and by Narayan 




sity autocorrelators (3.160). Subsequent investigations by the same authori 
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of the level-j 

and ShastryLlSLestablished the equivalence of both types of correlation functions exactly. At the same time, Simons 
and coworkersLlfHIiS set up and completed a network of interrelations between different branches of physics that is 
schematically shown in Fig. We explain and summarize the various connections in the sequel. 

The link between the Sutherland Hamiltonian and the universal parametric correlations of Random Matrix Theory 
has been established in three different ways. First, there are the asymptotic expansions of A:^(A, r) just mentioned 
(connection IV in Fig. ^) . These expansions provide a very direct link between the two fields but are not exact and, 
in addition, restricted to those correlators for which explicit expressions are known. In practice, these are the two- 
point correlators. Second, it can be shown that both Hs and the non-linear a model for the universal correlators are 
related to a continuous matrix model introduced in Refs. [744 743 (connections V andVI). Third, Dyson's Brownian 
motion model can be invoked to relate Hs with the random matrix Hamiltonian ( [7.3| ) and consequently also with 
the universal correlations (connections III, IX, and X). We will treat the two exact approaches in turn. In a final 
paragraph we briefiy summarize important new results for Id Fermions. 



1. Continuous matrix model 



Following Refs. 744 743 we consider the partition function 



j D^{t) exp(-S'[$(T)]) 
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(7.6) 



describing the propagation oi N x N random matric es $ from one of the Gaussian ensembles in a potential V{^). 
The Hamiltonian corresponding to the path integral ( |7.6| ) reads 



H = tr 



2to U$ ' ^ ' 



(7.7) 



With the help of the diagonalization <I'(t) = VI{t)K{t)VL{t)'^ the "Laplacian" 5/5<I> in Eq. ( [7.7D can be separated into 
radial (A) and angular (il) degrees of freedom. 



(5$ 



(7.8) 



Here J{\i) — Y[i<j ~ the Jacobian known from Random Matrix Theory. In the limit N ^ oo the angular 

part Y{n,Xi) can be neglected, and we arrive at the Hamiltonian He of Eq. (7.1) provided (i) the potential V{^) 
does not depend on angular degrees of freedom and (ii) a factor [J(Ai)]^/^ is absorbed into the wavefunctions. Such 
a connection between an iV-FermionJIamiltonian and a continuous matrix model had originally been discussed by 
Brezin, Itzykson, Parisi, and ZuberElj. In particular, ground-state expectation values of He can be expressed in 
terms of the path integral ([f^). 
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(0| 



|0) = Z-^ J D<i>{T) . . . cxp(-S'[$(t)]) 



(7.9) 



The proof of equivalence between the time-dependent m-point ground-state correlators of He (or, equivalently, Hs) 
and th e m-p oint level-density autocorrelation functions of the random matrix model of Eq. (7.3) is carried out as 
foUowsLifl'Elj. Supersymmetric non-linear a models are derived for both types of quantities in the large- A'^ limit. The 



two non-linear a models are shown to coincide. 

The m-point ground-state correlators of He are given by 
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The quantities /,„ can be expressed in a standard way in terms of a supersymmetric generating function, 







J„}) = / d[tp] exp \itp^{X - <I(t) + J/)V' 



(7.10) 



(7.11) 



According to Eq. (7.£ ), calculating the ground-state expectation value of amounts to averaging over ^{t) with the 



probability density exp(— S'[$(r)]). Since we are intersted in the universal large- limit of the correlation functions we 
can restrict ourselves to the Gaussian case and choose V{^) oc tr(f>^. Tli£n_the average can be trivially performed. As 
in other derivations of a non-linear cr model, subsequent steps involveClSClj a Hubbard-Stratonovich transformation 
and a saddle-point approximation. The final expression in terms of 4m x 4m supermatrix fields reads 



Zm\0) = / d[Q]eM~F[Q]) 



F[Q] t'^gt^^" + Jo.I)Qc.c.] + ^ E 1^" - r^|trg[Q„,3Q/3a] 
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(7.12) 
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where the mean interparticle distance and h /2m have been set equal to unity. In a similar way, the correlators of 
the random matrix Hamiltonian (7.3) 



/m({r!a, £/„})= J]tr 
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Qa — Hi — UaH2 



(7.13) 



can also be represented in terms of a non-linear a model involving the appropriately rescaled parameters = r^a/A 
and Ua (see above). For to = 2, this a model can be shown to coincide with that of Eq. ( 7.12| ) after the formal 
replacements 



(7.14) 



For TO = 2, t his e stablishes the correspondence between the two types of correlation functions. For to > 2 the 
replacements ( 7.14 ) cannot be realized by a single uniq ue set of transformations Ua = Wadr/j}). Instead a slightly 
more complicated argument has to be invoked, see Refs. 744.743. This completes the proof in the general case. 



2. Use of Dyson's Brownian motion model 



To establish the link between one-dimcnsional interacting Fermions and universal parametric correl atio ns via 
Dyson's Brownian motion model, Narayan and Shastrylllj started from the Calogero Hamiltonian (7T) with 



V{Xi) ~ A^/4a^. For imaginary time r = ii, the time-dependent Schrodinger equation involving He yields for 
the quantity P({Ai};r) — ?/'o({Ai})'0({Ai}; /:) the Fokker-Planck equation 
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(7.15) 



Here, tpo is the ground-state wave function of He- To interpret Eq. (7.15), we may consider the A^ as the position 
coordinates of N classical particles. Then, Eq. (7.15) describes the dynamics of the Wigner-Dyson Coulomb gaa£3, the 
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N particles being confined by a harmonic potential and interacting via a pairwise logarithmic repulsion (connection 
X). 

In a next step, Na raya n and Shastry considered the evolution of the eigenvalues of a perturbed random matrix 
model similar to Eq. (7.3), 

H{x) = ffocos(rja;) + Fsin(f7a;)/17 , 



where Hq and V are drawn from one of the Gaussian ensembles. For any x, H{x) is perturbed by H'{x) 
and the evolution of the eigenvalues ei{x) can be expressed as a set of first-order differential equations, 



(7.16) 
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(7.17) 



Interpreted classically, these equations descxibe the dynamics of N point particles at the positions (i = 1, . . .N) 
and constitute the so-called Pechukas gag|113. With-eertain assumptions about the properties of irregular systems, 



in particular their eigenfunctions, Pechukas derivedlllj lin ear le vel repulsion from the above equaiiaus (connection 



VII). Moreover, the classical system corresponding to Eqs. ( 7.17 ) has been shown to be integrableEZ^ 
infinitesimal increments 5ei of the eigenvalues were considered. With the identification x 
statistical properties of the Sei could be derived in the large- TV limit. 



In Ref. 745 



2r, the following 
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(7.18) 

After setting Ai = ti these two equations imply the Fokker-Planck equation ( 7.15| ) for the distribution function 
P(|e ,;|; T). T his completes connection IX ia-| Fig . [i J J'aking into account the close relation between the Hamiltonians 
(7.3), (7.16) and the non-linear a modclaM3llSt£3 (connection III), we see that the second exact link between 



universal cow-elations and the Sutherland Hamiltonian has been established. Prior to the publication of Ref. |745 
Beenakkert^ already noticed the relation between the universal parametric correlators and Dyson's Brownian motion 
model within the hydrodynamic limit. 

Finally, it remains to comment on the connections I, II, and VIII in Fig. ^ The corresponding lines are dashed 
because one has to assume ergodicity, i.e. the equality of the ensemble average in Random Matrix Theory and 
the running average over energy in a real microscopic system. In many cases this hypotliesi.s hris .been checked 
numerically. Numerical confirmations for connection I include the cast; of quantum billiardf££Zlllf3'[£3, hydrogen in 



a magnetic fieldciil, and strongly correlated many-particle systemsClII. Connection II is also based on numerical 



evidence, and connection VIII is discussed in Ref. pT^ 



3. Further results 



The calculation of the dynamical density-density correlators for /3 = 1,2 and 4 and the discovery of the various 



relations discussed in the preceding Sees. VII A 1 and VII A 2 have stimulated important further progress in tba 
understanding of interacting Fermions in one dimension. Using the information provided by Simons et ai, HaldaneElSl 
conjectured the form of the density-density correlator for the Calogero-Sutherland model for all rational values of 
(3. In these cases there is, of course, no known relation to Random Matrix Theory. Independently, Minahan and 
PolychronakoaI13 used group-theoretical arguments to guess the two-point density correlator for integral values of 
13/2. Even earli(2x^ Haldane and Zirnbauerl23 calculated the retarded part of the single-particle Green function for 

a 

Ha 



and laterE^iJ extended their results to /3 = 1 and|-Ui| the advanced part. Haldane's conjecture was proven by 



wi th th e help of the theory of Jack polynomials!!^. At the same time Ha extended the ijesiilts derived in 



Refs. |75^, |75l| to arbitrary rational /3/2, thus confirming another conjecture by Haldanet^^. ForresterL£3 seems to have 



been the_S. 



methodsEEE 



■st author to introduce methods involving Jack polynomials in the present context. He, too, used such 
to prove Haldane's second conjecture. 
This shows how new results in Random Matrix Theory have eventually led to novel dynamical correlation functions 
for a whole class of interacting Fermion systems. 
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B. QCD and chiral Random Matrix Theory 



During the last few years, RMT has been applied successfully to certain aspects of quantum chromodynamics 
(QCD). More precisely, some properties of data generated from lattice gauge calculations have been shown to agree 
with RMT predictions. This is true, in particular, for level correlation functions and for low-energy sum rules. Other 
data like those on the chiral phase transition have been semiquantitatively reproduced by RMT. These discoveries 
are important, and have generated much interest, because they show that QCD possesses generic features. RMT is 
expected to be the ideal tool to identify and quantify such features. Thus, application of RMT to lattice QCD data 
will hopefully help to separate the generic from the system-specific properties, and to identify the latter. The work 
was pioneered by Verbaar schot an d his colleagues at Stony Brook. Our references are incomplete. Fairly complete 



lists can be found in Refs. 757,758 



Lack of space forces us to treat this topic but briefly, without paying attention to the historic development, and 
without attempting to put these developments into the overall context of QCD. We confine ourselves to a description 
of th ose aspe cts which are most relevant for RMT. We show evidence that lattice data do have generic feature s 
(Sec. VllB 1), we sketch the connection between QCD and RMT and introduce the chiral ensembles (Sec. VII B 2 ), 
we describe the application of chiral Random Matrix Theory (chRMT) to the chiral phase transition (Sec. VII BS), 
and we mention some current lines of interest and open problems (Sec. VllB 4). 



1. Evidence for generic features 
The first piece of evidence comes from studies of the spectrum of the Euclidean (and Hcrmitcan) Dirac operator 

ip^ip+ g—^ (7.19) 

for massless Fermions. Here, g is the coupling constant, the matrices A" are the generators of the gauge group, and 
.(4 are the gauge, fields. 

Kalkreutei££3 has calculated the spectrum of ipfor an SU{2) gauge theory on the lattice, both for Wilson and 
for staggered Fermions. These data have been used to calculate the NNS distribution p{s) and the A3 statistic 
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FIG. 43; Dependence of the chiral condensate on the quark mass. Dots; Lattice data. Sohd curve: RMT prediction. Taken 



from Ref. 
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(cf. E^s^ and (|I57|)). The results are shown and compared with chRMT predictions in Fig. |4^, taken from 

Ref. 759 . (The symmetry of the Dirac operator on the lattice differs from the case of the conti nuum. Wilson 
and staggered Fermions correspond to the chGOE and chGSE, respectively, both defined in Sec. VII B 2). The 
agreement is impressive. It shows that the spectral fluctuation properties of the Dirac operator are generic. Somewhat 
unfortunately, these properties have virtually no bearing on physical observables in QCD. 

Another universal property (absent in classical RMT) occurs because the spectrum of ipis symmetric about zero. 
The operator ipanticommutes with 75 and the eigenvalues A„ therefore occur in pairs ±A„ with opposite signs. Thus, 
level repulsion should affect directly the average spectral density p{X) near zero energy (A = 0) in a generic way. Here, 
p(A) is defined as 



P(A)-(5]5(A-A„)). 



(7.20) 



The average (indicated by angular brackets) is taken over all gauge field configurations. The weight factor is the 
exponential of the Euclidean action. The expected generic dependence of p(A) on A near A = has direct consequences 
for QCD because the value of p(0) is related to the vacuum expectation value (qq) of the chiral condensate by the 
Banks-Casher formula (qq) — —Trp{0)/V where V is the space-time volume. Chiral symmetry is broken if (qq) is 
finite (non-zero). In this case, p(0) ~ V, and the spacing of eigenvalues is ^ 1/V rather than ^ XjV^I^ as would be 
the case for a non-interacting system. Chiral symmetry is restored for p(0) = 0. 

Fiist. evidence in favor of this assertion (universality of p(A) near A = 0) came from the Leutwyler-Smilga sum 
rulesEH^ for the eigenvalues A„. For any integer fc, the sum rule^-^ield closed expressions for V~^''J2r ^^^^ ■ This 



sum can in turn be written as an integral over p{X). It was shownEJ that the sum rules can be derived from chRMT. 
Moreover, it was conjectured that the microscopic hmit ps{z) — p{z / {V\^q)\)) / {V\(jlq)\) of the spectral density, 
obtained by rescaling the argument by l/(ViJ-(f'z)|), should in the thermodynamic limit be a universal function. This 
conjecture was validated when it was shownE^ll that lattice results for the dependence of the chiral condensate on the 
mass of the valence quarks can be reproduced using the chRMT result for ps as the only input, see Fig. ^ 

Perhaps the most compelling evidence so far for the universality of p(A) near A = is obtained from a comparison of 
lattice data for staggered Fermions in the quenched approximation with chRMT predictions. The lattice calculations 
were performed for strong coupling (/3 = A/g^ — 2.0) and for four differeui—Jattice sizes V — L* with L = 4, 6, 8, 
and 10, resulting in 9979, 9953, 3896, and 1416 configurations, respectivelyL£^ . 
Higher correlation functions also display universal features. 



The comparison is shown in Fig. 



2. Chiral random matrix ensembles 



The chiral random matrix ensembles can best be introduced by writing the Euclidean Dirac operator of Eq. (7.19) 
in matrix form. We choose a chiral basis (consisting of eigenstates of 75). In this basis, ip only couples states of 
opposite chirality and has the form 







(7.21) 
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FIG. 44. Microscopic spectral density (upper row) and distribution of the smallest eigenvalue of the Dirac operator for four 
diffe rent lattice sizes. The histograms represent lattice data, the dashed curves correspond to chRMT predictions. Taken from 
Ref. |76^ 



This suggests defining a random matrix model with matrices of the form 



W 

H/t 



(7.22) 



where is a random matrix. In the chiral random matrix models, the average over gauge fields with the exponential 
of the Euclidean action as weight factor is replaced by the average over the matrices W with a suitable weight factor 
P{W) as in Sec. Ill A 1 . Normally, P{W) is chosen as a Gaussian. The limit iV — > oo of the dimension of is 
taken. 



Depending on the symmetry of ip (which must be reflected in the symmetry of W) , there ardZEj three chiral 
ensembles, in complete analogy to Sec. IIIAl. They depend on the number N(, of colors and on the representation 
(fundamental [f] or adjoint [a]) of the Fermions. The chiral Gaussian unitary, orthogonal and symplectic ensembles 
are defined, respectively, and apply as follows: (i) chGUE {W complex): for [f] and N,, > 3, (ii) chGOE [W real): 
for [f] and Nc = 2, and (iii) chGSE {W real quaternion): for [a] and Nc > 2. In the case of lattice calculations with 
SU{2) gauge symmetry, the chGOE (the chGSE) applies for Wilson Fermions (for staggered Fermion s, respectively). 

The chiral random matrix ensembles differ from the classical ensembles introduced in Sec. Ill A 2 mainly in their 
behavior near A = 0. As a consequence of the chiral symmetry of ip, in these ensembles the point A = plays a 
special role, and the translational symmetry of the classical ensembles is broken. Near A = there is repulsion of 
pairs of eigenvalues of opposite sign. This causes psix) to become generic. A very similar mechanism operates in the 
unitary ensemble describing Andreev scattering, see Sec. VI A 2, By way of example, we give here the form of ps{x) 
for the chGUE. It depends on the number Nf of flavors and on the topological charge ly, 



(7.23) 



The special role of the point A = does not, however, affect the form of the NNS distribution p{s), or of the A3 
statistic which in the bulk are the same as for the classical ensembles, see Fig. E2I 



3. The chiral phase transition 



As shown in Sec. VllB 1, for zero quark masses chiral random matrix models yield a non-zero value of the chiral 

,ve been 
. These 



condensate. This describes the s pont aneous breaking of chiral symmetry at zero temperature. Two mode 
put forward which modify Eq. (7.22) in such a way that temperature is included in a schematic way 
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768 



models aim at a descripti on of the chiral phase transition. In both models, a temperature-dependent diagonal matrix 
D is added to W in Eq. ( fr2^ . 

What happens qualitatively to p{X) as D is increased, starting from D — 0? We fo cus attention on the global 
properties of p and disregard the local suppression of p at A = displayed in Sec. VII B 1 In the simplest case where 
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D is a multiple of the unit matrix, D = DqIat, two limiting cases are obvious. At Do = 0, p(A) has the shape 
of a semicircle. For W = and Dq > 0, on the other hand, all eigenvalues have values ±Dq. Keeping Dq fixed 
and increasing W from W = Q will lift the degeneracy of eigenvalues of fixed sign and generate two semicircles with 
identical radii and with centers at iDg- The two semicircles do (do not) overlap if their radii are smaller (bigger) than 
-Do- We now apply these insights to the chiral phase transition. We use the fact that according to the Banks-Casher 
formula, the chiral condensate is proportional to p{Q). We keep W fixed and increase Dq, starting from Dq = 0. The 
semicircle becomes deformed. At the value of Do where it splits into two semic ircles, p (Q) vanishes, and the chiral 
phase transition occurs. This is basically the mechanism employed in both Refs. 765, 768[ 

We have discussed this point in some detail because it shows that in describing the chiral phase transition in terms 
of chRMT, use is made of the semicircle law, not one of the generic properties of chRMT. And the critical exponents 
for the phase transition are determined by the shape of the semicircle at the end of the spectrum. Is this procedure 
trustworthy? Several authors have investigated non-Gaussian probability distributions P for classical RMT, where 
P{H) has the form exp(— trT^(iJ)) with V{H) some polynomial, see Sec. VIII. It was found that in the limit of infinite 
dimension, the spectra are generically confined to a finite interval, and that the behavior of the mean level density 
near the end points is always of semicircle type. More precisely: Near the end point a of the spectrum, the mean 
level density p( E) beha.v es like {E — a)" with a a rational number between zero and one. This lends support to the 
models of Refs. [765 , [768 . Still, it must be kept in mind that RMT does not necessarily give a correct prediction of the 



details of the chiral phase transition. 
The two models mentioned above differ 



in detail. In Ref. 765 



the temperature is included schematically in the 
form of the lowest Matsubara frequency, and D is accordingly chosen as ttTI. With Tc t he critical te mperature, 
the temperature dependence of the chiral condensate {qq){T) is given by {qq){T) — (gg)(0)\/l — {T/TcY. Thej-chixal 
phase transition is of second order with mean fiel d cr itical exponents. The inclusion of all Matsubara frequencieaI£3'E£II 
yields very similar results. In the model of Ref. [768[ (which was inspired by the instanton liquid model), a fraction a 
of the diagonal elements of D vanishes (with < a < 1 trivially), while the rest has identical values d. Both a and d 
are (unknown) monotonically increasing functions of T . For a phase transition to occur, a must be equal to one, and 
d must exceed a critical value dc- The order as well as the critical exponents of the chiral phase transition depend 
on the way in which a and d approach 1 and dc, respectively. A comparison between these results and lattice and/or 
instanton model calculations may shed light on the temperature-dependence of a and d. 



4- Current lines of research and open problems 



The field is still quite young. Yet, a fair number of papers has appeared. For recent reviews see Refs. 757. Aside 
from the topics mentioned abojie., these papers have addressed the following points, (a) The spectmaji of the Dirac 
operator at finite temperatureE^J; (b) the calculation oti-point functions at finite T (with k > 2)Ll2l (c) the finite 
volume QCD partition function for finite quark massesEIil; Ldi the. spectrum of the lattice Dirac operator for Wilson 



Fermions; (e) inclusion of the chemical potential in chRMTLlj The last point is probably the most difficult but 
also the most challenging because on the lattice, unquenched calculations with a chemical potential seem beyond 
reach. As mentioned above, this list is incomplete. 



C. Random matrices in field theory and quantum gravity 



After some prel iminary remarks (Sec. VII C 1) we briefly explain the use of topological concepts and RMT in genera l 
field theory (Sec. VII C 2 ) before we discuss the special example of two-dimensional quantum gravity in Sec. VII C 2 . 



1. Preliminary remarks 



In the stochastic models discussed through most of this review, random matrices were used successfully to simulate 
generic properties of the Hamiltonian or of a scattering matrix in a quantum problem described by the Schrodinger 
equation. In Sec. VII B we have seen that this substitution also works for certain aspects of relativistic quantum 
mechanics where the Dirac equation applies. Demonstrative experiments pres ent strong evidence for the usefulness 
of this same procedure in the study of classical wave phenomena, see Sec. VD. This holds true, in particular, 
for electromagnetic waves which, in three dimensions, are described by a vectorial Helmholtz equation, and for 
elastomechanical waves which are described by Navier's equation. 
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We now turn to stochastic models where the use of random matrices has a different origin. The representative 
examples given below stand for a whole class of problems where it is the fields — rather than the Hamiltonian or 
another linear operator — which are replaced by an ensemble of random matrices. Often, the replacement has topo - 
logical reasons. Cases in point are field theory (Sec. VII C 2 ), and quantum gravity in two dimensions (Sec. VII C 3| ). 
Although differently motivated, these random matrix models are, at least on the formal and on the mathematical 
level, often closely related to the ones discussed in other sections of this review. Because of this connection, a fruitful 
transfer of insights and methods between both areas exists. We expect that in future years this transfer will become 
even stronger in both directions. 



2. Planar approximation to field theory 

Consider a non-Abelian gauge theory with internal symmetry group SU{N). We treat A'^ as a parameter and study 
the limit of large N. Such a study is motivated by quantum chromodynamics where the gauge group is SU{3) because 
quarks come in three colors. In the absence of exact solutions for SU{3), it is hoped that the results for large A^ might 
be of help. 

A useful classification of the diagrams generated by the perturbation expansion of the field theory in powers of 
the coupling constant uses topological concepts. Surfaces can be classified topologically in terms of their genus. For 
instance, a sphere has genus h = 0, a torus has genus h = 1, etc. The diagrams are classified by the minimuna 
genus of the surface needed to draw them. Diagrams with genus zero are called planar. It was shown by 't HooftEZj 
that the asymptotic expansion of the field theory in inverse powers of N yields terms which correspomd exactly to 
this topological classification. Only planar diagrams survive in the limit N oo, provided the coupling constant is 
properly scaled with N. The higher order terms in 1/A^ correspond to non-planar diagrams which have to be drawn 
on surfaces of genus h higher than zero. 

The genecality of this result suggests that a model study of the expansion of field theories might be very useful. 
Brezin et al.Ll3 studied models for the planar approximations of tp"^ and tp^ theories. We focus here on the tp'^ theory. 
In a d-dimensional space Xf^, fj, = 1, . . . , d such a theory is defined by a Lagrangean of the type 

C = d^ipd^^+^ip^+gip^ (7.24) 

where g is the coupling constant. A model for this theory is obtained by replacing the field (p{x) with a Hermitean 
N X N matrix M{x). The model Lagrangean reads 

C = tr id^Md^M) + V{M,g) 
ViM, g) = itrA/2 + i-iyM^ . (7.25) 

The global invariance group of this Lagrangean is the group SU{N). Thus, it is possible to study the planar limit 
by taking the limit N —f oo while the parameter g is held fixed. The Feynman rules for the diagramatic expansion 
of this matrix model in powers of g involve the two matrix indices and are a straightforward extension of those for 
scalar or vector fields. To ma ke pla usible the explicit occurrence of the factor 1/A^ in the coupling constant g/N, we 



refer to the discussion in Sec. VIII where more general non-Gaussian weight factors with a polynomial potential in 
the exponent will be considered. Within this model one can generically solve the so-called counting problem, i.e. one 
can find the number E^'^^g) of connected planar vacuum diagrams of a given order in 5 in d dimensions. We discuss 
this for d — and d — 1. 



In zero dimensions, each diagram is unity, apart from an overall weig ht. This imphefilla that, up to a ^-independent 



normalization constant, E'-^^{g) can be obtained from the large-A^ limit of the expression 

exp (- Ar2£;(o) (^^^ ^ J ^j^^] (_ v(M, g)) {N 00) (7.26) 

with the usual flat measure d[M]. To connect to standard random matrix theory, the integrand can be viewed as a 
non-Gaussian probability density. For large N, the normalization integral yields the counting function versus g. It 
is shown in Ref. |746| that this counting function coincides with the one of the theory. In the large- A^ limit, there 
are no contributions due to the matrix structure of the fields M. 

Using the U{N) invariance of the integrand, we reduce the problem to integrations over the eigenvalues A„,n = 
1, . . . , A whe re th e squared Vandermonde determinant A^(A) appears in the integrand. To compute the large- A?^ 
limit of Eq. ( [7.26 ), the method of steepest descent is used and yields saddle-point equations for the eigenvalues A„. 
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The counting function E^'^\g) is approximated by the logarithm of the integrand of the right hand side of Eq. ( 7.26| ) 
taken at these saddlepoints. In a proper continuum hmit, the resulting sums are replaced by integrals. This yields 



'2a 



2a 



dXu{X) [ -y +gX' ) - 



+2a r+2a 

dXu{X) / dA'M(A')ln|A - A'l 



2a 



2a 



(7.27) 



where m(A) is the mean level density, and where —2a and +2a with a — a{g) are the end points of the spectrum. The 
first term on the right hand side of Eq. ( 7.27| ) is due to the pote ntial y(M, g), the second one, due to the Vandermonde 
determinant. The factor in the coupling constant in Eq. ( 7.25| ) has disappeared. This is because the continuum 

find an explicit result for u{X). In the 



7i& 



limit involves a rescaling of the eigenvalues by a factor of v N . Brezin et al. 
limit g = 0, this result reduces to the Wigner semicircle law. Hence, a closed expression for the counting function 
E'-^\g) is obtained. In the planar limit, the coefficients of an expansion of E'-^^{g) in powers of g give the desired 
combinatorical factors. 

For d = 1 the planar appro ximation provides an interesting co nnec tion to the Calogero-Sutherland Model and 
related theories, see Sec. VII A. We replace the Lagrangean of Eq. (7.25) by the Hamiltonian and quantize the latter. 
This yields 



1 



A + V{M,g) 



where the kinetic term is the usual Laplacian in matrix space. 
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9Im^M„ 



(7.28) 



(7.29) 



It can be shownEla that for large N, the counting function E^^\g) is given by the lowest eigenvalue of 7i, 

n^p = N'^E^^\g)^ . (7.30) 

The value of E^^\g) is found by varying the expectation value of Ti. with respect to the functions ■(/' in the limit of 
large N . The ground-state wave function -0 can only depend on the radial degrees of freedom. This is so because 
the U{N) invariance of the potential V{M,g) implies the condition il;{M) = ip{UMW). Hence, ip is a. symmetric 
function of the eigenvalues A„ of M. To construct such symmetric wave functions tp, Brezin et al. make the ansatz 



Aat) = 



a;(Ai, . . . , Aat) 
A^(A) 



(7.31) 



The Vandermonde determinant A7v(A) is antisymmetric in the ei genva lues A„. Since ip is symmetric, uj has to be 
antisymmetric as well. This ansatz reduces the kinetic part of Eq. (7.28) to the Euclidean Laplacian of the N matrix 
eigenvalues A„,n = 1,...,A'^. If, moreover, the interaction is of ip^m related type, the Hamiltonian acquires the 
form of N non-interacting Fermions, described by the antisymmetric wavefunction u;(Ai, . . . , Aat). This construction 
yields explicit results for the counting function. It also shows the connection to the Calogero-Sutherland model, see 



Sec. VHA 



By adding to the potential the terms trMfeMfe/, Itzykson and Zubert22l extended these investigations to K coupled 
matrix fields M^, k = 1, . . . ,K. In the resulting model, the U{N) invariance is broken. In the case K = 2, it was 
possible to integrate analytically over the diagonalizing groups. The result, the famous Itzykson-Zuber integral, was 



later identified as a special case of a more general formula due to Harish- Chandra 



3. RMT and two-dimensional quantum gravity 

As in field theory, the use of Random Matrix Theory in two-dimensional quantum gravity is motivated topologically. 
Again, the basic idea derives from the planar approximation. The starting point is string theory, providing a link 
to the theory of random surfaces where further applications exist. A review was recently given by Abdalla et alSIl. 
Here, we only try to motivate the use of RMT in quantum gravity. 

We consider a d-dimensional space in which functions X'^{^q, ^1), = 1, . . . , d parametrize the position of a string 
on the two-dimensionsJ-world sheet (^OiCi)- For the description of the string dynamics, it is convenient to use the 
Polyakov string actiodllS, 
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FIG. 45. Left hand side: A triangulated toru s. Right hand side: A piece of a triangulated surface (dashed lines) superposed 
with its dual (solid lines). Taken from Ref. 777. 



(7.32) 



Here 5a/3(Co,Ci) with a, f3 — 0,1 is the two-dimensional gravitational field. Minimization of the functional S with 
respect to the X^ and to the fields gafj gives the correct equations of motion for the string with all required constraints. 
However, further contributions like a cosmological term have to be added to the action S. The partition function of 
a string action of this type is then given by the functional integral 



J D[X] J D[g] eM~S) 



(7.33) 



The integration over the gravitational field amounts to a summation over all topologies of the two-dimensional surface 
described by the string. Therefore, the partition function can be expanded in terms of the genus h and the area A of 
the surface. 



h=Q 



dAcxp{-HBA)ZhiA) . 



(7.34) 



Here /i^ is the bare cosmological constant and iib A is the cosmological term of the action. The expansion proceeds 
in powers of the bare string coupling constant kq. The expansion coefficients Zfi(A) are the partition functions for 
fixed genus h and area A. At this point, the connection to the previous section beco mes a pparent where the genus 
expansion was motivated by the topology of diagrams. Hence, the h = term in Eq. ( [7.34 ) corresponds to a planar 
approximat ion . 

A way to proceed in actual calculations is to discretize the surfaces of given genus h, i.e. the sphere, the torus and 
so on_Lising polygaas with a fixed number n of edges. Disp^tized models for random surfaces were introduced by 
Davi(dE3, KazakovlI23 and Ambj0rn, Durhuus and FrohlichL£J. Apparently, these authors were inspired by Regge's 



workup of 1961. Explicit calculations are often easier in such discretized models than in the continuum version. 

The dual graph of a discretization of a surface is defined by connecting the centers of the covering n-gons with 
lines. These dual graphs are typical Feynman graphs of given genus /i of a zero-dimensional ip" field theory. Thus, the 
partition functions Z can be approximated in terms of a model of the 95" type. A triangulated torus and the dual of a 
piece of a triangulated surface are shown in Fig. However, certain constraints must be observed. Most importantly, 
the partition functions Zh{A) in Eq. (7.34) show a double scaling relation. It turns out that only Hermitcan N x N 
matrices M meet all the requirements. The resulting matrix model is of the type 



V{M) 



Z' = j d[</3]exp(-iVtrl/(M)) 
1 



(7.35) 



ri>2 



The gn are coupling constants and A is associated with the cosmological constant. As in the previous section, an 
asymptotic expansion in inverse powers of the dimension TV effectively yields a diagrammatic genus expansion. The 
coefficient functions have the desired scaling properties and are identified with the functions Zii{ A). T he expansion 
parameter 1/A^ plays the role of the string coupling constant in the discretized version of Eq. (7.34). 
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VIII. UNIVERSALITY 



The overwhelming majority of investigations involving invariant random matrix ensembles deals with the Gaussian 
case (GRMT). However, the requirement that the ensemble should be invariant under appropriate (unitary, orthogonal, 
or symplectic) transformations in matrix space, admits a much wider class of matrix ensembles with a probability 
density P^piH) of the form 

Pnp{H) = Z-^ cxp {-tiV{H)) . (8.1) 

Here, Z^^ is the normalization constant or inverse partition function. The potential V{H) is arbitrary provided the 
existence of Z is guaranteed. The Gaussian case corresponds to the choice 

= £,H^ (8.2) 

where v and the elements of the N x N matrix H have the dimension energy. For oth er forms of the Gaussian 



potential typically used in the literature we refer to the discussion at the end of Sec. HI A 2, It has been mentioned in 



the Introduction of this review that the choice (B.2) is dictated by mathematical convenience rather than by physical 
principles. Under these circumstances it is necessary and important to ask which statistical properties are generic, 
i.e. common to all or very many ensembles defined in Eq. (^^), and which are specific for the Gaussian case. This is 
the issue referred to as "universality" . 



First convincing npnerical evidence in favor of universality was provided by Porter and RosenzweigJIS, see Appendix 
A.l of Mehta's booka. These authors calculated the eigenvalue density and the nearest neighbor spacing distribution 
for the Gaussian probability density and for the densities P{Hij) — (1/2)8(1— |i/ij|) and P{Hij) ~ {l/2){6{Hij + 1) + 
6{Hij — 1)). In all these cases they found convergence to the semicircle law (eigenvalue densities) and to a curve close 
to the Wigner surmise (spacing distribution), respectively. For obtaining the semicircle law, statistical independence 
of the matrix elements is the essentil ingredient. This investigation greatly enhanced the confidence in the usefulness 
of RMT. From the mathematical point of view, an interesting connection to the theory of free random variables was 
found by VoiculcscuESd. |_. 

Orthogonal polynomialscJ provide a powerful analytical tool to investigate Gaussian as well as non-Gaussian en- 
sembles of random matrices. We briefly outline this method. Upon diagonalization of the matrices H one obtains the 
joint probability density function for the eigenvalues, 



Pf^)(£;i, . . . , i?Ar) = n \E., - E,f exp I - ^ V{eA 



(8.3) 



where Z is now defined without the integration over angles. We have chosen the energy eigenvalues Ei as arguments 



instead of the dimensionless quantities Xi, see Sec. [II A 2. Equation ( |8.3D involves the Vandermonde determinant 

Y[i<:j{Ei ~ Ej) = det[(£'i)''~^]. The value of this determinant remains unchanged if the monomials {Eiy~^ are 
replaced by arbitrary (but linearly independent) polynomials Pn{E) with degrees n = 0, 1, . . . , A'^ — 1. If one chooses 
these polynomials to be orthogonal in the following sense, 

/oc 

dEe-K-p {-V{E)) pn{E)p„,{E) - 6,,^ , (8.4) 
-OO 

and if one defines the functions 

ME) = Pn{E) eM~V{E)/2) (8.5) 
the joint probability density in the case /3 = 2, to which we restrict ourselves here, has the form 

Pj^f (£;i, ...,En)= det[K{E,,Ej)]. (8.6) 

We have defined the kernel 

N~l 



In the Gaussian case Eq. (8.4) defines the Hermite polynomials. All correlation functions 
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Rpk (-Bi , . . . , Sfe) cx / dEk+i ...dEN P^Np^ [E, 



,E, 



N) 



(8.8) 



can now be expressed in terms of this kernel. For the mean density of eigenvalues p{E) = R(^p^2)i{E) and for the 
connected two-point correlation function Tp2{E, E') = p{E)p{E') — Rp2{E, E') we have, in particular, 



p{E)^K{E,E) 
Ti0=2)2 - [K{E,E') 



(8.9) 



Fox and Kahr££3, LeflE^^and Bronl!lI£3 investigated certain "classical" cases of non-Gaussian poten tials V{E), 
see also Cjlia|pter 19 in .Re.f, RS]. The cases. sti|i.died explicitly include the potentials corresponding via Eq. ( ^.4|) to the 
LegendreE^j, Laguerral£3ll£j7and JacobiE£§E23 polynomials. In these particular examples the kernel K{E,E') was 
shown to be universally given by 



K{E,E') = 



1 sm{piE){E - E')) 
^ E- E' ' 



(8.10) 



in the large- limit and for [3 
Darboux formula, see Eq. 
essentially constant, p{E) 



It 



P{E) 



2. Performing the limit N ^ oo was made possible by the well-known Christoffel- 
Given E, Eq. (3.10) holds for values of E and E' where the mean level density is 
~ p{E'). The result (8.1C) implied that after proper rescaling ("unfolding") of the 



energy variable, two- and higher-point correlationp&inctions were identical for the classical ensembles, in contrast to 
the mean level density. As a result, the conjectureE^ that correlations should be "relatively insensitive" to the form 
of the potential V{E), became highly plausible. 

Further significant progress in the univers ality problem had to wait until 1990.|-J«Iotivated by problems in two- 
dimensional quantum gravity (see Sec. VII C), Ambj0rn, Jurkiewicz, and MakeenkdI23 then discovered a very general 
and far-reaching result. (We follow the summary in Ref. 78!;). We consider a unitary random matrix ensemble with 
a general polynomial potential 



V(H) = y ^H'^ 



(8.11) 



The coefficients gk are essentially arbitrary except that for ^ oo the mean level density should be non-zero in 
only one finite interval. Using an expansion of the resolvents in powers of H, i.e. a perturbative method, and keeping 
only terms of leading order in N~^, Ambj0rn et al. calculated the connected part G{E,E') of the two-point Green 
function in the large-TV limit. We remind the reader that a 1/A^ expansion is equivalent to a top ological e xpansion 
in the genus of therSyrfaces needed to draw the diagrams of the field theory defined by Eq. (|t|), see Sec. |VII C 2| . 
While Brezin et a/.El£l had found that the mean level density p{E) does depend on the details of the potential V{H) 
it was now shown by Ambj0rn et al. that G{E^ E') depends on the potential only through the spectraLend points a 
and b. In the special case of a symmetric potential V{H) — V{~H) with b = —a, G{E,E') is given byll^ 



GiE, E') = tr(£; - iJ)-i tr(£;' - H)-'^ - tr{E - H)-^ tT:{E' - H)-^ 



{E^ - a2) + {E- 



•12 



4{E-E')^ 



y^{E^ - a^){E'^ - a^) 



.12) 



The general formula for non-symmetric potentials and an extension to complex rather than Hermitean matrices is 
also given in Ref. 788, The general connected n-point Green functions 



GiE, 



, En) = N^''-^N-HriEi - H)-^ . . . N-HriEn - H)-^ 



.13) 



were shownCSa to be also universal in the sense stated above. In addition to the results in leading ord er, a systematic 
l/N"^ expansion of the n-point correlators and of the free energy F = \\iZ/N^ was developed in Ref. 790 , 



oo ^ 

G{Ei, En) = ^ j;^'^h{El, En) 



h=0 



h=0 



.14) 
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It was shown that these corrections are again universal. For symmetric potentials, the corrections to the Green 

functions are of the form 



Gfi {El , . . . ,En 



Rj{Ef-a^},{M^'^},a 



.15) 



Here, the Rh are rational functions, and Mg^ are additional parameters, cf. Ref. \789\ Analogous results have also 
been derived for non-symmetric potentialsE£3 a: 
two-point Green functions could be generalizei 



Moreover, the statements made above for the 



jiplex matricesL 

to the case where, in the large-A^ limit, the level density p{E) 
has support in s distinct intervals. For each s a new universality class arises in which the two-point correlators are 

universal and depend on the potential V only through the end poi nts o f the s intervals. 

For small distances \E — E'\, the two-point correlator of Eq. ( B.12| ) does not yield the universal form (8.10) of 
the kernel K{E,E'). The reason is that the, two expressions apply in two different limits. This became particularly 
transparent in a paper by Brezin and ZeeE^ who considered potentials V{H) in the form of even polynomials in H. 
They made an ansatz for the asymptotic (in n) form of the associated orthogonal polynomials Pn{E) and, hence, 
for 'ipn{E). Knowledge of this asymptotic form is helpful. Indeed, by means of the Christoffel-Darboux identity the 
kernel K{E, E') defined in Eq. (|j) can be written as 



K{E, E') 



cn- 



^N{E)iJN^i{E') - ^n-i{E)^n{E') 



E-E' 



(8.16) 



with an A^-dependent constant cn- 



K{E, E') become exact. Two limiting cases were considered in Ref. 793 



In the large-iV limit the a nsatz in Ref. 793 and the ensuing expression for 

i) The difference E~ E' is of order 1 / N and 



both energy arguments are at a finite distance from the end points of the spectrum. Then, the universal form ( |8.10| ) 



holds. Local universality (which of course applies equally to all higher correlation functions) was thus proven f or all 



symmetric potentials of polynomial form. For an extension of this result to more complicated potentials see Ref. 794 
(ii) The difference \E — E'\ is so large that the number of levels in the interval E — E' is of order N . Because of this 
large number, the kernel K{E, E') oscillates heavily with changes of E or E' . Averaging over a finite number of such 
oscillations in the vicinity of both E and E' , Brezin and Zee obtained 



T smooth/' 7T1 77'/ \ 
(/3=2)2 (E,E ) - 



1 



EE' 



1/2- 



.17) 



Thus, they rediscovered the universal correlation fu nctio n ( 8.12| ) of Ambj0rn et al\IS3. (The relation betwe en G (E, E') 



and T(^p=2)2{E , E') is simple and explained in Ref. 789). Apparently, the perturbative calculation of Ref. 788 cannot 
account for the oscillatory behavior of the level correlations. In Ref. 186, this fact was attributed to an interchange 
of limits. In a perturbative calculation N is sent to infinity before the poles in the resolvents are placed on the real 
axis. Therefore the individual poles merge to form a cut and the fine structure is lost. In the method of orthogonal 
polynomials and in the supersymmetry method (see below), on the other hand, no such problem arises. 

W e di gress and mention some related work although it is not directly related to the subject of this section. In 
Ref. 186, "time" dependent correlations in a matrix ensemble defined by 



P[H] = Z-^cxp - 



dt ti 



(8.18) 



were calculated with diagrammatic techniques. Here, H — H{t) is explicitly a function of time. In particular the 
(smoothed) current -paxrent correlator {J{ELS)J[E' , 0)) for arbitrary t was derived, thus generalizing earlier results by 
Szafer and Altshuleitfj and-by Beenakkertfj. The current operator was defined as J{E,t) — N^^ ^■{dEi/dt)S{E — 
Ei{t)). In subsequent workE^^ these time-dependent correlations were related to the cross correlations between the 
eigenvalues of two separate (but not independent) Gaussian ensembles. The relationship is very similar to the one 
described in Sec. VII A 1 between parametric correlations and a continuous matrix model. In Ref. 79(; the interesting 
relation 



G{E,E') = 



dEdE 



■In 



(^ G{E) 



G{E') 



E-E' 



(8.19) 



was established for arbitrary polynomial The dots indicate terms that do not contribute to the connected 

two-point level density correlation function Tp2{E,E'). The result ( 8.19| ) is rather surprising since it connects a 
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universaLquantity like G(E, E') with the non-universal one-point function G{E). The validity of Eq. ( ^.19 ) could be 
extendedL£a itonthe case where H = Hi + H2 with P[H] = Pi[Hi]P2[H2]. 

BeenakkerlI23 gave a particularly simple and elegant derivation of the form ( |8.17 ) of the universal "wide" correlator. 
At the same time, he could generalize the result to the orthogonal and sjanplectic cases, and to non-polynomial 
potentials. Using the functional derivative method which he had developedE^ and applied to the case of the positive 
spectrum of the transfer matrix, he calculated directly the connected two-point correlation fmiction Ti32{E, E'). We 
briefly summarize the main steps of the derivation. The two-point function is given by the functional derivative of 
the eigenvalue density with respect to the confining potential. 



Here the potential V is arbitrary provided the support of the spectrum remains compact as N 
and p are connected by the integral relation 



dE' 



p{E) 



E' -E dE 



-V{E') 



(8.20) 



00. In this limit, V 



.21) 



where P denotes the principal value and a and b are th e end points of the spectrum. Variation of Eq. ( p.2l[ ) with respect 
to V and inversion of the result together with Eq. ( 8.2C| ) immediately yields a universal expression for Ti32{E,E'). 
The result is valid for all a and 6, for /3 = 1, 2,4, and for all V . Ym-a = —b and /3 = 2 it reduces to the known case 
given by Eq. ( ^.17] ) . Extending the methods used in Ref . |79Cl| , ItoiL^a also derived explicit expressions for two-point 
correlators in the orthogonal and symplectic symmetry classes and established the universality of the multi-point 
correlators. I — , 

Hackenbroich and WeidenmiillerE23 showed that all local correlation functions (i.e., functions on the scale of the 
mean level spacing) are independent of the confining potential V{H). This statement holds under the following 
two provisos: The support of the spectrum must remain finite in the limit iV 00, and the arguments of the 
correlators must be scaled correctly (energy differences are to be expressed in units of the local mean level spacing). 
The proof applies to all three symmetry classes, and to all types of correlation functions involving level densities, S 
matrix elements, and/or parametric correlations of arbitrary order. Starting point is the supersymmetric generating 
functional 



I = 



j d[^ j d[H]PNf}{H) exp(^^^'iL^/^{H-E + M)L^/H 



.22) 



for a product of Green functions of H. Enpgy differences, source terms and, if present, the coupling to external 
channels are all contained in the matrix AfL23. From the fact that M is of order N^^ it follows that to leading 
order in N~^, / is a function of the unitary invariants Aa/s = X]p(-^"'^^^^)aM(^^^^^^)/3A' only. Before averaging, these 
invariants are introduced via an additional double integration over a delta function. In a sense, this step replaces 
the Hubbard-Stratonovich transformation which applies in the Gaussian case only. Then, the integration over the 
variables ^' is carried out. For large N, all remaining integrations (including the ensemble average, i.e. the integration 
over the distribution of H) are then evaluated with the help of the saddle-point approximation. Except for the 
occurrence of the local mean level density p{E), the final expression for / coincides with the result for the Gaussian 
case. This proof derives its elegance from the fact that one never leaves the level of the generating functional. At the 
same time this is its drawback: The proof reduces the form of the correlators to the Gaussian case but is of no help 
in actual calculations of the latter. 

ntials 



Freilikher, Kanzieper, and Yurkevicl£23cy addressed the issue of universality for wide classes of confin 



(for which the spectrum is bounded) . The aiithars used orthogonal polynomials and mathematical resultg§^3~EM^hich 



tnars 



partly are quite recent. In the "a=ensemble"E!3'Eii3 with V{E) cx \E\°', the orthogonal poly nom ials are definedLlli] with 
respect to the "Freud weights"E23. Rigorous results for the kernel K{E,E'), see Eq. (S.7), led to the following 



statements. As a approaches unity from above, the mean level density p{E) develops a sharp peak in the center of 
the spectrum. In contradistinction, all two-point correla tors , local as well as smoothed ones, retain their universal 
form down to and including the value a = 1. In Ref. 801 the rigorous treatment was extended to the "Erdos- 
type" of confining potentials which at infinity grow faster than any polynomial, and to the presence of a hard edge 
in the spectrum of the Hamiltonian. This last condition is motivated by applications involving the (non-negative) 
eigenparameters of random transfer matrices, see Sec. IvTC^ . A gain, in all cases considered, the universality of both 
global (smoothed) and local two-point correlators could be shown. 

Explicit r«ffl|d interesting examples for potent ial s V AH) leading to non-universal statistics were given by Nagao 
and SlevinE23, and by Muttalib and coworkerg223Ei3. In the spectrum of the generalized Gaussian and Laguerre 
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ensembles (which involve an ad ditio nal logarithmic term in the potential V{H)), there exist domains with non- 
universal correlationsEHa. In Ref. BIO, the (/-dependent potential 



V{H) = J2 + 2?"+^ cosh(2x) + , H = sinh 



X 



.23) 



with q e [0, 1] was considered. The spectrum is not bounded (the eigenvalues range from ~oo to +00). As a function 
of q, the nearest neighbor spacing distribution interpolates between Wigner-Dyson (WD) and Poisson statisticsEiS . 



The orthogonal polynomials corresponding to the choice ( ^.23 ) 



p the q Hermite polwiomials. Potentials related 
It was conjectureclEi3 that these properties are 



to the q Laguerre polynomials exhibit similar spectral properties 
shared by the entire family of potentials related to q polynomiak 

Since they interpolate between WD and Poisson statistics, potentials of the type (B.23) might be imp ortant for 
the description of the crossover from metallic to localized behavior in mesoscopic systems, see Sec. VI A2| . Another 
possibility to describe this transit ion is provided by random matrix ensembles which break the rotational invariance 
in Hilbert. SRfice assumed in Eq. {SA). Examples are ensembles of random band matrices (see Sec. VI D| ) and other 

ensemble£i3ilij with a preferential basis. 1 . 

Why do rotationally invariant potentials of the type (8.23) deviate from universal behavior? Canali and KravtsovEi^ 



.23| ) which grow only 



gave an interesting answer: As one goes from the a ensemble (a > 1) to potentials like 

logarithmically with H, the U{N) invariance is spontaneously broken. This seems the common feature of all approaches 
which describe the localization transition in terms of random matrix ensembles. 



IX. COMMON CONCEPTS 



In previous sections of this review, we have encountered numerous examples of successful applications of RMT to 
physical systems. We have also listed many open problems. Perhaps the most impressive aspect of this discussion 
is the wide range of topics involved. It suggests that RMT is a universal tool. Indeed, RMT correctly describes 
fluctuation properties of nonrelativistic and relativistic quantum systems. It applies to chaotic quantum systems 
with few degrees of freedom, to disordered quantum systems, to classical wave propagation in disordered media, and 
to many-body quantum systems. RMT also describes spectral fluctuation properties and parametric correlations of 
several very different wave equations. And RMT connects to quantum gravity and to the Calogero-Sutherland type 
models in one dimension. In this final section, we focus attention on the ubiquity of RMT. 

To this end we first recall the foundation, success and limitations of RMT as well as some of the open problems in 
the various fields of application. 



A. Synopsis 



(i) Many-body systems. RMT started with Wigner's attempt to formulate a generic model for the spectral fiuctu- 
ation properties of complex many-body systems. The Hamiltonian of every such system is assumed to be a member 
of an ensemble of random matrices. The ensemble is characterized completely by symmetry properties. Apart from 
appropriate mean values, no detailed knowledge of the system at hand enters the definition of the ensemble. Thus, 
system-specific features (beyond the mean values needed to define RMT properties) cannot be reproduced and are 
assumed to be irrelevant for fluctuation properties. This model has been extremely successful in the description 
of spectral fluctuation properties and of cross-section fluctuations in complex atoms, molecules, and atomic nuclei. 
This is true in spite of the fact that the interactions between the constituents in these systems are vastly different: 
Nuclei are bound by the short-range nuclear force which is repulsive at very small distances, atoms and molecules are 
governed by long-range Coulomb forces. Only states near the ground state seem to display system-specific features. 
At higher excitation energies, collective and/or single-particle properties may still be present but seem to appear only 
as gross features. For instance, the giant dipole resonance in nuclei appears as a broad resonance in the 7-absorption 
cross section. The spreading width of the resonance is very much larger than the mean level spacing of the many-body 
system. The resonance does not correspond to a single eigenstate of the nucleus. Similar statements apply to other 
collective modes. Isobaric analogue resonances in heavy nuclei provide a good example. Hence it now appears that, 
within each set of conserved quantum numbers and sufficiently far above the ground state, any strongly interacting 
quantum system with many degrees of freedom must be expected to display fiuctuation properties of RMT type of 
the appropriate symmetry. 

Does an energy scale exist in such systems (analogous to the Thouless energy in disordered systems) beyond which 
RMT ceases to apply? Can we expect to find the analog of localization in the eigenfunctions? As long as the origin 
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of stochastic behavior in such many-body systems is unclear, questions such as these have no easy answer. It is 
conceivable that stochasticity arises from classical chaos. This is the case in systems with few degrees of freedom. 
In that case, limitations of RMT similar to the ones to be mentioned under (ii) are expected to apply. It is equally 
conceivable, however, that stochasticity is an emergent property of strongly interacting systems with many degrees 
of freedom irrespective of whether the underlying classical dynamics is fully or only partially chaotic. After all, an 
assumption of similar type (equal a priori occupation probability of all accessible parts of phase space or Hilbert 
space) has been used with amazing success as the foundation of classical and quantum statistical mechanics. In this 
case, possible limitations of RMT would have a different origin, and would probably be of different form. The available 
experimental evidence (covering sequences of up to several hundred levels) does not point to any such limitations at 
present. 

(ii) Classically chaotic systems with few degrees of freedom. The fundamental property of these systems is the 
instability of the classical trajectories. It leads to stochastic behavior on both the classical and the quantum level. 
For fully chaotic systems with a single intrinsic time scale, the situation is fairly well understood. We have discussed 
three attempts, based on semiclassics, the non-linear a model, and structural invariance, respectively, to rigorously 
establish the Bohigas conjecture. Although a complete proof does not yet exist, the conditions for the occurrence 
of spectral fluctuations of RMT type are known in their essentials. The energy interval within which fluctuations 
of RMT type occur, is determined by the shortest periodic orbits. Fully chaotic systems with several intrinsic time 
scales, such as, e.g., a chain of coupled chaotic billiards, have not been considered in detail in this review. They show 
fluctuations similar to those of disordered quasi one-dimensional mesoscopic systems and are described by random 
band matrices. Here, localization phenomena may occur. Generic systems with mixed phase space pose a major 
challenge. The idea of chaos-assisted tunneling has been very successful. Closer inspection has shown, however, that 
the structure of classical phase space is quite complex, especially at the interface between regular and chaotic domains. 
This fact does influence the fluctuation properties. We have emphasized the conceptual importance of model systems 
(like two coupled harmonic oscillators) for the investigation of many of these questions. Another challenge consists in 
extending the semiclassical results obtained for systems with two or three degrees of freedom to higher dimensions. 

(Hi) Disordered systems. Both the origin of stochastic behavior and the limitations of RMT are quite clear in 
disordered systems. The random distribution of impurity scatterers together with a suitable ergodic theorem furnish 
an immediate justific;ation for modeling these systems in a stochastic fashion. Such a justification is much more subtle 
in the cases discussed under (i) and (ii), where stochasticity appears as an emergent property of the many-body 
dynamics or the classically chaotic dynamics, respectively. For disordered systems, spectral fluctuations and the 
fluctuations of transport coefficients arc - within known limits - of classical RMT type. The applicability of classical 
RMT is limited to the diffusive regime (if we disregard the extreme ballistic limit where the system becomes a quantum 
billiard) and, within this regime, to an energy interval given by the Thouless energy. Outside of this interval, and in 
the crossover to cither the ballistic or the localized regime as well as at the mobility edge, other universal laws govern 
the fluctuation properties. Except for the behavior at the mobility edge, these laws can be derived from suitable 
generalizations of classical RMT. In this sense, RMT has been found to apply universally to disordered systems, 
too. We have not been able to dwell on the passage of classical light waves, or of radar waves, through a medium 
with a randomly varying index of refraction. However, much of what has been said about disordered mesoscopic 
systems applies here, too. In particular, weak localization occurs and is thus seen to be not a quantum, but a wave 
phenomenon. 

The phenomenon of localization is not limited to disordered systems. As "dynamical localization", it occurs likewise 
in chaotic quantum systems. The kicked rotor is the standard example. This system can be mapped onto a one- 
dimensional non-linear a model. This shows the connection to quasi one-dimensional disordered wires and to RMT. 

(iv) Wave equations. Spectral fluctuation properties of RMT type are not linked to a specific linear second-order 
differential equation (the Schrodinger equation). The spectra of acoustic and clastomechanical waves in irregularly 
shaped solids show RMT fluctuations, and so do the eigenmodes of Maxwell's equations in three-dimensional cavities. 
These phenomena are governed by rather different linear wave equations. In the case of clastomechanical waves 
even the boundary conditions (vanishing stress tensor) are completely different from those for Schrodinger waves. 
Another example of a linear wave equation, the Dirac equation, will be mentioned under (v). Moreover, very different 
interaction potentials in the Schrodinger equation also give rise to RMT fluctuations. We are not aware of any 
attempts to explain this general applicability of RMT to various wave phenomena in a generic fashion. 

(v) Field theory. We have considered two examples, QCD and a theory involving matrix fields 4). In general, 
local fluctuation properties arc of little interest in these field theories. Nevertheless, it is noteworthy that the spectral 
fluctuations of the Dirac operator in QCD coincide with RMT predictions, for two reasons. First, here is another 
example of universality: A first-order differential operator coupled to gauge fields possesses RMT fluctuation proper- 
ties. Second, the existence of RMT fluctuations shows that the data generated by lattice gauge calculations contain 
generic features. This fact poses a challenge: To separate the generic features from the physical content, in order both 
to obtain a better understanding of the problem, and to simplify the calculations. 
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Certain global features of RMT are also universal. This is true, for instance, for the shape of the global RMT 
spectrum near the end points, or for the structure of diagrams generated through a loop expansion of the above- 
mentioned theory. This is why RMT applies to two-dimensional gravity and thereby establishes a conncection 
with conformal field theory, and why RMT can be used to model the chiral phase transition of QCD. 

B. Discussion 

This tour d'horizon shows that most applications of RMT to physical systems predict local fluctuations in terms 
of a system specific input. The input consists of suitable mean values: Spectral fluctuations require the mean 
level spacing as input. For cross section fluctuations, the average scattering matrix serves the same purpose. For 
conductance fluctuations, the mean conductance takes this role. In this sense, RMT predictions are not parameter 
free: They relate fluctuations to mean values. This statement can be given a different and more interesting form. 
The mean values can be absorbed into properly rescaled local variables, and RMT predictions for fluctuations and 
correlation functions acquire universal form. This applies not only to level correlations, but very generally to the 
dependence of correlation functions on any external parameter (parametric correlations). We have presented many 
examples where such universal RMT predictions have been tested successfully. 

By construction, RMT predictions are based on ensemble averages. On the other hand, variances or correlation 
functions extracted from a data set are almost always obtained from a running average over a given system. The 
equality of the results of both averaging procedures is guaranteed by ergodicity. Although not proved in full generality, 
ergodicity has been shown to hold in a number of cases. 

During the last fifteen years, the non-linear a model has become an invaluable tool in RMT. Without this model, 
the universal features of RMT might never have been discovered to their full extent. Through the medium of field 
theory, the common statistical properties of chaotic and of disordered systems, and the universality of parametric 
correlations, have been displayed, and have been cast into compact form. The model has been indispensable also in 
other contexts. For instance, many aspects of stochastic scattering would not have been accessible without it. And 
the insight that local RMT fiuctuation properties do not depend on the Gaussian distribution of matrix elements 
finds perhaps the simplest and most general proof through the non-linear a model. The need to calculate some RMT 
correlation functions has led to a number of extensions of supersymmetry. We think here of new and unconventional 
saddle points, of Fourier analysis on graded spaces, and of extensions of the Itzykson-Zuber integral. Due to lack of 
space we could not do justice to some of these developments. These examples show that modern applications of RMT 
have led to mathematical research which has meanwhile become a field in its own right. The situation is reminiscent of 
the early days of (classical) RMT where progress was eventually possible due to mathematical input from the theory 
of orthogonal polynomials. 

Are the success and the ubiquity of RMT really surprising? One might argue that RMT is trivial because it only 
displays the consequences of von Neumann- Wigner level repulsion, i.e. of the simple fact that two states connected 
by a non vanishing matrix element repel each other. But this argument fails to take into account all other predictions 
of RMT which go far beyond simple level repulsion. These predictions derive from the symmetry of the Hamiltonian, 
and from the postulated invariance properties of RMT which in turn embody the generic aspects of the entire 
approach. The form of the Vandermonde determinant appearing in the invariant measure of RMT is entirely due to 
the postulated rotational invariance of the random matrix ensemble in Hilbert space. It is true, of course, that this 
determinant implies (a particular form of) level repulsion. The degree of repulsion is determined by the symmetry of 
the Hamiltonian. A simple counting argument leads directly to the exponent /3 = 1, 2, 4 in the typical factor \Ei^ — Ei,\^ 
in the Vandermonde determinant. But the forms of the two-point function Y2 and of higher correlation functions, of 
the A3 statistic measuring the spectral stiffness, and of the nearest neighbor spacing distribution are not determined 
by level repulsion alone and require for their derivation the full rotational invariance of the ensemble. The same is true 
of the universal form of correlations of observables which depend upon an external parameter. With regard to these 
observables, RMT possesses gemiine predictive power and leads to highly non-trivial results. The results are generic, 
not based on dynamical principles, and derive only from the underlying symmetry and invariance requirements. Even 
on a global scale (as opposed to the local scale of the mean level spacing), spectral correlations still display some degree 
of universality. The extension of RMT to random band matrices and random transfer matrices, important for the 
understanding of extended systems and localization, breaks rotational invariance. The transition to localization and 
the ensuing correlation functions are determined by the way in which the influence of the Vandermonde determinant in 
the invariant measure is gradually neutralized. But even in this domain of application of RMT, generic non-dynamical 
features remain and are of central interest. They are embodied in the effective Lagrangian of the non-linear a model. 

In the end, the universal features of RMT appear to correspond remarkably well to generic properties of quantum 
(and certain classical) systems. We recall Balian's proof that among all rotation invariant ensembles Gaussian RMT 
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maximizes the information entropy. These facts seem to imply that in the absence of any further knowledge about 
the system, Gaussian RMT yields the best approximation to the physical properties of that system. 

In spite of this argument, we feel that the universal applicability of RMT remains an amazing fact. It signals the 
emergence of a theory of wave phenomena, both classical and quantal, which does not relate to dynamical properties. 
RMT is valid essentially on the local scale defined by the mean level spacing of the system. On larger scales, correlation 
functions are often used to determine system-specific properties. The validity of RMT on the local scale shows that 
as the resolution is improved and the local scale is reached, such information is lost, and is replaced by universal 
features. 

To us, the universal validity of RMT is reminiscent of the success of Thermodynamics in the last century. Thermo- 
dynamics was built on a few universal principles without recourse to any dynamical theory. With the help of a few 
system-specific parameters, the thermodynamic behavior of widely different systems could be described successfully. 
The universal applicability of RMT to local fluctuation properties of systems governed by a wave equation seems to 
mirror this development. 
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